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Abstract Robots driven by batteries are clean, quiet, and

can work indoors or in space. However, the battery

endurance is a great problem. A new gait parameter design

energy saving strategy to extend the working hours of the

quadruped robot is proposed. A dynamic model of the

robot is established to estimate and analyze the energy

expenditures during trotting. Given a trotting speed, opti-

mal stride frequency and stride length can minimize the

energy expenditure. However, the relationship between the

speed and the optimal gait parameters is nonlinear, which

is difficult for practical application. Therefore, a simplified

gait parameter design method for energy saving is pro-

posed. A critical trotting speed of the quadruped robot is

found and can be used to decide the gait parameters. When

the robot is travelling lower than this speed, it is better to

keep a constant stride length and change the cycle period.

When the robot is travelling higher than this speed, it is

better to keep a constant cycle period and change the stride

length. Simulations and experiments on the quadruped

robot show that by using the proposed gait parameter

design approach, the energy expenditure can be reduced by

about 54% compared with the 100 mm stride length under

500 mm/s speed. In general, an energy expenditure model

based on the gait parameter of the quadruped robot is built

and the trotting gait parameters design approach for energy

saving is proposed.
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1 Introduction

With the development of robot technology, more robots are

able to walk outside the lab autonomously. Combustion

robots can carry fuel by themselves and travel for a long

distance [1–4]. In many cases however, a combustion

engine is not the first choice due to the heat, vibration and

exhaust emission; especially when the robot is working

indoors or in space (such as on the moon), battery is a

better option [5–9]. The electrical motor powered by bat-

tery is clean, quiet and its control system is stable and

mature. But battery endurance is still a great challenge. The

energy density of batteries is two orders of magnitude

below that of liquid fuels [10, 11]. Increasing the number

of battery cells may help, but too many become a great

burden and reduce the power to weight ratio of the robot. In

order to extend the working hours, many energy saving

strategies can be applied. The most common method is to

use springs to store and release energy during walking

[12, 13]. GREGORIO et al. [14] and ACKERMAN et al.

[15], proposed serial spring configuration designs to save

energy. CHEN et al. [16], proposed a parallel configured

spring method that can efficiently reduce energy con-

sumption for a hydraulic quadruped robot.

Besides the springs, walking pattern is another critical

influence on the energy expenditure. ALEXANDER [17]

studied the energy saving mechanisms in walking and

running. HOYT et al. [18, 19], discussed the relation

between gait parameters and energetics in terrestrial loco-

motion. MINETTI et al. [20], discovered the relationship

between mechanical work and energy expenditure of
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locomotion on horses. Legged animals can freely choose

locomotion speed and gaits to save their physical energy.

But legged robots can only be controlled by the operator

and the speed is determined according to different tasks.

Resonant locomotion is an attractive theory about

energy efficiency. CAVAGNA et al. [21], studied the

effects of the natural frequency of the bouncing system in

the stance phase. HOLT et al. [22], suggested that the

preferred stride frequency(PSF) of human walking was

predictable using the resonant frequency of a force-drive

harmonic oscillator (FDHO). The model is related to the

swing phase. Later he proposed another model [23] called

the hybrid pendulum-spring model to consider both the

swing phase and the stance phase. AHLBORN et al. [24],

gave another method to predict the frequency. However,

the resonant frequency might be too fast or too slow for

some robots under a certain travelling speed.

This paper not only intends to discuss how the stride

frequency and stride length under a given trotting speed

affect the energy expenditure of the quadruped robot, but

also aims to determine these parameters automatically.

Firstly, the robot models are built and the mechanical

works in the swing phase and the stance phase are ana-

lyzed. The optimal gait parameters under a given speed are

found. No matter whether the robot can trot in the resonant

frequency or not, there still exists optimal gait parameters.

Secondly, when the mechanical work in a unit distance

under different trotting speeds is studied, a critical trotting

speed is discovered and used to determine the gait

parameters. When the robot is travelling lower than this

speed, it is better to keep a constant stride length and

change the cycle period. When the robot is travelling

higher than this speed, it is better to keep a constant cycle

period and change the stride length. Finally, simulations

and the experiments reveal that these parameters have a

great influence on the energy expenditure.

This paper is organized in six sections. In Sect. 2, the

robot leg and its gait planning procedure will be briefly

introduced. Section 3 will discuss the modelling of the

robot. The energy expenditure analysis and the gait

parameters design approach will be introduced in Sect. 4,

and the effects are presented by simulations and experi-

ments in Sect. 5. Concluding remarks are given in Sect. 6.

2 Leg Mechanism and Gait Planning

The theory is implemented on a quadrupe d robot called the

Baby Elephant [25–28] shown in Fig. 1. The robot uses a

hybrid leg mechanism. In the sagittal plane, it is a parallel

mechanism. Each cylinder drives one linkage connecting to

the hip joint. The side movement is controlled by another

hydraulic cylinder alone.

As shown in Fig. 2 the origin of the leg frame is set at

the hip joint. Given the position of the foot tip P, the length

of the left and that of right cylinder are expressed in

Eq. (1):

q2r ¼ x2r þ z2r þ r2 � 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xr þ zr
p

cos kr þ crð Þ;
q2l ¼ x2l þ z2l þ r2 � 2r

ffiffiffiffiffiffiffiffiffiffiffiffiffi

xl þ zl
p

cos kl þ p� clð Þ:
ð1Þ

During trotting, the robot can be regarded as an inverted

pendulum with a prismatic joint along the stretch direction

as shown in Fig. 3.

If the height of the body doesn’t change during trotting,

the dynamic model of the robot can be simply expressed as

follows:

M€x ¼ f sin h ¼ Mg

cos h
sin h; ð2Þ

where M is the body mass, f is the contact force through the

center of mass, h is the swing angle of the leg. Solving

Eq. (2) obtains the motion of the body as follows:

Fig. 1 Mechanical structure of the robot

Fig. 2 Mechanism in the sagittal plane
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x tð Þ ¼ x 0ð Þ cosh t

Tc

� �

þ Tc _x 0ð Þ sinh t

Tc

� �

; ð3Þ

_x tð Þ ¼ x 0ð Þ
Tc

sinh
t

Tc

� �

þ _x 0ð Þ cosh t

Tc

� �

; ð4Þ

where

Tc ¼
ffiffiffi

z

g

r

cosh
t

Tc

� �

¼
exp t

Tc

� �

þ exp � t
Tc

� �

2

sinh
t

Tc

� �

¼
exp t

Tc

� �

� exp � t
Tc

� �

2
:

Figure 4 shows the motion of the robot body in the x

direction. It can be seen that the robot is not moving in a

constant velocity.

BðtÞ ¼ c0 1� tð Þ5þ5c1 1� tð Þ4t þ 10c2 1� tð Þ3t2

þ 10c3 1� tð Þ2t3 þ 5c4 1� tð Þt4 þ c5t
5:

ð5Þ
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where Tsp is the cycle period of the curve.

Equation (5) is the expression of a fifth order Bezier

curve. It is the same as an ordinary polynomial curve.

Giving the positions xs; xeð Þ, velocities _xs; _xeð Þ and accel-

erations €xs; €xeð Þ at the beginning point and the ending point,
the coefficients of the curve can be expressed.

To compute the coefficients of an ordinary polynomial

curve, matrix inversion is needed. The advantage of using

the Bezier curve is that the coefficients can be explicitly

expressed as shown in Eq. (6). Thus, the computing speed

can be efficiently increased. Combining the stance phase

and the swing phase, the trajectories of the foot tips are

plotted in Fig. 5.

3 Modelling of the Robot Leg

There are two phases in trotting: the stance phase and the

swing phase. In the stance phase, the leg can be modeled as

an inverted pendulum with half of the body mass M’ at the

Fig. 3 Invert pendulum model of trotting gait

Fig. 4 Body trajectory and body velocity during trotting
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mass center as shown in Fig. 6. This is because two legs

are supporting the body in trotting.

According to the gait trajectories, the mechanical work

is mostly used to push the body in the horizontal direction.

In this phase, the leg moment of inertia can be ignored and

its mass is added to the mass center M’. So the mechanical

work from the touchdown position to the neutral position

can be expressed as

Wtd2m ¼
Z

bT=2

t¼0

fx tð Þ _x tð Þdt; ð7Þ

where b is the duty factor and T is the cycle period of the

gait. Substituting Eq. (2) into Eq. (7) obtains

Wtd2mid ¼
M0g

z

Z

bT=2

t¼0

_x tð Þx tð Þdt: ð8Þ

Equation (8) can be rewritten as follows:

Wtd2mid ¼
M0gL2B
8z

; ð9Þ

where LB is the stride length in the body frame. In order to

focus on the effect of the gait parameters, the springs at the

foot tips are not discussed. Therefore, the energy expen-

diture in the stance phase is twice as much as Wtd2mid. It

can be expressed in

Wtd ¼
M0gL2B
4 zj j : ð10Þ

It can be seen that for a given body height z, larger stride

length leads to larger energy consumption in the stance

phase.

In the swing phase, if the stride frequency is high, the

mass and the moment of inertia can no longer be ignored.

As shown in Fig. 7, the leg can be modelled as a simple

physical pendulum with its length stretchable. Its dynamic

model can be expressed in Eqs. (11) and (12):

m€r þ mrm _h2 þ mg cos hþ m€x sin h ¼ f ð11Þ

I€h� 2mrm _r _hþ mgrm sin hþ m€xrm cos h ¼ s ð12Þ

where rm represents the distance from the mass center to

the rotating center, I represents the moment of inertia, m is

the leg mass and s is the equivalent torque to the rotating

center.

The moment of inertia of the pendulum can be expres-

sed in

I ¼ mr2

3
: ð13Þ

The moment of inertia of the robot leg can be calculated

in

Fig. 5 Trajectories of foot tips for trotting gait
Fig. 7 Leg model in the swing phase

Fig. 6 Leg model in the stance phase
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Ip ¼
8

3
mlinkL

2 þ 40mlinkL
2 cos2 a; ð14Þ

where mlink is the mass of the link.

Substituting the parameters into Eqs. (13) and (14)

obtains the curves shown in Fig. 8. It can be seen that the

pendulum leg model makes little difference to the robot leg.

Multiply by _r on both side of Eq. (11) and _h on both

sides of Eq. (12), add them up and then take the integral.

The mechanical work in the swing phase can be expressed

as follows:

Wsw ¼
Z

T

t¼0

f _r þ s _h
� �

dt: ð15Þ

According to the foot tip trajectories mentioned above in

Eq. (5), the value of the mechanical work of the robot can

be obtained. For convenience, the energy expenditure can

be expressed as the mechanical work in a unit of distance

which the robot traverses. The expression is shown as

follows:

Wper dist ¼ 2b
Wsw þWtd

LB
; ð16Þ

where b is the duty factor of the gait.

4 Energy Expenditure Analysis and Gait
Parameters Design

By substituting the parameters of the real robot into the

Eq. (16), the energy expenditure within a gait cycle can be

computed. As shown in Fig. 9, the curve with triangles

stands for the energy expenditure of the stance legs. It is

proportional to the step length. The curve with circles

represents the energy expenditure of the swing legs. For a

given speed, the energy cost grows rapidly as the step

length is close to zero. The solid curve represents the sum

of the two curves. It represents the mechanical work of the

robot when it goes through a unit distance. It can be seen

that there is a minimum value on the curve.

Figure 9 is a cross section of a certain speed. It proves

the existence of the optimal gait parameters which can

minimize the energy expenditure. Figure 10 shows the

energy expenditure surface. There are two peak values for

a given range of speed. The first appears when the robot is

moving fast but the step length is very small. The second

one appears when the step length is very large but the robot

is moving slowly. The results reflect common sense.

By finding the minimum energy expenditure value for

different trotting speeds, the optimal gait parameter curves

are obtained as shown in Fig. 11. The dash curve stands for

Fig. 8 Leg moment of inertia

Fig. 9 Energy expenditure of a certain speed under different

parameters

Fig. 10 Energy expenditure surface of trotting
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the step length. The solid curve stands for the cycle period

calculated from the corresponding body velocity and step

length. For a given trotting speed, the optimal gait

parameters can be found using these curves. However, the

relationship between the speed and the optimal gait

parameters is nonlinear, which is difficult for practical

application.

It is interesting to see that there is a critical speed value

about 300 mm/s. When the robot is travelling under this

speed, the optimal step length remains about 150 mm.

When the robot is travelling above this speed, the step

length changes according to the body velocity. But the

cycle period changes very little.

This result can be applied in the design of the optimal

gait parameters of the robot. When the robot is travelling

lower than the critical speed, it is better to keep a constant

stride length and change the cycle period. When the robot

is travelling higher than this speed, it is better to keep a

constant cycle period and change the stride length. By

using this simplified method, the robot can choose the

optimal parameters automatically to reduce the energy

expenditure.

5 Simulations and Experiments on the Robot

In order to verify the theory, simulations and experiments

of trotting with different gait parameters are carried out.

The simulation software is called Recurdyn. It is a multi-

body dynamic simulation software produced by

FunctionBay.

The mass of the model is 180 kg. The step height is

80 mm. The duty factor is 0.5. The robot walked 10 times

with the same speed of 0.5 m/s. The step length in the body

frame varies from 100 mm to 500 mm. The body dis-

placement, the cylinder forces and the cylinder velocities

were recorded. The power of the cylinders can be calcu-

lated. Figure 12 shows the simulation model.

By adding the mechanical work of all 12 cylinders

together and dividing by the distance the robot travelled,

the energy expenditure can be obtained. Figure 13 shows

the energy expenditure recorded from simulations (curve

with cycles) and its fitted curve (solid curve). It can be seen

that there is a deviation between the simulation and the

theory deduction due to the uncertainty of the impact forces

and the touchdown moment. When the robot trotted with a

smaller cycle period, the impact forces increased inten-

sively in the simulations. However, there is clearly a cer-

tain step length that can minimize the energy expenditure

of the robot.

Simulations were repeated on the real robot to verify the

theory. The mass of the robot is also 180 kg. The robot

trotted 10 times with different combinations of gait

parameters. As shown in Fig. 14, force sensors and linear

displacement sensors were configured on the actuators to

measure the driving forces and positions.

Using the force data and the position data from the

sensors, the power of the actuators can be calculated. By

integrating the output power and dividing it by the distance

the robot travelled, the energy expenditure of the robot can

be estimated. The experiments of the trotting gait are

shown in Fig. 15.

The energy expenditure curves are shown in Fig. 16.

The circles represent the recorded experiment data and the

Fig. 11 Influence of gait parameters to energy expenditure

Fig. 12 Simulations of the trotting gait

Fig. 13 Simulation results of the trotting gait
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solid curve represents the fitted curve. The energy expen-

ditures are larger compared to the simulations. This is due

to the friction of the joints. However, the trend is very

similar and the energy expenditure can be minimized.

Although the results from theory deduction, simulations

and the experiments are not exactly the same, the trend is

similar and clear. According to the data from the experi-

ments, when the robot trots at 0.5 m/s using a 100 mm step

length, the energy expenditure is about 2600 J/m.

Comparing this to the energy expenditure 1200 J/m at the

step length of 250 mm, an energy reduction of approxi-

mately 54% can be achieved. This improvement can make

a substantial difference in the performance of the robot.

6 Conclusions

(1) The energy expenditure model of the quadruped

robot is built. The analysis proves the existence of

the optimal gait parameters that can minimize the

energy expenditure.

(2) The critical trotting speed of the quadruped robot is

found and the simplified gait parameter design

approach is proposed to reduce the energy expendi-

ture. When the robot is travelling lower than the

critical speed, it is better to keep a constant stride

length and change the cycle period. When the robot

is travelling higher than this speed, it is better to

keep a constant cycle period and change the stride

length.

(3) During the experiments, the energy expenditure can

be reduced by about 54% compared to the 100 mm

stride length and 0.8 s cycle period under 500 mm/s

speed.
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