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Trajectory Tracking of Autonomous Vehicle 
with the Fusion of DYC and Longitudinal–Lateral 
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Abstract 

The current research of autonomous vehicle motion control mainly focuses on trajectory tracking and velocity track-
ing. However, numerous studies deal with trajectory tracking and velocity tracking separately, and the yaw stability 
is seldom considered during trajectory tracking. In this research, a combination of the longitudinal–lateral control 
method with the yaw stability in the trajectory tracking for autonomous vehicles is studied. Based on the vehicle 
dynamics, considering the longitudinal and lateral motion of the vehicle, the velocity tracking and trajectory tracking 
problems can be attributed to the longitudinal and lateral control. A sliding mode variable structure control method is 
used in the longitudinal control. The total driving force is obtained from the velocity error in order to carry out velocity 
tracking. A linear time-varying model predictive control method is used in the lateral control to predict the required 
front wheel angle for trajectory tracking. Furthermore, a combined control framework is established to control the 
longitudinal and lateral motions and improve the reliability of the longitudinal and lateral direction control. On this 
basis, the driving force of a tire is allocated reasonably by using the direct yaw moment control, which ensures good 
yaw stability of the vehicle when tracking the trajectory. Simulation results indicate that the proposed control strategy 
is good in tracking the reference velocity and trajectory and improves the performance of the stability of the vehicle.
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(MPC), Longitudinal–lateral control
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1 Introduction
With the development of science and technology, autono-
mous vehicles are gradually coming into view. An auton-
omous vehicle is one that is equipped with a self-driving 
system and can automate driving without an interven-
tion. At present, the definition of an autonomous vehi-
cle has developed by shifting from having an underlying 
control to a decision-making control. An ideal autono-
mous driving system can change the vehicle’s motion in 
real time as a driver according to the movement state and 
surrounding environment [1]. From its birth to the pre-
sent, the concept of autonomous driving has been given 
new connotation with the development of science and 

technology, i.e., changing from the initial autonomous 
driving system based on an autonomous trajectory track-
ing system to the present one based on a perception and 
decision-making system.

At present, the motion control in an autonomous vehi-
cle is mainly focused on ACC (Adaptive Cruise Control) 
[2] and trajectory tracking [3]. For the trajectory track-
ing problem, it is generally considered as a lateral control, 
which mainly considers the accuracy of the reference tra-
jectory under a constant velocity. However, the velocity 
of an autonomous vehicle is not constant actually, and 
this requires us to consider not only the accuracy of the 
trajectory tracking but also the velocity tracking problem. 
In most of the current literature, the trajectory tracking 
and velocity tracking are considered separately [4–19] 
and an automatic steering algorithm mainly solves the 
problem of trajectory tracking. Research shows that the 
realization of a steering strategy is largely affected by the 
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velocity of the vehicle and uncertainty of the dynamic 
model. Many complex control methods can be used to 
improve the overall performance of automatic steering. 
For example, Ref. [4] proposed a composite path track-
ing control strategy for an underactuated tractor–trailer 
vehicle, which could achieve a coordinated control effect 
for sophisticated tractor–trailer vehicles. However, here, 
the certification of the stability performance of the fuzzy 
controller is complex. An adaptive terminal sliding-mode 
state observer based on a local recurrent neural network 
(RNN) was proposed in Ref. [5] to construct the adaptive 
trajectory tracking control law; however, its main prob-
lem is the requirement to build a large number of typical 
conditions for the training sample. Ref. [6] presented an 
approach for improving the gain scheduling state feed-
back controller for vehicle lateral stability, which could 
also keep the vehicle stable at a high velocity. However, its 
problem is that the tracking of the trajectory will be inac-
curate when the tire model is linearized. In Ref. [7], an 
improved robust internal model control (IMC) algorithm 
blending model tracking and the IMC were put forward 
for an active steering system in order to achieve a high 
performance of yaw rate tracking with certain robust-
ness. However, its problem is that the impact of the tire 
slip phenomenon on the trajectory tracking process is 
not fully taken into account. In addition, artificial intel-
ligence model-based control methods have been stud-
ied. In these studies, the model predictive control (MPC) 
achieved satisfactory results [8, 9]. MPC is effective for 
solving the control problem of nonlinear and uncertain 
systems [10].

Automatic driving is also concerned with the veloc-
ity tracking problem, which is named as longitudinal 
control. Cruise control (CC) is widely used to adjust 
vehicle velocity. ACC is an extension of CC, which uses 
external information to control the vehicle velocity and 
distance. An ACC method based on the sliding mode 
control was verified by an experimental method in Ref. 
[11]. The work in Ref. [12] proposed longitudinal con-
trol based on a gain scheduling technique. In fact, for 
an internal combustion engine vehicle, the engine and 
characteristic of the transmission system are the key 
issues for vehicle control. Usually, the operation of a 
mechanical system is optimized by a controller. How-
ever, for electrical autonomous vehicles, their operation 
is achieved by the torque output characteristic of the 
motor. It is important to note that the stability analy-
sis of a control method cannot be proved directly. The 
longitudinal control problem in Ref. [13] was solved 
directly by the method of Lyapunov. The method guar-
anteed the dynamic characteristics of the longitudinal 
model by means of a robust stability design. A longi-
tudinal velocity control strategy based on GPS road 

information was proposed in Ref. [14]. The control 
strategy took into account the vehicle’s longitudinal 
and lateral acceleration and performance capabilities, 
which could effectively improve the vehicle safety per-
formance under dangerous conditions, but the method 
was sensor sensitive. Ref. [15] presented a method to 
regulate the driving wheel slip ratio and used a coor-
dinated cascade control method with two sliding-mode 
variable structure controllers. Ref. [16] presented a 
novel vehicular ACC system that could comprehen-
sively address the issues of tracking capability, fuel 
economy, and driver desired response.

In the literature above, the longitudinal and lateral con-
trol problems are considered separately. On one hand, to 
solve the problem of lateral motion control, a large num-
ber of studies assumed that the velocity of the vehicle 
was a constant. On the other hand, most of the longitu-
dinal control studies did not consider the lateral motion. 
However, a single lateral control or single longitudinal 
control cannot adapt to a complicated and fast-changing 
traffic  environment. Therefore, in order to improve the 
control effect in a wide range of vehicles, longitudinal 
and lateral control must be considered simultaneously. In 
many literatures, different control methods are proposed 
to solve the problems, for example, the longitudinal and 
lateral control in Ref. [17] was based on the sliding mode. 
The idea was to obtain the tire steering angle by calcu-
lating the required tire force. However, a disadvantage is 
that this method is too complicated. The work in Ref. [18] 
described the design of driving control system, including 
both longitudinal and lateral controllers, for the Kuafu-
II autonomous vehicle. Moreover, the controllers could 
achieve system robustness under diversified circum-
stances. Ref. [19] dealt with a longitudinal–lateral control 
based on the nonlinear backstepping control theory and 
adaptive fuzzy sliding mode control. The control inputs 
in Refs. [18] and [19] were the brake, throttle, and steer-
ing. In the references above, MPC, sliding mode control 
(SMC), gain-scheduling and feedback methods were usu-
ally used to solve the control of longitudinal and lateral 
vehicle dynamics.

At present, most of the relevant research works are car-
ried out on longitudinal and lateral control separately, 
and the dynamic performance of the vehicle cannot be 
reflected in the actual operation. Thus, the tracking per-
formance of the vehicle to the desired trajectory can-
not be accurately characterized. On the other hand, the 
existing research on longitudinal and lateral joint control 
rarely consider the yaw stability of the vehicle. This work 
aims to overcome the issues when a vehicle is controlled 
in the lateral direction while considering the longitudinal 
velocity at the same time and takes into consideration the 
overall stability of the vehicle. A simple and clear global 
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control structure is proposed in order to improve the 
active safety performance of autonomous vehicles.

To sum up, in this study, the longitudinal control is 
considered at the same time when studying the lateral 
control of the vehicle, and a kind of global control struc-
ture is established. The structure of this paper is as fol-
lows: Section  2 presents the main work of building the 
vehicle model that is needed for the controller design. In 
Section 3, the designing of the vehicle longitudinal con-
troller and lateral controller is presented. The controllers 
have good robustness. In Section  4, the integrated con-
trol framework and driving force distribution method are 
proposed. Section 5 is on the virtual test verification.

2  Vehicle Model
In this research, a seven-degrees-of-freedom (7-DoFs) 
vehicle dynamic model was employed to study the 
motion characteristics during the trajectory tracking. 
The 7-DoFs were the longitudinal motion, lateral motion, 
yaw, and rotation of the four wheels. These motions have 
been able to reflect the dynamic characteristics of real 
vehicles accurately. The vehicle’s coordinate system and 
vehicle dynamic model [20] are shown in Figure 1.

where Fxfl , Fxfr , Fxrl , and Fxrr are the tire longitudinal 
forces of the left front wheel, right front wheel, left rear 
wheel, and right rear wheel, respectively; Fyfl , Fyfr , Fyrl , 
and Fyrr are tire lateral forces of the left front wheel, 
right front wheel, left rear wheel, and right rear wheel, 
respectively; lf  and lr are the distances from the front axle 
to the centroid and from the rear axle to the centroid, 

(1)mẍ = mẏγ + Fxfl + Fxfr + Fxrl + Fxrr ,

(2)mÿ = −mẋγ + Fyfl + Fyfr + Fyrl + Fyrr ,

(3)
I γ̇ = lf

(

Fyfl + Fyfr
)

− lr
(

Fyrl + Fyrr
)

+
Tf

2

(

Fxfl − Fxfr
)

+
Tr

2
(Fxrl − Fxrr),

respectively; Tf  and Tr are the tracks of the front axis and 
rear axis, respectively; I is the moment of inertia; and γ is 
the yaw rate of the vehicle.

The vehicle overall coordinates are transferred as follows:

where ψ is the yaw angle, and it is known that

In the tire coordinate system, the longitudinal force and 
lateral force of the tires can be obtained from the following 
equations:

where i = fl, fr, rl, rr.
The rotational motion of the wheel is given by the fol-

lowing equation [21]:

where Iw is the moment of inertia of the tire, ωi is the tire 
angular velocity, Ti is the tire traction torque (braking 
torque), and Rw is the tire rolling radius.

Tire models can be divided into two kinds. The first 
is a semi-empirical equation or empirical equation 
type, which needs a large number of experimental data 
to describe the tire mechanical characteristic, such as 
the magic formula equation. The second is a theoreti-
cal model that uses a mathematical method to describe 
the structure and deformation of the tire. Moreover, it 
uses an expression to describe the relationship between 
the tire force and related variables, e.g., the Taehyun tire 
model, Gim model. In this study, we use the Dugoff tire 
model [22], from the second category of theoretical mod-
els, to describe the mechanical parameters of the vehicle 
model equation.

In the Dugoff tire model, all the tire sideslip angles are 
different, which can be expressed as αi

In addition, the wheel considered here is not in a pure 
rolling situation, but includes a longitudinal slip ratio. 
The calculation is described as follows [23]:

(4)Ẋ = ẋ cosψ − ẏ sinψ ,

(5)Ẏ = ẋ sinψ + ẏ cosψ ,

(6)γ = ψ̇ .

(7)Fxi = Fti cos δi − Fsi sin δi,

(8)Fyi = Fti sin δi + Fsi cos δi,

(9)Iwω̇i = −RwFti + Ti,

(10)αfl,r = δfl,r − arctan

(

V + ar

U ± 1
2Tf r

)

,

(11)αrl,r = δrl,r + arctan

(

br − V

U ± 1
2Trr

)

.
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Figure 1 Vehicle dynamic model
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where ui is the longitudinal velocity of the center of each 
wheel [24], and

In our study, the self-aligning torque is small, and its 
influence on the movement of the vehicle is little, which 
can be ignored. At this time, longitudinal force of a tire 
Fti and lateral force Fsi can be expressed as

where Cf  is the tire longitudinal stiffness, Cα is the tire 
cornering stiffness, εr is the road friction coefficient 
reduction factor, and µ is the road friction coefficient.

3  Longitudinal and Lateral Control
3.1  Longitudinal Control
The velocity of an autonomous vehicle is not static, and 
it is needed to adjust the velocity according to the road 
information. When such a vehicle turns, the velocity 
needs to be reduced appropriately so that the vehicle 
can safely go through curves. When the vehicle runs on 
a long straight road, the velocity needs to be improved 
appropriately to make the vehicle go through the road as 
quickly as possible. Thus, the longitudinal control of the 
vehicle is of great significance.

The following will introduce the design method of the 
vehicle longitudinal control.

(12)Si =















Rωωi − ui

ui
, Rωωi ≤ ui,

Rωωi − ui

Rωωi
, Rωωi ≥ ui,

(13)

ufl,r =

(

U ±
1

2
Tf r

)

cos δfl,r + (V + ar) sin δfl,r ,

(14)

url,r =

(

U ±
1

2
Trr

)

cos δrl,r + (V − br) sin δrl,r .

(15)Fsi =
Cα tan αi

1− Si
f (�),

(16)Fti =
CiS

1− Si
f (�),

(17)� =

µFzi

[

1− εrui

√

S2i + tan2 αi

]

(1− Si)

2
√

C2
i S

2
i + C2

α tan
2 αi

,

(18)f (�) =

{

�(2− �), �< 1,
1, � > 1,

Considering the resistance from Eq.  (1), the following 
equation is obtained:

where vx and vy are the longitudinal velocity and lateral 
velocity of the vehicle, respectively, F  is the traction force 
of the vehicle, and Fr is the resistance of the vehicle. F  is 
controlled by the driving force and braking force of the 
tire. Fr is given by the following equation [25]:

where Fa is the air resistance, Fg is the grade resistance, 
Fω is the rolling resistance, ρ is the air density, Cd is the 
frontal area of the vehicle, g is the gravity acceleration,θ is 
the slope, and Cr is the rolling resistance coefficient.

Taking Eq. (9) into account, we can get [26]:

During the trajectory tracking in this study, the tire 
longitudinal force has an optimal distribution so as to 
have sufficient longitudinal force margin. Under this con-
dition, the wheel slip can be kept in a narrow range so as 
to get the following relationship:

where Ft is the longitudinal force of a tire. From Eqs. (24) 
and (26), the following equation is obtained:

Substituting Eq. (27) into Eq. (19), we can get:

In this study, the sliding mode variable structure the-
ory is applied for the longitudinal control of the vehicle. 
The driving force (braking force) of the tires is used as 
the control object. The tracking target is the longitudinal 
velocity of the vehicle. The tracking error is

where vxd is the reference velocity of the vehicle. The 
tracking error on the derivative of time is

(19)mv̇x = mvyγ + F − Fr ,

(20)Fr = Fa + Fg + Fω,

(21)Fa =
1

2
ρCdv

2
x ,

(22)Fg = mg sin θ ,

(23)Fω = Crmg ,

(24)Iωω̇ = −FtRω + T .

(25)vx = ωRω,

(26)F = Ft ,

(27)F =
1

Rω

(T − Iωω̇).

(28)
(

m+
Iω

R2
ω

)

v̇x =
T

Rω

− Fr +mvyγ .

(29)e = vxd − vx,

(30)ė = v̇xd − v̇x.
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Then the switching function is

where slaw is the reaching law.
Substituting Eq. (28) into the equation above, the con-

trol law is

Taking the reaching law as:

where ke and k are all integers. In order to ensure the sta-
bility of the system, we get following equation:

and

In order to meet the conditions of Eq. (35), both ke and 
k need to be positive.

Substituting Eq.  (34) into Eq.  (33), finally the driving 
force (braking force) of the tires is given by

3.2  Lateral Control
In the previous section, the longitudinal control method 
of an autonomous vehicle is presented. In this section, we 
will introduce the lateral control method. The vehicle lat-
eral control objectives are that the vehicle can track the 
trajectory and the vehicle has a good stability. However, 
it is difficult to achieve effectively both the control objec-
tives if only a single wheel angle control is used. There-
fore, it is necessary to control the wheel angle and yaw 
moment simultaneously so that the vehicle has a good 
yaw stability.

3.2.1  Trajectory Tracking
In this study, a linear time-varying model predictive con-
trol algorithm is used to control the vehicle. The control 
variable is the front wheel angle. A linear time-varying 
model predictive control algorithm is one of the most 
widely used methods in the field of MPC using a linear 
time-varying model.

(31)s = e,

(32)ṡ = ė = v̇xd − v̇x = slaw,

(33)
T ∗ =

(

mRω +
Iω

Rω

)

(v̇xd − slaw)

+ FrRω − Rωmvyγ .

(34)slaw = −kee − ksgn(e),

(35)
1

2

d

dt
s2 = sṡ ≤ 0,

(36)sṡ = e(−ke − ksgn(e))=− kee
2 − k|e|.

(37)
T ∗ =

(

mRω +
Iω

Rω

)

(

v̇xd + kee + ksgn(e)
)

+ FrRω − Rωmvyγ .

If Eqs.  (1)–(3) and the tire model are combined, we 
can establish a more complex vehicle dynamics model. 
However, this model is too complicated for the design of 
the model predictive controller. When the vehicle lateral 
acceleration is low, we can take the following equations 
to approximate the longitudinal force and lateral force of 
a tire [27]:

where Cl is the tire longitudinal stiffness,Cc is the tire 
cornering stiffness, sl is the tire slip, and α is the tire slip 
angle. Because a general productive vehicle has a front 
wheel steering and commonly the control variable of 
MPC in trajectory tracking is the front wheel angle, the 
rear wheel angle is set to zero. Therefore, the slip angle 
calculation equation is as follows [28]:

where αf  and αr are respectively the front and rear 
wheel slip angles and δf  is the front wheel steering angle. 
Because wheel angle δf  is small, we get:

We substitute Eqs.  (38)–(42) and Eqs.  (7), (8) into 
Eqs. (1)–(3) and assume the vehicle is symmetrical. Thus, 
Fxfl = Fxfr , Fxrl = Fxrr . We can get:

where Ccf ,Ccr are the front and rear cornering stiffness, 
respectively, and sf , sr are the front and rear tire slips, 
respectively. Equations (43)–(45) and Eqs. (4)–(6) are the 
vehicle dynamics model for predictive control [29]. In 
this system, the state is ξdn = [ẏ, ẋ,ψ , γ ,Y ,X] . The con-
trol variable is udn = δf .

The dynamic model above is a nonlinear system. In this 
study, a linear time-varying model predictive control is 
used. Therefore, it is necessary to linearize the nonlinear 
system.

At any time, the state for the reference system is

(38)Ft = Clsl ,

(39)Fs = Ccα,

(40)αf =
ẏ+ lf γ

ẋ
− δf ,

(41)αr =
ẏ− lrγ

ẋ
,

(42)cos δf = 1, sin δf = δf .

(43)

mÿ = −mẋγ + 2

[

Ccf

(

δf −
ẏ+ lf γ

ẋ

)

+ Ccr
bγ − ẏ

ẋ

]

,

(44)

mẍ = mẏγ + 2

[

Clf sl + Ccf

(

δf −
ẏ+ lf γ

ẋ

)

δf + Clrsr

]

,

(45)I γ̇ = 2

[

lf Ccf

(

δf −
ẏ+ lf γ

ẋ

)

− lrCcr
bγ − ẏ

ẋ

]

,
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At any point in the Taylor expansion, keeping only the 
first-order terms, we can obtain:

where A(t) is the Jacobi matrix for f  relative to x and 
B(t) is the Jacobi matrix for f  relative to u . Subtracting 
Eq. (47) from Eq. (46), we can get:

where x̃ = x − xr , ũ = u− ur.
As the equation is continuous, it cannot be directly used 

in the design of the model predictive controller. Therefore, 
it is necessary to carry out discretization. In this study, a 
discrete method is used, i.e.,

From Eqs. (49), (50) and Eq. (48), the following equation 
can be obtained:

(46)ẋr = f (xr ,ur).

(47)ẋ = f (xr ,ur)+ A(t)(x − xr)+ B(t)(u− ur),

(48)˙̃x = A(t)x̃ + B(t)ũ,

(49)Ak ,t = I + TA(t),

(50)Bk ,t = TB(t).

(51)x̃(k + 1) = Ak ,t x̃(k)+ Bk ,t ũ(k).

Therefore, η
(

k
∣

∣t
)

= Y
(

k
∣

∣t
)

− Yref
(

k
∣

∣t
)

.
In order to further simplify the calculation, we assume 

that:

Assuming the system’s prediction time domain is Np and 
control time domain is Nc , the output expression of the sys-
tem in the future [30] is:

where

Next, the optimization is carried out. Z(t) and U(t) can 
be chosen as the optimization objectives of the state, and 
we can also choose Z(t) and �U(t) . The former optimiza-
tion uses the control variable as the state in the objective 
function. Its structure is simple and easy to implement. 
However, an obvious disadvantage is that the increment 
in the control variable cannot be accurately constrained. 
This study chooses the latter: the increment in the con-
trol variable is used as the state. Therefore, its optimiza-
tion objective function is

where the first item is the effect of the system tracking 
the reference trajectory, and the second item reflects the 
stability of the increment in the control variable. Q,R 
are the respective weight coefficients of the two items. 

Ãk ,t = Ãt , k = t, . . . , t + Np − 1,

B̃k ,t = B̃t , k = t, . . . , t + Np − 1.

(55)Z(t) = φtξ( t|t)+Θt�U(t),

Z(t) =





















η( t + 1|t)
η( t + 2|t)

...
η( t + Nc|t)

...
η
�

t + Np

�

�t
�





















, φt =























C̃t Ãt

C̃t Ã
2
t

...

C̃t Ã
Nc
t

...

C̃t Ã
Np

t























,

�U(t) =









�u( t|t)
�u( t + 1|t)

...
�u( t + Nc|t)









, Θt =



























C̃t B̃t 0 0 0

C̃t Ãt B̃t C̃t B̃t 0 0
...

...
...

...

C̃t Ã
Nc−1
t B̃t C̃t Ã

Nc−2
t B̃t . . . C̃t B̃t

C̃t Ã
Nc
t B̃t C̃t Ã

Nc−1
t B̃t . . . C̃t Ãt B̃t

...
...

...
...

C̃t Ã
Np−1
t B̃t C̃t Ã

Np−2
t B̃t . . . C̃t Ã

Np−Nc−1
t B̃t



























.

(56)

J =

Np
∑

i=1

�η( t + i|t)�2Q +

Nc
∑

i=1

��u( t + i|t)�2R + ρε2,

On this basis, we assume

A new state space expression can be obtained as:

Above, the matrices are defined as follows:

Because the tracking target of the model predictive con-
troller is a lateral displacement, we take

(52)ξ
(

k
∣

∣t
)

=

[

x
(

k
∣

∣t
)

u
(

k − 1
∣

∣t
)

]

.

(53)ξ
(

k + 1
∣

∣t
)

= Ãk ,tξ
(

k
∣

∣t
)

+ B̃k ,t�u
(

k
∣

∣t
)

,

(54)η
(

k
∣

∣t
)

= C̃k ,tξ
(

k
∣

∣t
)

.

Ãk ,t =

[

Ak ,t Bk ,t

0 Im

]

, B̃k ,t =

[

Bk ,t

Im

]

, C̃k ,t =
[

Ck ,t 0
]

.

C̃k ,t =
[

0 0 0 0 1 0
]

.
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Because the model is time-varying, we cannot guarantee 
that every time the optimization goal can yield a feasible 
solution. Therefore, we need to add a relaxation factor to 
the optimization objective, i.e., ρε2.

Taking D(t) = φtξ( t|t) , the optimization objective can 
be rewritten as:

where Ht =

[

ΘT
t QΘt 0
0 ρ

]

, Gt =
[

2D(t)TQΘt 0
]

, and 

Lt = D(t)TQD(t).

In the equation above, Lt is a constant. Therefore, every 
step of the optimization problem with constraints in the 
model prediction is equivalent to solving the following 
quadratic programming problems:

The optimal solution of the design variable is the control 
increment sequence of the vehicle system currently:

However, the MPC algorithm is not the type in which 
the vehicle system’s control increment sequence, �U

∗
t  , is 

applied to the system one by one, instead the current con-
trol increment to the system is:

Until the next moment, the prediction of the time 
domain and control time domain is updated over time. 
Through such cyclic steps, we can realize the autonomous 
vehicle’s trajectory tracking control.

3.2.2  Vehicle Stability Control
The AFS (active front steering) technology changes the tire 
sideslip angle through the active control of the front wheel 
steering angle to apply a lateral force to the vehicle and 
then completes the steering motion. Therefore, the forces 
during the steering are provided by the tire lateral force. 
However, when the vehicle is under extreme conditions, 
the lateral acceleration, sideslip angle, and yaw rate will be 
large. At this time, the tire lateral force is easy to reach satu-
ration. Only changing the tire sideslip angle cannot effec-
tively improve the tire cornering force; therefore, it is not 
enough to provide the vehicle with the desired lateral force 
for steering. At this time, the simple active front steering 

(57)
J =

[

�U(t)T, ε
]

Ht

[

�U(t)T, ε
]T

+ Gt

[

�U(t)T, ε
]T

+ Lt ,

(58)

min
�Ut ,ε

{

[

�U(t)T, ε
]

Ht

[

�U(t)T, ε
]T

+ Gt

[

�U(t)T, ε
]T

}

,

s.t.,�Umin ≤ �U(k) ≤ �Umax,

Umin ≤ u(t − 1)+

k
∑

i=1

�U(i) ≤ Umax.

(59)�U
∗
t =

[

�u
∗
t �u

∗
t+1 · · · �u

∗
t+Nc−1

]T
.

(60)u(t) = u(t − 1)+�u
∗
t .

control cannot improve the vehicle’s yaw stability. We can 
control each tire by driving or braking and adjusting the 
distribution of the longitudinal force of the tire to affect the 
torque of the vehicle in order to solve the problem of vehi-
cle instability caused by the tire lateral force saturation and 
to improve the vehicle yaw stability. This is called the direct 
yaw moment control [31].

Because the sliding mode can be set in advance and has 
nothing to do with the object parameters and disturbances, 
this makes the sliding mode variable structure control 
response quick and insensitive to the parameter variations 
and disturbances. Therefore, sliding mode variable struc-
ture control is convenient to realize. Therefore, we use it to 
calculate the yaw moment.

In order to redistribute the longitudinal forces, make 
�M =

Tf

2

(

Fxfl − Fxfr
)

+ Tr
2 (Fxrl − Fxrr).

Equation (3) is transformed into the following form [32]:

where �M is the direct yaw moment. Therefore, Eq. (45) 
gets the following form:

The controller is realized by using the sliding mode var-
iable structure algorithm. Considering the error from the 
yaw rate tracking:

where γd is the reference yaw rate [33]. Assuming 
Ce =

[

c1 1
]

 and error vector Ee =
[ ∫

ee e
]T
, its switch-

ing function is:

where c1 , c2 , c3 are positive integers and sat(s) is the satu-
ration function.

The control rate is

4  Driving Force Distribution
In Section 3.2, the difference between the actual vehicle 
motion and desired vehicle motion was adjusted by direct 
yaw moment �M∗ . Moreover, the longitudinal velocity of 
the vehicle was controlled by the total driving force. The 
direct yaw moment and driving force (the braking force) 
were correctly distributed in the four tires. All kinds of 

(61)I γ̇ = lf
(

Fyfl + Fyfr
)

− lr
(

Fyrl + Fyrr
)

+�M,

(62)

I γ̇ = 2

[

lf Ccf

(

δf −
ẏ+ lf γ

ẋ

)

− lrCcr
bγ − ẏ

ẋ

]

+�M.

(63)ee = γd − γ ,

(64)s = CeEe = c1

∫

ee + ee,

(65)
ṡ = c1ee + ėe = c1ee + γ̇d − γ̇ = slaw=− c2sat(s)− c3s,

(66)
�M∗ = (c1ee + γ̇d − slaw)I − lf

(

Fyfl + Fyfr
)

+lr
(

Fyrl + Fyrr
)

.
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control strategies are closely linked together (its structure 
is shown in Figure 2). It is an important problem for the 
present study to achieve a more reasonable optimization 
of the vehicle power to ensure the condition that direct 
yaw moment �M∗ is correctly executed at the same time. 
The full tire longitudinal force distribution algorithm will 
optimize the distribution of direct yaw moment �M∗ and 
driving force (braking force) Fxq , which are calculated 
to make the vehicle stable, where Fxq = T ∗/Rω . Moreo-
ver, in the calculation, the longitudinal forces of the four 
wheels are the control targets for improving the vehicle 
handling and stability.

In order to ensure that the vehicle has good stability, 
optimization objectives for the characterization of the 
load state of the road are introduced in the longitudinal 
force distribution, as shown below:

Because the lateral forces of the tires cannot be con-
trolled directly, the control strategy of this study is to 
simplify the optimization objective given in Eq.  (67). 
Considering the difference of each tire at the same time, 
the optimization goal is changed to

Owing to the restrictions of the road surface adhesion 
and vertical load, the tire longitudinal forces cannot be 
infinite. Therefore, they need to be restricted. The limit-
ing condition is as follows:

(67)minJ =

4
∑

i=1

F2
xi + F2

yi

(µFzi)2
.

(68)minJ =

4
∑

i=1

ci(Ti/Rw)
2

(µFzi)2
=

4
∑

i=1

ciT
2
i

(µFziRw)2
.

Accelerate/ 
Brake steering

Reference 
velocity

Reference 
trajectory

Longitudinal 
control Lateral control

Yref

v

δ

Decision-making

Control

Vehicle 
model

T*
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vref
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control

T

Distribution

Driving force 
distribution

vref

ref

M*

Figure 2 Control strategy structure diagram
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Therefore, the four-tire longitudinal force distribu-
tion module can be simplified to quadratic programming 
problems with linear constraints.

where Ai(i = fl, fr, rl, rr ) is the current state of the tire 
longitudinal force margin and ci(i = fl, fr, rl, rr ) is the 
weight of the margin. With the load transfer during steer-
ing and driving/braking, the increased vertical load Fzij 
on the tires will be distributed with more longitudinal/
lateral forces.

(69)− Ai ≤ Fxi ≤ Ai

(

Ai =

√

µ2F2
zi − F2

yi

)

.

(70)







































min f =
c1F

2
xfl

µ2F2
zfl

+
c2F

2
xfr

µ2F2
zfr

+
c3F

2
xrl

µ2F2
zrl

+
c4F

2
xrr

µ2F2
zrr

,

s.t., Fxfl + Fxfr + Fxrl + Fxrr = Fxq ,
�

Fxfl − Fxfr
�

Tf /2+ (Fxrl − Fxrr)Tr/2 = �M∗,

− Ai ≤ Fxi ≤ Ai

�

Ai =

�

µ2F2
zi − F2

yi

�

,

Figure 3 shows the four-tire longitudinal force distribu-
tion algorithm diagram. The four-tire longitudinal force 
distribution control systems contain three parts. They 
are quadratic programming, a control target adjustment 
system, and a weight coefficient regulating system. The 
control objective first determines whether the constraint 
condition in Eq.  (70) is satisfied. If the solution space 
exists, it goes directly to the next layer of the weight coef-
ficient regulating system. If the constraint is not satis-
fied, the control objective will be adjusted, and then the 
weight coefficient regulating system is entered. Finally, 
the longitudinal forces of the four tires are solved by the 
constrained optimization algorithm.

As mentioned above, the existence of the solution space 
in Eq.  (70) determines whether the corresponding con-
strained optimization algorithm can be used. In order to 
simplify the equation, new parameters S1 = Fxfl + Fxrl 
and S2 = Fxfr + Fxrr are introduced. Typically, the front 
and rear tracks are the same, i.e., Tf = Tr . Therefore, 
Fxm = 2�M∗/Tf  . Substituting the above equation in 
Eq. (70), we can get:

After the elimination of Fxrl and Fxrr , Eq.  (70) can be 
rewritten as follows:

From the equation above, the necessary and sufficient 
condition for the existence of the solution space is:

When Eq.  (73) is satisfied by direct yaw moment Fxm 
and longitudinal driving/braking force Fxq , the solu-
tion space of Eq.  (70) exists. At the same time, Fxm and 
Fxq are objects that can be adjusted. If the system can 
actively adjust Fxm and Fxq or one of them according to 
the requirement under different driving conditions, we 
can guarantee that the solution set is not empty.

(71)











S1 =
Fxq + Fxm

2
,

S2 =
Fxq − Fxm

2
.

(72)



































− A1 ≤ Fxfl ≤ A1,

− A3 +
Fxq + Fxm

2
≤ Fxfl ≤ A3 +

Fxq + Fxm

2
,

− A2 ≤ Fxfr ≤ A2,

− A4 +
Fxq − Fxm

2
≤ Fxfr ≤ A4 +

Fxq − Fxm

2
.

(73)
{

−2(A1 + A3) ≤ Fxq + Fxm ≤ 2(A1 + A3),

−2(A2 + A4) ≤ Fxq − Fxm ≤ 2(A2 + A4).

Judge whether  meet the 
constraints

Control target 
adjustment

Quadratic 
programming

Constraint 
condition 

calculation

Vehicle driving 
state

Adjust weight 
coefficient

Fxi

Fxq,Fxm

No

Yes

Figure 3 Four-tire longitudinal force distribution algorithm flow 
chart



Page 10 of 16Lin et al. Chin. J. Mech. Eng.           (2019) 32:16 

The algorithm above is concerned with which goals 
should be met: the direct yaw moment or the vehicle’s 
longitudinal dynamics. When the velocity is high, the 
road adhesion performance is poor and the algorithm 
should reduce the longitudinal dynamic target con-
straints and try to ensure there is enough direct yaw 
moment. On the contrary, when the velocity is low, 
the road adhesion is good and the needed direct yaw 
moment is small. At this point, the yaw moment target 
should be adjusted and the longitudinal dynamic target 
should be tried to keep unchanged in order to maintain a 
good dynamic performance.

The adjusted targets are set as F ′
xq and F ′

xm . The rela-
tionships between the original and adjusted targets are as 
follows:

In order to ensure that the targets are realistic, 
0 ≤ kx, kz ≤ 1 are required. The adjustment of the control 
objectives can be expressed by the multi-objective opti-
mization problem:

In summary, the multi-objective constrained optimiza-
tion problem can be divided into 3 parts:

(1) In order to make kz as large as possible and then 
make kx large enough, adjust Fxq first.

(2) In order to make kx as large as possible and then 
make kz large enough, adjust Fxm first.

(3) In the intermediate process, weight coefficient η 
(0 < η < 1) is introduced. The objective function of 
the multi-objective constrained optimization prob-
lem can be written as max ηkx + (1− η)kz.

Thus, it can be solved as a single objective optimiza-
tion problem instead of as a multi-objective optimization 

(74)

{

F ′
xq = kxFxq ,

F ′
xm = kzFxm.

(75)



























max [kx, kz],

0 ≤ kx ≤ 1,

0 ≤ kz ≤ 1,

− 2(A1 + A3) ≤ kxFxq + kzFxm ≤ 2(A1 + A3),

− 2(A2 + A4) ≤ kxFxq − kzFxm ≤ 2(A2 + A4).

problem. The adjustment of the weight coefficient, � , 
depends on the velocity and road adhesion.

After the dynamic optimization, there must be a 
solution to the original quadratic programming prob-
lems. S1 and S2 are introduced. Thus, Fxrl = S1 − Fxfl , 
Fxrr = S2 − Fxfr . For simplification, ki = 1/

(

µ2F2
zi

)

 is 
introduced again. Equation (70) can be equivalent to:

From the above, the solution space of the quadratic func-
tion with constraints is reduced to:

Therefore, the results are presented in Table 1.

5  Virtual Test Verification
To verify the efficiency of the proposed control strategy 
structures, the dynamic performance of a vehicle trajec-
tory tracking is simulated with an 8-DoFs vehicle model 
by  using  the MATLAB/  Simulink  software, and the main 
parameters of the vehicle model are listed in Table 2. This 
study uses the typical lane change virtual test environment 
to inspect the trajectory tracking ability of the autono-
mous vehicle. The reference trajectory of the lane change is 
shown in Figure 4.

5.1  Constant Velocity Condition
In this study, we first carried out the research of trajectory 
tracking with a constant velocity. The vehicle velocity was 
set as 9 m/s, 13 m/s, and 17 m/s, and the vehicle trajectory 
tracking and dynamic response were investigated using dif-
ferent road friction coefficients.

(76)



































































min

�

�

kfl + krl
�

�

Fxfl −
krlS1

kfl + krl

�2

+
kflkrlS

2
1

kfl + krl

+
�

kfr + krr
�

�

Fxfr −
krrS2

kfr + krr

�2

+
kfrkrrS

2
2

kfr + krr

�

,

− A1 ≤ Fxfl ≤ A1,

− A3 + S1 ≤ Fxfl ≤ A3 + S1,

− A2 ≤ Fxfr ≤ A2,

− A4 + S2 ≤ Fxfr ≤ A4 + S2.

(77)

{

m1 = {max(−A1,−A3 + S1) ≤ x ≤ min(A1,A3 + S1)},

m2 = {max(−A2,−A4 + S1) ≤ x ≤ min(A2,A4 + S1)}.

Table 1 Solution

krl S1

kfl+krl
∈ m1 Fxfl =

krl S1

kfl+krl
 , Fxrl =

kflS1

kfl+krl

krr S2
kfr+krr

∈ m2 Fxfr =
krr S2
kfr+krr

 , Fxrr =
kfr S2

kfr+krr

krl S1

kfl+krl
/∈ m1

Fxfl is the closer one between two of the borders, Fxrl = S1 − Fxfl
krr S2
kfr+krr

/∈ m2
Fxfl is the closer one between two of the borders, 
Fxrr = S2 − Fxfr
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5.1.1  μ = 0.9
Figure 5(a)–(f) show the simulation results when the road 
friction coefficient is 0.9.

As is shown in Figure  5(a), because of the high road 
friction coefficient, the friction force between the ground 
and tires is enough to make the vehicle steer quickly and 
accurately, and the trajectory error of 17  m/s at the peak 
is slightly large. However, under velocities of 9  m/s and 
13 m/s, the vehicle can track the reference trajectory accu-
rately. From Figure 5(b), we can see that when the velocities 
are 9 m/s and 13 m/s, the front wheel steering angle, which 
is calculated by the MPC controller, is smooth, but when 
the velocity is 17 m/s, the front steering angle slightly fluc-
tuates. Moreover, as the velocity increases, in order to ena-
ble the vehicle to track the reference trajectory, the vehicle 
needs to steer in advance. Figure 5(c) shows that in general 
the sideslip angle is within a small range during the maneu-
vers; the proposed method can effectively control the vehi-
cle sideslip angle at a high velocity by a direct yaw moment 
control, which greatly reduces the possibility of skidding. 
From Figure 5(d)–(f), it is known that the yaw rate can be 
tracked well and the vehicle has a good yaw stability with 
the high road friction coefficient.

5.1.2  μ = 0.3
Figure  6(a)–(f ) show the simulation results when the 
vehicle follows a desired trajectory on an ice-snow cov-
ered road (μ = 0.3). Comparing Figure  6(a) and Fig-
ure  5(a) shows that the vehicle can track the reference 
trajectory well at a low velocity. However, when the 

velocity increases to 17  m/s and travels to a large cur-
vature of the road, the trajectory error becomes bigger 
under the low road friction coefficient. The reason is 
that the road cannot provide enough tire lateral forces to 
make the vehicle steer in accordance to the desired tra-
jectory in a short period of time. From Figure  6(b) it is 
known that because of the poor road conditions, when 
the velocity reaches 13 m/s, the front steering angle has a 
slight jitter, but in general, the front steering angle is still 
controllable. Figure  6(c) shows that in spite of the poor 
road conditions, the sideslip angles remain at lower val-
ues, even when the vehicle’s velocity reaches 17 m/s. The 
maximum values of the sideslip angles do not exceed 2°, 
which is within the scope of security, and the vehicle is 
under control. Figure 6(d)–(f ) show that the effect of the 
yaw rate tracking is good at 9 m/s, but when the veloc-
ity reaches 13 m/s and the front steering angle becomes 
large, the tire forces reach saturation and the reference 
yaw rate cannot be tracked well. Owing to the low road 
friction coefficient, the road is unable to provide suffi-
cient yaw moment.

5.2  Time‑varying Velocity Condition
In actual situations, a vehicle should drive or brake 
according to the road conditions, such as when a vehi-
cle runs into a large curvature bend, slowing down in 
advance is necessary. After a vehicle go through a bend 
and enters a straight road, the necessary acceleration 
should be applied. Therefore, in this study, a time-varying 
velocity condition is considered. According to the lane 
change, we design the reference velocity, as shown in 
Figure 7.

The vehicle speed is determined by the road environ-
ment, and the most important factor is the curvature of 
the road. According to the curvature of the road, the ref-
erence speed of the vehicle is calculated by [25]:

where ρr is the curvature of the road and g is the gravita-
tional acceleration. However, the road curvature changes 
dramatically in a virtual test. If the maximum value of the 

(78)umax ≤

√

0.4g

ρr
,

Table 2 Main parameters used in the simulation

Symbol Description Value Symbol Description Value

m Mass of vehicle 1298 kg Iz Yaw rate of inertia around CoG 1627 kg m2

lf Distance from CoG to front axle 1 m l Distance from rear axle to front axle 2.454 m

lr Distance from CoG to rear axle 1.454 m Ccf Cornering stiffness of front tire 90,000 N/rad

Ccr Cornering stiffness of rear tire 90,000 N/rad Rω Rolling radius of tire 0.35 m
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longitudinal velocity acquires any value during the simu-
lation, the changing rate of the velocity is too fast, so that 
the acceleration of the vehicle is too large. This is not in 
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accordance with the actual situation; therefore, some of 
the key points of maximum longitudinal velocity were 
employed, and then a linear change was made between 
the key points. Based on this principle, the reference lon-
gitudinal velocity was obtained, as shown in Figure 7.

Figure 8(a)–(f ) show the results when the road friction 
coefficient is 0.4 and 0.8.

From Figure 8(a), it can be seen that the vehicle has a 
good tracking performance on the road; no matter the 
friction coefficient is high or low, the vehicle on a good 
road surface performs better.

Figure  8(b) shows that the vehicle has a good perfor-
mance for tracking the time-varying velocity on either 
road surfaces, which also verifies that the longitudinal 
velocity control method proposed is efficient and accu-
rate under various road conditions.

According to Figure  8(c), it can be known that the 
peak value of the steering angle is small and the steering 
motion is stable at a high road friction coefficient. How-
ever, a bigger steering angle is needed to track the trajec-
tory in the low road friction coefficient condition.

Figure 8(d) and (a) show that the vehicle’s tracking per-
formance is improved at the cost of the sideslip angle at 
the high road friction coefficient. This expense is accepta-
ble because a slight increase in the vehicle’s sideslip angle 
does not cause a great impact on the vehicle stability at 
the high road friction coefficient.

According to Figure 8(e), (f ), the reference yaw rate is 
tracked well at the high road friction coefficient, but at 
the low road friction coefficient, the road cannot provide 
enough tire forces. Therefore, when the steering angle is 
big, the reference yaw rate cannot be tracked very well.

5.3  Effect of Yaw Control
Figure  9(a)–(e) show the results when the road friction 
coefficient is 0.6. The results indicate the influence of the 
yaw control on the vehicle.

According to Figure  9(a), the yaw control contributes 
to tracking the trajectory. Figure 9(b) shows that the yaw 
control reduces the peak value of the front wheel steering 
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angle, and reduces the burden of the driver. From Fig-
ure 9(c), we can see that the yaw control reduces the side-
slip angles and reduce the risk of sideslip and skidding 
on a bad road. It also shows that the proposed algorithm 
improves the vehicle’s handling and stability. From Fig-
ure 9(d), (e), it is seen that the real yaw rate cannot track 
the reference yaw rate in the curve without yaw control; 
However, the vehicle has a good tracking performance 
with yaw control. Therefore, the proposed method in this 
work is effective.

6  Conclusions

(1) In this research, a control framework is proposed 
with a combination of longitudinal–lateral con-
trol and yaw moment control for an autonomous 
vehicle. Vehicle longitudinal control, named as 
the velocity tracking problem, is solved by a slid-
ing mode variable structure control method. Vehi-
cle lateral control, named as the vehicle trajectory 
tracking problem, is solved by a predictive control 
method based on a linear time-varying model.

(2) In order to improve the vehicle yaw stability during 
trajectory tracking, the yaw moment control is inte-
grated into the longitudinal–lateral control system. 
The trajectory tracking and yaw stability are consid-
ered at the same time.

(3) The proposed lateral control makes the vehicle 
track the trajectory and maintain the yaw stability. 
The vehicle can accurately track the expected tra-
jectory and velocity, even if a bend has a large cur-
vature and the reference velocity is time-varying.

(4) The control of the direct yaw moment in the frame-
work allows a reasonable distribution of the driv-
ing force of the tire. During trajectory tracking, it 
reduces the burden of the driver. At the same time, 
it greatly improves the vehicle’s handling and stabil-
ity performance.
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