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Abstract
Friction stir welding (FSW) has been widely applied in many fields as an alternative to traditional fusion welding.
Although serial robots can provide the orientation capability required to weld along curved surfaces, they cannot
adequately support the huge axial downward forces that FSW generates. Available parallel mechanism architectures,
particularly redundantly actuated architectures for FSW, are still very limited. In this paper, a redundantly actuated
2UPR-2RPU parallel robot for FSW is proposed, where U denotes a universal joint, R denotes a revolute joint and P
denotes a prismatic pair. First, its semi-symmetric structure is described. Next, inverse kinematics analysis involving
an analytical representation of rotational axes is implemented. Velocity analysis is also conducted, which leads to
the formation of a Jacobian matrix. Sensitivity performance is evaluated utilizing level set and convex optimization
methods, where the local sensitivity indices are unit consistent, coordinate free, and of definite physical significance.
Furthermore, global and hierarchical sensitivity indices are proposed for the design process. Finally, dimension synthesis is conducted based on the sensitivity indices and the optimal link parameters of the parallel robot are obtained.
In summary, this paper proposes a dimensional synthesis method for a redundantly actuated parallel robot for FSW
based on sensitivity indices.
Keywords: Parallel robot, Actuation redundancy, Sensitivity, Optimization, Friction stir welding
1 Introduction
Friction stir welding (FSW) is a novel solid-state welding
technology that was patented by The Welding Institute in
1991 [1]. Its advantages over conventional fusion welding
processes include the elimination of porosity, low distortion, and no requirement for a filler wire or gas shielding.
Consequently, FSW is widely used in the aerospace, shipbuilding, railway, and automotive industries [2]. During
the welding process, a rotating tool is inserted into the
workpieces to be joined. Frictional heat generates a softened and plasticized zone near the tool. A consolidated
joint is then formed by moving the tool along the joint
line [3], as shown in Figure 1. Huge axial downward force
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is necessary to maintain a steady joining process [4].
Maintaining this force requires a very rigid FSW machine
structure, especially when joining thick plates.
FSW along a complex three-dimensional surface
requires both orientation capability and high rigidity.
These requirements cannot be fulfilled utilizing traditional FSW equipment, which has a limited range of
movement, or by six-degree-of-freedom (DOF) serial
industrial robots, which are not sufficiently rigid. A parallel robot (or parallel mechanism) consists of a moving
platform, fixed platform, and several limb chains connecting the moving platform to the fixed platform. Based
on its structural characteristics, a parallel robot can provide higher rigidity and precision, and lower inertia compared to a serial robot. Therefore, parallel mechanisms
are a promising choice for FSW machines.
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Figure 1 FSW process

Parallel robots have been utilized for FSW previously. A
Tricept-based hybrid robot for FSW was proposed in Ref.
[5]. A five-axis hybrid parallel kinematic machine called
VERNE was also utilized for FSW and a control method
utilizing force feedback was introduced in Ref. [6]. The
optimal design of an FSW robot based on a 3-PRS parallel
mechanism was investigated in Ref. [7], where P denotes
a prismatic pair, R denotes a revolute pair, and S denotes
a spherical joint. The authors proposed a new hybrid
robot for FSW consisting of a 3-DOF 2-SPR-RPS parallel
mechanism with a 2-DOF PP serial mechanism [8]. However, the low stiffness and limited rotational capability of
spherical joints cannot be neglected for FSW. Overall,
the available parallel mechanism architectures for FSW
are still very limited and a redundantly actuated parallel
robot for FSW has not yet been reported.
Singularity and stiffness are two critical issues for FSW
parallel robots. Singularity is an inherent property of parallel mechanisms. In a singular configuration, a parallel
mechanism loses its rigidity and becomes uncontrollable.
One method to eliminate singularity and increase stiffness is to introduce actuation redundancy. There are two
main methods for implementing actuation redundancy
in a parallel robot. The first is to actuate passive joints.
The second is to include an additional actuated limb
without changing the DOF of the mobile platform. Many
researchers prefer the second approach.
Significant progress has been made regarding the design
of parallel robots with actuation redundancy. Fang et al.
proposed redundantly actuated parallel mechanisms for
ankle rehabilitation and discussed their kinematics and
design [9, 10]. Qu et al. designed a class of 3-DOF wrist
mechanisms with redundantly actuated closed-loop units
[11]. Wu et al. made significant progress in terms of the
force and kinematic optimization of redundantly actuated
robots [12–15]. Xie et al. [16] discussed the optimization
of a redundantly actuated parallel kinematic mechanism
with motion/force transmissibility. Kim et al. made relevant contributions to the optimal design of redundantly
actuated parallel robots [17–20]. They designed the first

6-DOF redundantly actuated parallel robots for five-face
machining and investigated the antagonistic stiffness and
energy-saving optimization of redundantly actuated parallel mechanisms systematically. Saffi et al. [21] proposed a
redundantly actuated 3-RRR spherical parallel manipulator for a haptic device, which improved dexterity and eliminated singularity. Wang et al. [22] presented the design
of an actuation device that could automatically distribute
external loads based on stability theorems. Choi et al. [23]
proposed an optimization method for torque distribution of redundantly actuated planar parallel mechanisms
based on a null-space solution. Cheng et al. [24] proposed
a simple scheme for computing the inverse dynamics of a
redundantly actuated parallel manipulator and four basic
control algorithms. Müller investigated the influence of
geometric imperfections on the control of redundantly
actuated parallel manipulators [25, 26]. He also presented a
relevant interpretation of the geometric aspects of redundant parallel manipulators [27]. Wen and Xu [28] developed a redundantly actuated parallel mechanism with an
actuation system for jaw movement. The performance of
a five-axis hybrid mechanism was improved by an evolutionary algorithm proposed by Gao and Zhang [29].
In the implementation of dimension synthesis for a
known-structure manipulator, kinematic performance
evaluation is conducted at two levels, namely, local indices
and global indices, which are classified based on whether
or not they are configuration dependent. One important
type of local indices is based on the Jacobian matrix. This
type varies from configuration to configuration. In earlier
studies, kinematic indices have been directly derived from
Jacobian-based assessments, such as determinants [30],
singular values [31], and condition numbers [32]. However, these indices, which can fail to provide an invariant
benchmark for Lie group SE(3), which is a special Euclidean group involving rotation and translation, tend to suffer
from unites inconsistency and metric unboundedness [33].
Therefore, some indices for handling the dimensional nonhomogeneity of Jacobian matrices within non-commensurable systems [34] have been proposed in recent years.
Based on the concept of isotropy, Angeles [35] proposed
an approach to normalize the Jacobian matrix based on
an engineered “characteristic length” (CL). Unfortunately,
the proper selection of a CL is task dependent. Therefore,
this method is not widely accepted [36, 37]. Furthermore,
because the CL is unique for each parallel robot, comparisons between different parallel robots during the design
process (even parallel robots with the same architecture,
but different dimensions) are not sound. Since the proposition of the CL, more researchers have focused on the
physical interpretation of dimensionally homogeneous
indices, such as power manipulability [36] and the mobility
tetrahedron method [38].
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In high-precision applications, predicting the boundaries of position and orientation errors for given configurations and actuator errors is crucial. Maximum position
and orientation errors are typically regarded as the best
assessment metrics for interval sensitivity analysis [33,
39, 40]. As shown by Li et al. [41], the sensitivity and
accuracy analysis of a parallel robot can be regarded as a
convex optimization process. In Ref. [42], a convex optimization problem was derived from a six-dimensional
one level set problem. In this problem, rotation was separated from translation to generate kinematic sensitivity
indices with consistent units and clear physical interpretations. Additionally, Wang et al. [43] proposed an
approach to predict the exact output error bounds of parallel manipulators based on the level set method.
To overcome the drawbacks of the 2-SPR-RPS parallel robot for FSW, a redundantly actuated 2UPR-2RPU
parallel robot is proposed in this paper. Actuation redundancy is implemented by adding an actuated RPU limb to
a 3-DOF 2-UPR-RPU parallel robot [44–46] to eliminate
singularity and enhance stiffness. In this paper, the kinematic characteristics of the proposed parallel robot are
investigated, followed by sensitivity analysis and dimension optimization, where the sensitivity indices utilized
are dimensionally homogeneous, coordinate free, and of
clear physical significance.
The remainder of this paper is organized as follows.
Section 2 presents the model of the 2UPR-2RPU parallel
robot and corresponding system settings. Section 3 discusses the kinematics, including inverse position analysis,
mobility identification and velocity derivation. In Section 4, both local and global indices representing rotation
and translation sensitivities are implemented based on
the level set method and convex optimization. Section 5
presents dimension optimization based on the proposed
indices. Our conclusions are summarized in Section 6.

2 System Description
A CAD model of the 2UPR-2RPU parallel robot is presented in Figure 2. The manipulator consists of a base
platform, mobile platform, and four limbs arranged symmetrically. Counting from the base to the mobile platform,
limb 1 and limb 2 are identical UPR limbs. The first revolute
axes of the two U joints are coincident. The second revolute axis of the U joint is parallel to the revolute axis near
the mobile platform and perpendicular to the prismatic pair.
Limb 3 and limb 4 are identical RPU limbs that are inverted
forms of limb 1 and limb 2. Counting from the base, the first
revolute axes in limb 3 and limb 4 are parallel. The revolute axis near the mobile platform in the U joint in limb 3 is
coincident with the revolute axis near the mobile platform
in the U joint in limb 4. All four prismatic pairs are actuated.
The centers of the U joints in limb 1 and limb 2 are denoted
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Figure 2 CAD model of a 2UPR-2RPU parallel robot

as B1 and B2, respectively, while the centers of the R joints in
limb 3 and limb 4 are denoted as B3 and B4, respectively. The
centers of the R joints in limb 1 and limb 2 are denoted as A1
and A2, respectively, while the centers of the U joints in limb
3 and limb 4 are denoted as A3 and A4, respectively.
A fixed coordinate frame O-XYZ, denoted as {O}, is
attached to the base. The origin O lies on the center point
of B1B2. The X and Y axes are coincident with OB4 and
OB2, respectively, and the Z axis points downward. A moving coordinate frame o-uvw, denoted as {o}, is established
on the mobile platform, where the u axis runs along oA4,
v axis runs along oA2, and w axis obtained from the righthand rule. The coordinate frame Bi-xiyizi (i = 1–4), denoted
as {Ri}, is attached to limb i. For {Ri} (i = 1, 2), the xi and yi
axes point along the corresponding axes of the U joint on
Bi. For {Ri} (i = 3, 4), all of the axes point in the same directions as the corresponding axes of {O}. The joint points {A1,
A2, A3, A4} and {B1, B2, B3, B4} form two rhombuses with
oA1 = oA2 = r1, oB1 = oB2 = r2, oA3 = oA4 = r3, oB3 = oB4 = r4,
and r2r3 = r1r4. The robot for FSW consists of a 2UPR-2RPU
parallel mechanism and two gantries, as shown in Figure 3.

3 Kinematics
3.1 Inverse Position Analysis

For the 2UPR-2RPU parallel robot, the rotation transformation matrix of frame {o} with respect to frame {O}
is derived as


cβ sβ sγ sβ cγ
R = Rot(y, β)Rot(u, γ ) =  0 cγ −sγ , (1)
−sβ cβ sγ cβ cγ
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where the leading superscript “o” indicates a vector
expressed in frame {o}, and that in frame {O} is omitted
for simplicity. Therefore, the points Ai with respect to
{O} are derived as

Ai = Ro Ai + P.

(4)

By combining Eqs. (2), (3), and (4), the inverse position kinematics for the 2UPR-2RPU parallel robot can be
obtained as follows:


qi = |Ai − Bi | = [ i µi ], i = 1, 2, 3, 4,
(5)
where

1




2


3



4

Figure 3 FSW tool

= zsecβ − r1 sγ , µ1 = r2 − r1 cγ ,
= zsecβ + r1 sγ , µ2 = r1 cγ − r2 ,
= r4 − r3 cβ + ztβ , µ3 = z + r3 sβ ,
= r3 cβ + ztβ − r4 , µ4 = z − r3 sβ .

3.2 Mobility of the Moving Platform

The mobility of the moving platform depends on its configuration. Based on the screw theory [47], we not only
calculate the DOFs of the 2UPR-2RPU parallel robot, but
also identify the motion axes under each configuration.
In the screw theory, a unit screw $ is defined as

$ = (s; s0 ) = (s; r × s + hs),

where s is a unit vector representing the direction of the
screw axis, r is the position vector of any point on the
screw axis, and h is the pitch.


A screw $r =(sr ; s0r ) and screw system, $1 , $2 , . . . , $n
are said to be reciprocal if they satisfy the following
condition:

Figure 4 Calculation of rotation and translation sensitivities

where β and γ are the rotation angles of the moving platform around the Y axis and u axis, respectively. The letters
“c” and “s” represent cosine and sine, respectively. As shown
in Figure 4, the position vector of the center point o of the
moving platform with respect to frame {O} is denoted as P.

P = [ ztβ 0 z ]T ,

(6)

(2)

where “t” represents tangent. The position vectors of
joint points Ai with respect to {o} and Bi with respect to
{O} are written as
o
A1 = [ 0 −r1 0 ]T , B1 = [ 0 −r2 0 ]T ,




 o A = [ 0 r1 0 ]T ,
B2 = [ 0 r2 0 ]T ,
2
(3)

 o A3 = [ −r3 0 0 ]T , B3 = [ −r4 0 0 ]T ,


o
A4 = [ r3 0 0 ]T ,
B4 = [ r4 0 0 ]T ,

$i ◦ $r = si · s0r + sr · s0i ,

(7)

where “◦” represents the reciprocal product. The screw
of the jth joint of the ith limb is denoted as $ij and the
kth constraint screw of the ith limb exerted on the mobile
platform is denoted as $rik . For the ith limbs (i = 1, 2), the
motion system is defined as

$i1 = ( si1 B̂i si1 )T ,




 $i2 = ( s B̂ s )T ,
i2 i i2
i = 1, 2,
(8)

 $i3 = ( 01×3 (Ai − Bi )/qi )T ,



$i4 = ( si4 Âi si4 )T ,

where “∧” denotes a skew-symmetric operator (for
additional details, see Ref. [48]), si1 = [ 0 1 0 ]T, and
si2 = si4 = Rot(y, β)[ 1 0 0 ]T. Similarly, for the other ith
limbs (i = 3, 4), we have
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= ( 01×3 (Ai − Bi )/qi )T ,

If D is not singular (i.e., qi = 0), then multiplying both
sides of Eq. (13) by D−1 yields the well-known velocity
Jacobian mapping

= ( si1 B̂i si1 )T ,

= ( si3 Âi si3 )T ,

i = 3, 4,

(9)

q̇ = D−1 G Ẋ = J Ẋ

= ( si4 Âi si4 )T ,

where si1 = si3 = [ 0 1 0 ]T and si4 = Rot(y, β)[ 1 0 0 ]T.
The two types of screw systems in Eqs. (8) and (9), are
presented in Figure 2 with i = 1 and i = 3 for reference. By
utilizing Eq. (7), the constraint wrench system of the ith
limb can be obtained as follows:

C i = [ $ri1 $ri2 ] = Rec($i1 , $i2 , $i3 , $i4 ), (i = 1, 2, 3, 4),
(10)
where “Rec(·)” denotes the reciprocal operator of a screw
system *. Then, all of the constraint wrench systems
exerted on the moving platform can be written as

(11)

C = [ C 1 C 2 C 3 C 4 ].

Finally, the mobility of the moving platform is defined
as

M = Rec(C) = ( M 1 M 2 M 3 )

T
0
0 0 tβ
0
1
1 0 0
0
0 .
= 0
− cotβ 0 1 0 −z/(sβ cβ ) 0

(12)

According to Eqs. (10)‒(12), although C is a 6 × 8
matrix, its column-space rank is three, meaning the
moving platform is over-constrained by additional
linearly dependent (8 − 3 = 5) wrenches. Therefore,
the DOF of the moving platform is 6 − 3 = 3 with
one translational DOF along M1, and two rotational
DOFs along M2 and M3. It is clear that the translational direction of M1 lies along ( tβ 0 1 )T . The rotational axis of M2 passes through the origin point at a
direction of ( 0 1 0 )T . Finally, the rotational axis of
M3 points along ( − cotβ 0 1 )T with a line moment of
( 0 −z/(sβ cβ ) 0 )T.
Taking the first-order derivative of Eq. (5) yields

(13)

where q̇ = [ q̇1 q̇2 q̇3 q̇4 ]T , Ẋ = [ β̇ γ̇ ż ]T , D = diag(q1 ,
q2 , q3 , q4 ), G = [Gij ]4×3, G11 = 1 zsecβ tβ , G12 = µ1 r1 sγ
−1 r1 cγ , G13 = 1 secβ , G21 = 2 zsecβ tβ , G22
= 2 r1 cγ


−µ2 r1 sγ , G23 = 2 secβ , G31 = 3 r3 sβ + zsec2β + µ3 r3 cβ ,
G32 = 0, G33 = 3 tβ + µ3, G41
G42 = 0, G43 = 4 tβ + µ4.

(14)

where J i is the ith row of the Jacobian matrix J,
ω = [ β̇ γ̇ ]T, and v = ż.

4 Sensitivity Analysis
The sensitivity of a parallel robot is determined by its
mechanical structure, actuator errors, joint clearances,
etc. During the design process, the parameter settings of
the mechanical structure are the main consideration, so
other aspects are not considered in this paper. From the
perspective of mechanical structure, the sensitivity of a
parallel manipulator indicates how small displacements
of the actuator affect the motion of the moving platform
in a given configuration. It should be noted that the sensitivity described above is local. Local sensitivity is insufficient for describing the overall sensitivity performance
of a parallel manipulator in a real-world workspace. Here,
we present both local and general sensitivity analysis of
the 2UPR-2RPU parallel robot, which is inspired by the
work of Cardou et al. [42].
For a given configuration, the sensitivity problem is
defined by maximizing the infinite norm of w and v
under the velocity Jacobian constraints as follows:

� �
 σr,∞ = max �ω�∞ ,
X
� �
s.t., �q̇�∞ = �J Ẋ � = 1,
 σt,∞ = max �v�∞ ,
∞
X

(15)
where σr,∞ and σt,∞ are the indices of rotation sensitivity
(RS) and translation sensitivity (TS), respectively. For the
2UPR-2RPU parallel robot, we have ω = [ β̇ γ̇ ]T and
v = ż , which implies that the optimization problem can
be solved in a three-dimensional
polytope (cube) denoted
 
 
as P3 (J ) = {X ∈ R3  J Ẋ  = 1}, whose center is
∞

3.3 Velocity Analysis

Dq̇ = G Ẋ,

T T T T
T T T
= [ JT
2 J2 J3 J4 ] [ ω v ] ,



= 4 zsec2β − r3 sβ − µ4 r3 cβ ,

located at the origin and whose edge length is two. Note
that two of the edges indicate rotation variation and the
third edge indicates translation variation. The solution to
the problem in Eq. (15) is given by the one-level set of the
function


P3 (T (t)) = {X ∈ R3  T (t)Ẋ  ∞ = 1},
(16)
where T (t) = t −1 I 3×3. Therefore, we have
  −1 
  
 


T (t)Ẋ  =t −1 Ẋ  =  t  �ω�∞ = 1, Rot,
t −1 �v�∞ = 1, Trans.
∞
∞
(17)
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where L = [ J T −J T ]T and n is the number of actuators.
Furthermore, the RS and TS are defined as

σr,∞ = max(ti∗ ), i = 1, 2,
(20)
σt,∞ = t3∗ .

radius as β ∈ [0, 90◦ ] and polar angle as γ ∈ [0◦ , 360◦ ].
The blank regions in both the RS and TS are denoted
as high-sensitivity areas (HSAs), where the thresholds εr,∞ and εt,∞ eliminate points with extreme values
(greater than 105 rad/m or 105 mm/m). The appearance
of HSAs is strongly related to the angle β. In the range
of β = [87◦ , 90◦ ], for any γ , there are no points inside
the threshold for the RS. The same is true for the range
of β = [75◦ , 90◦ ] for the TS. In contrast, the impact of γ
on sensitivity remains at a relatively low level. The region
near γ = 90◦ exhibits slight fluctuation, while the other
regions are largely stable (fluctuations smaller than 1),
which can be observed in the dashed boxes of both RS and
TS. In summary, we wish to enlarge the low-sensitivity
areas, which are far from the rotation angle boundaries,
especially for the angle β. Although Figure 5 is presented
as a single example, similar distribution trends can be
observed in other scenarios without loss of generality.
During the performance evaluation of a parallel robot,
both types of sensitivity must be considered. As shown
above, both sensitivities increase dramatically near the
boundaries of rotation angles. Such regions should be
avoided during operation. To identify low-sensitivity
regions (LSRs), we define the following global indices:


−1
−1
dAt ,
dAr , ηt =W
ηr = W
(21)

Figure 5 presents the distribution of rotation and√translation sensitivities with (r1 , r2 , r3 , r4 , z) = (1, 3, 2, 6, 6) m.
The small displacements are normalized as
(�ω�∞ , �v�∞ ) = (1 rad, 1 mm),
and
the
thresholds
are
correspondingly
selected
as
(εr,∞ , εt,∞ ) = (10 rad/m, 10 mm/m). The atlases are
represented by polar coordinates. We denote the polar

where
Ar( At )
is
the
area
in
which
σr,∞ ≤ εr,∞ (σt,∞ ≤ εt,∞ ), and the parameter εr,∞ (εt,∞ )
denotes the allowable maximum rotational (translational)
output error. The parameter W is the area of the reachable workspace. The parameters ηr (ηt ) and η denote the
ratios of rotational (translational) LSRs and general LSRs,
respectively. The greater the magnitudes of ηr (ηt ) and η

X

X

 Trans : max �v�∞ ⇔ max |t|.
X

(18)

X

As shown in Figure 4, the convex set P3 (J ) is inscribed in
P3 (T (t)). Regarding the supporting hyperplane theorem
[49], for any boundary point (denoted as Ẋ 0) of P3 (J ), one
can always find a supporting hyperplane containing Ẋ 0.
Therefore, the problem consists of identifying the boundary
of P3 (J ) in the directions of the rotational or translational
axes, which is equivalent to finding the farthest boundary
∗
point Ẋ = P3 (T (t ∗ )) from the origin point O. By moving
the hyperplanes with normal vectors ei along the direction
∗
of −ei, the point
 ∗  Ẋ i can be identified, where the maximum
distance is ti . Because the envelop of P3 (J ) is symmetric
with respect to the origin point O, the calculation of hyperplanes can be simplified on the side of eT
i Ẋ ≥ 0. Therefore,
the supporting hyperplanes are obtained as

ti∗ = max eT
i Ẋ,
X

s.t.,

LẊ − 12n ≤ 02n ,

(19)

Figure 5 Distributions of RS and TS with (r1 , r2 , r3 , r4 , z) = (1, 3, 2, 6,

√
6) m

W

W
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for the workspace of a robot, the better the sensitivity. To
evaluate the quality of LSRs, we define


−1
−1
ξr = Ar
σr,∞ dAr , ξt =At
σt,∞ dAt ,
(22)
Ar

At

where ξr (ξt ) and ξ denote the mean values of rotational
(translational) LSRs and general LSRs, respectively. The
smaller the magnitudes of ξr (ξt ) and ξ , the better the sensitivity. Here, we do not define an index as ξ = min(ξr , ξt )
because the units of ξr and ξt are different. Because different indices describe different characteristics of sensitivities, the priority of indices in Eqs. (21) and (22) depends
on engineering demands.

5 Optimization of Architecture Parameters
The performance of a parallel robot is heavily influenced by link parameters. To improve the accuracy of
the 2UPR-2RPU parallel robot in the design stage, the RS
and TS indices are adopted for parameter optimization.
The objective of optimization is to find optimal or nearoptimal parameter sets with which the parallel robot
has adequate rotational and translational sensitivities.
We utilized the optimal design approach from Ref. [16],
where the parameters are initially normalized as

 D = (r1 + r2 + r3 )/3,
li = ri /Di = 1, 2, 3,
(23)

r4 = r2 r3 /r1 ,
where D is a normalized factor and li is a normalized
non-dimensional parameter. When considering practical
applications, the normalized lengths li satisfies

Figure 6 Parameter design space [50, 51]



l3 , l4 ≤ l1 , l2 ,
0 < li < 3.

(24)

If the length of the stroke z is too short, the parallel robot may suffer from linkage interference at large
rotation angles γ . Therefore, we have z > max(r1 , r3 ).
Additionally, we define z ≡ kmax(r2 , r4 ) as the general working stroke, where k is a weighting coefficient depending on the application. This is because the
stroke z is not an architecture parameter (such parameters must be designed with fixed values). In a threedimensional space with coordinate axes of l1, l2, and l3,
as shown in Figure 6, the parameter design space can be
represented by the shaded area, which is determined by
the conditions in Eqs. (23) and (24). Furthermore, the
three-dimensional design space can be planarized into a
two-dimensional design space [50, 51] according to the
following equation:

U = l1 ,
√
(25)
V = (3 − l3 + l2 )/ 3.
Figure 7 presents the distribution of (ηr , ηp , σr , σp ) in
the parameter design space. The optimal region (OR) for
each index is different. To avoid numerical calculation
errors, some optimal points or small ORs are discarded and
only large ORs are considered. However, different indices
describe different characteristics of sensitivities, meaning
dimension optimization must be conducted hierarchically
in terms of the priority of indices. Therefore, the expected
cost first maximization and second minimization are
defined as
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 max χ1 =

�
�
θ12 ηp
θ11 ηr
1
+
, 1st optimization,
U ,V
2(θ11 + θ12 ) max(ηr ) max(ηp )
�
�

θ22 σp
θ21 σr
1


+
, 2nd optimization,
min
χ
=

2
U ,V
2(θ21 + θ22 ) max(σr ) max(σp )

(26)

where (θ11 , θ12 , θ21 , θ22 ) are weighting factors depending
on the characteristic to be highlighted. Eq. (26) indicates
that optimization begins with max χ1, followed by min χ2,
U ,V

U ,V

where χi is normalized to a range of zero to one. In this
case, we set (θ11 , θ12 , θ21 , θ22 ) = (1, 1, 1, 1) and the final
OR is obtained as shown in Figure 8. First, the region
where χ1 = 1 is selected. However, this region is nearly
coincident with the region where maxχ2 = 0.85. According to the hierarchical order of χi , we can derive a compromised OR solution set with (χ1 , χ2 ) = (1, 0.85).
Robust solutions for the optimized architecture parameters are listed in Table 1, where D = 500 mmand the
value of ri is rounded. The 2UPR-2RPU parallel robot
with optimized dimensions has hierarchical robustness
to the disturbances of actuators considering both rotation and translation sensitivities.

6 Conclusions
In this paper, we presented the kinematic sensitivity
analysis and dimensional synthesis of a 2UPR-2RPU
redundantly actuated parallel robot for FSW. Mobility
analysis revealed that the parallel robot has one translational and two rotational DOFs, which can meet the
demands of FSW applications in which the explicit displacement and orientation axes of DOFs are identified.
To improve the accuracy of the proposed parallel robot,
sensitivity analysis was conducted based on decoupled
rotation and translation indices. The range of HSAs is

Figure 8 Optimal solutions

strongly related to the angle β , rather than the angle
γ . The region near γ = 90◦ exhibits slight fluctuations,
while the other regions are largely stable. Furthermore,
global sensitivity indices are utilized hierarchically for
dimension synthesis for the proposed parallel robot.
The parallel robot with optimal parameter sets has relatively good RS and TS performance (i.e., robust to the
disturbance of actuators).

Figure 7 Global sensitivities with k = 1.5, εr,∞ = 1 × 10−3 and εt,∞ = 1 × 100
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Table 1 Selected candidates for architecture parameters
No.

U

V

l1

l2

l3

r1 (mm)

r2 (mm)

r3 (mm)

r4 (mm)

#1

0.98

1.8

1.07

0.95

1.04

490

534

476

519

#2

0.94

1.8

1.09

0.97

1.12

470

544

486

562

#3

0.94

1.9

1.18

0.88

1.11

470

588

442

553

#4

0.90

1.8

1.11

0.99

1.22

450

554

496

611

#5

0.90

1.9

1.20

0.90

1.20

450

598

452

601

#6

0.90

2.0

1.28

0.82

1.17

450

641

409

583

#7

0.90

2.1

1.37

0.73

1.11

450

684

366

556

#8

0.90

2.2

1.46

0.64

1.04

450

728

322

521

#9

0.86

1.8

1.13

1.01

1.33

430

564

506

664

#10

0.82

1.8

1.15

1.03

1.44

410

574

516

722
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