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Abstract 

Vertical tire forces are essential for vehicle modelling and dynamic control. However, an evaluation of the vertical tire 
forces on a multi-axle truck is difficult to accomplish. The current methods require a large amount of experimental 
data and many sensors owing to the wide variation of the parameters and the over-constraint. To simplify the design 
process and reduce the demand of the sensors, this paper presents a practical approach to estimating the vertical tire 
forces of a multi-axle truck for dynamic control. The estimation system is based on a novel vertical force model and 
a proposed adaptive treble extend Kalman filter (ATEKF). To adapt to the widely varying parameters, a sliding mode 
update is designed to make the ATEKF adaptive, and together with the use of an initial setting update and a vertical 
tire force adjustment, the overall system becomes more robust. In particular, the model aims to eliminate the effects 
of the over-constraint and the uneven weight distribution. The results show that the ATEKF method achieves an excel-
lent performance in a vertical force evaluation, and its performance is better than that of the treble extend Kalman 
filter.
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1  Introduction
Vertical tire forces are essential in vehicle modelling and 
dynamic control. It is not difficult to determine the verti-
cal tire forces for a two-axle vehicle. Two types of meth-
ods, i.e., a direct measurement and an estimation, can 
be used to evaluate the vertical tire forces. The costs of 
a direct measurement are high, whereas the estimation 
method requires more sensors to ensure the accuracy 
of the estimation. A wheel-force transducer used in the 
direct measurement approach is usually more expensive 
than that of an ordinary car [1]. A smart tire or intelligent 
tire equipped with sensors [2] can measure the pressure, 
rolling speed, vertical load [3, 4], and tire slip angle. How-
ever, the smart tire is still in its early development stage 

such that the vertical forces are still estimated based 
on the data collected through other approaches. In the 
widely used second approach, the vertical forces are esti-
mated or calculated based on vehicle models using the 
information regarding the states of the vehicle, suspen-
sion, and axles. The sensors necessary for this approach 
are commonly used in high-class vehicles and are not 
unacceptably expensive. For example, in Refs. [5–7], the 
following sensors were used: gyrometers for yaw and roll 
rates, accelerometers for longitudinal and lateral acceler-
ations, and suspension deflections sensors for suspension 
deflections.

Furthermore, an evaluation of the vertical tire forces of 
a multi-axle vehicle is not as easy to achieve as that of a 
two-axle vehicle. The presence of additional axles means 
that the vehicle system is over-constrained, resulting in 
a more complex calculation of the vertical tire forces. A 
multi-axle vehicle usually carries heavy goods in different 
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volumes such that the positional center of gravity (CG) 
is unknown. Because goods can be partly unloaded and 
may not be uniformly distributed during an operation, 
more sensors are required, incurring additional costs, 
making this approach unfeasible for use in mass-pro-
duced vehicles. Moreover, the calculation method for 
a multi-axle truck is based on the dynamic load trans-
fer ratio, resulting in a poor robustness. Therefore, in 
this paper, a practical and accurate estimation method 
for an evaluation of the vertical tire forces of a four-axle 
truck based on an adaptive treble extend Kalman filter 
(ATEKF) is proposed. This method requires fewer sen-
sors and experimental data, and a dynamic load transfer 
ratio is not needed.

Two main types of vehicle model are used in the esti-
mation method. A quarter car model is widely used in 
active suspension control systems or road condition esti-
mation, and is usually applied to describe the vertical 
forces of the vehicle body, the suspension, and the wheels 
[8–11]. This model is always used in two-axle vehicles 
and requires a large amount of experimental dampness 
and stiffness data.

A roll dynamic model for vertical forces usually consid-
ers all vehicle state parameters, such as the acceleration, 
roll angle, roll rate, pitch angle, and pitch rate [12–15]. 
The suspensions of a roll dynamic model can be simpli-
fied as a holistic spring-damper system [16] or a spring-
damper system [12–14]. The main problem for the roll 
dynamic model is the setting of the parameters, such as 
the distance between the roll axle and the CG, and the 
rotational inertia. These parameters are difficult to meas-
ure experimentally, particularly for a heavy-duty vehi-
cle for which the goods can be unevenly located, and 
the parameters vary within a large range. When applied 
to a multi-axle vehicle, the second approach obviously 
requires the use of more sensors than for a two-axle 
vehicle. Owing to the complexity of an over-constraint 
and the variation of the parameters, the quarter car 
model and roll dynamic model cannot be simply used to 
describe the vertical tire forces of a multi-axle vehicle. 
Therefore, this paper proposes the design of a new practi-
cal method for a vertical tire force estimation based on a 
separated vehicle model and a proposed ATEKF based on 
an extended Kalman filter (EKF).

The Kalman filter is a popular estimation method 
with a low computational cost [14–17]. As updated ver-
sions of a Kalman filter, an EKF [18–22] and a DEKF [23, 
24] have already been proven to be accurate and suit-
able for estimation in nonlinear vehicle dynamic mod-
els. However, for a four-axle truck, the rotational inertia 
and the CG position may vary within a large range, and 
the complexity of the multi-axle setup mean that there 
are more unknown parameters and states to estimate. 

Furthermore, the practical use of the Kalman Filter 
requires a limited number of states and parameters [12, 
18, 25]. In this study, to estimate the vertical forces in 
the case of an uneven location of the goods and to elimi-
nate an over-constraint, the four-axle truck is separated 
into several parts. Therefore, additional local parameters 
are necessary for the estimation. The use of a DEKF will 
only increase the complexity of the model, which will 
become unsuitable for this particular system. Therefore, 
to address these problems, in this paper, an ATEKF for 
multi-axle trucks (a four-axle truck) that can maintain 
the number of estimated states and parameters at an 
acceptable level is proposed. To adapt to large param-
eter variations, a sliding mode update of the ATEKF is 
specifically designed. Moreover, an initial setting update 
and a vertical tire force adjustment are also designed to 
make the overall system more robust and accurate. The 
vehicle roll angle, vehicle equivalent CG position, equiva-
lent stiffness and dampness, equivalent rotational inertia, 
equivalent stiffness of the anti-roll bar, and equivalent CG 
position of each part are unknown and estimated during 
the process. Based on these states and parameters, the 
vertical forces are calculated and adjusted. The non-uni-
form distribution characteristics of the load mass are also 
considered in the estimation. The initial parameters can 
be measured simply with fewer experiments.

In this research, an estimation system based on an 
ATEKF was designed to estimate the vertical tire forces 
of a multi-axle truck with fewer sensors. The proposed 
ATEKF needs less primary preparation of the parame-
ters, and the estimation is more accurate than that based 
on an EKF. Owing to the model improvement, the ver-
tical tire forces with unevenly distributed cargo load-
ing can also be estimated. This research is organized as 
follows: In Section  2, an improved model is presented 
for modelling the vertical force on the tires of a four-
axle truck. An estimation system of the vertical force, 
state, and parameters based on the use of an ATEKF is 
described in Section  3. The analysis results of this esti-
mation system are this presented in Section 4, along with 
a comparison between the ATEKF and TEKF. Finally, in 
Section  5, some concluding remarks are provided and 
areas of future study are discussed.

2 � Modelling
To observe wheel forces, the model of a four-axle truck 
in Ref. [26] was improved in this research. This model 
divides the truck into three parts, where each part can 
be regarded as an isolated system, and two virtual forces 
are used to describe the connection between the parts. 
Thus, the nonuniform distribution characteristics of the 
load mass and an over-constraint can be considered as 
improvements.
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In this truck, the suspensions of the second, third, 
and fourth axles have the same characteristics. The 
density of the goods is uniform, and the goods can be 
loaded with different mass, volume, and position (can-
not be loaded only on Part 1); however, the density of 
the goods is symmetrical with respect to the x-axis of 
the vehicle. The general CG position is not necessary 
for the model. In Figures 1 and 2, c.g1, c.g2 , and c.g3 are 
the local CG points of each part. The mass of Part 1 
consists of the unloaded truck, the first axle and a por-
tion of the load. The values of c.g2 and c.g3 in Parts 2 
and 3 are assumed at the same position as those of the 

unloaded truck. The mass of Part 2 consists of the Part 2 
cargo mass and the second axle. The second separation 
point is located between the second and third axles. 
The mass of Part 3 is composed of the remaining frac-
tion of the good mass and the other two axles. The vir-
tual or hypothetical internal forces ( Fzai = Fzali, Fzari , 
i = 1, 2, 3) are given at the separation points. The sym-
bols used in the figures and equations are given in 
“Nomenclature” (Appendix). The vertical forces can be 
separated into static vertical forces ( Fzri0,zli0 ) and extra 
vertical forces ( �Fzri,zli ) as in Eq. (1). The static vertical 
forces can be easily obtained (shown in Appendix”).

Figure 1  Four-axle truck with three separated parts
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(1)Fzri,zli = Fzri0,zli0 +�Fzri,zli, i = 1, 2, 3, 4,

{

Fzri = Fzri0 + Fzli0,

Fzli = 0,
if Fzli ≤ 0,

{

Fzli = Fzri0 + Fzli0,

Fzri = 0,
if Fzri ≤ 0.

To describe the nonuniform distribution characteris-
tics, the loads on each part under different conditions are 
analyzed and calculated, the details are shown in Table 1. 
The equivalent distances of c.g1 , c.g2 , and c.g3  to the first, 
second, and third axles with loading ( lc1 , lc2 , lc3 ) are given 
as Eq. (2). For Part 1, a simple model can be established as 
shown in Figure 2(a). Eqs. (3)–(5) can be obtained from 
Ref. [26]. Here, ls1 is the distance between the first separa-
tion point and the first axle. In addition, lv1 is the distance 
between point c.g1 and the front axle without loading. 
The rest of the vertical forces can be represented in a 
similar manner as given by Eqs. (6)–(11), as summarized 
in Figures 3(b) and 3(c). Different from the models in Ref. 
[26], in these equations, m1, m2, and m3 representing the 
uneven loading masses on each part are from Table 1.

Functions for Part 1

Functions for Part 2

(2)











































lc1 =
m1

(m1 +mv)

�

ls1 −
L1

2

�

, ls1 = lv1 +
lr11

2
,

lc2 =

�

l2−l1
2

+ l1

�

− ls1

2
+ ls1 − l1,

lc3 =
l3 −

�

l2−l1
2

+ l1

�

2
+

�

l2 − l1

2
+ l1

�

− l2.

(3)�Fzr1,zl1 = �Fzmr1,zml1 − Fzar1,zal1 ±
Kb1φ

H
,

(4)

�Fzmr1,zml1 = ±

(

mvayh1 +m1ayh1
)

H
cos (φ)

±

(

K1φ + C1φ̇
)

H

±

(

mvghr1 +m1ghr1
)

sin φ

H
,

(5)

Fzar1,zal1 =
�Fzmr1,zml1lc1 +mvaxh1/2+m1axhc/2

ls1
.

(6)
�Fzr2,zl2 = −

(

Fzar2,zal2 + Fzar1,zal1 −�Fzmr2,zml2

)

±
Kb2φ

H
,

(7)

�Fzmr2,zml2 = ±
m2ayh2

H
cos (φ)±

(

K2φ + C2φ̇
)

H

±
m2ghr2 sin φ

H
,

a

b

c
Figure 2  Three separated parts of the truck
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Functions for Part 3

3 � Estimation System Based on ATEKF
The vertical tire force model in Section  2 is nonlinear, 
because ay and Kbi(i = 2, 3, 4) are always changing with 
the driver operations. Therefore, a nonlinear method 

(8)

Fzar2,zal2 =
−
(

Fzar1,zal1lr11/2+m2axh2/2
)

(lr12 − lr11)/2

+
�Fzmr2,zml2lc2

(lr12 − lr11)/2
.

(9)

�Fzmr3,zml3 = ±
m3ayh3

H
cos (φ)±

(

K3φ + C3φ̇
)

H

±
m3ghr3 sin φ

H
,

(10)
�Fzr3,zl3 =

(

−Fzar2,zal2

(

(lr12−lr11)
2

+ (lr13 − lr12)
))

lr13 − lr12
+

m3axh3
2

+�Fzmr3,zml3(lr13 − lr12 − lc3)

lr13 − lr12
±
Kb3φ

H
,

(11)
�Fzr4,zl4 = �Fzr3,zl3 + Fzar2,zal2 +�Fzmr3,zml3 ±

Kb4φ

H
.

should be used for estimation. This research proposes 
an estimation system shown in Figure 3. This estimation 
system has three subsystems: one vertical force on the 
second axle achievement module, an ATEKF estimation 
module, and a vertical force achievement and adjustment 
module. In this estimation, only one wheel on the sec-
ond axle is assumed to have vertical acceleration sensors 
implanted, and the vertical tire forces can be obtained 
using the 1/8 vehicle model based on the sensor data 
[27]. Because this method has already been used com-
mercially, during the estimation, this vertical force ( Fzl2 ) 
is considered to be known as the input of the ATEKF. The 

parameters of Part 1 are also considered to be known 
because they are close to the parameters for the unloaded 
truck. The proposed estimation system has only three 
sensors: two accelerometers (for vertical accelerations of 
the wheels), and one inertial navigation sensor for the roll 
angle rate, longitudinal acceleration, and lateral accelera-
tion of the vehicle body (located at the driver position). 
This is less than the number of sensors used in the 1/8 

Table 1  Parameter design based on different loaded positions (Li = length of goods in Part 1, mi = cargo mass in Part 1)

Parameters for Part 1














L1 =

�

lv1 +
lr11

2

�

−

�

Lc −
Llc

2

�

,

m1 = L1
mc

Llc
,

if
�

lv1 +
lr11
2

�

−
�

Lc −
Llc
2

�

≥ 0.

A portion of goods loaded on Part 1

{

L1 = 0,

m1 = 0,
if
(

lv1 +
lr11
2

)

−
(

Lc −
Llc
2

)

< 0.
No extra load on Part 1

Parameters for Parts 2 and 3


















L2 = Llc − L1,

L3 = 0,

m2 = mc −m1,

m3 = 0,

if Lc −
Llc
2
< l2−l1

2
+ l1 and Lc +

Llc
2
≤ l2−l1

2
+ l1.

The load is not on Part 3























































L2 =

�

l2 − l1

2
+ l1

�

−

�

Lc −
Llc

2

�

− L1,

L3 =

�

Lc +
Llc

2

�

−

�

l2 − l1

2
+ l1

�

,

m2 =
mc

Llc

��

l2 − l1

2
+ l1

�

−

�

Lc −
Llc

2

��

−m1,

m3 =
mc

Llc

��

Lc +
Llc

2

�

−

�

l2 − l1

2
+ l1

��

,

if Lc −
Llc
2
< l2−l1

2
+ l1

and

Lc +
Llc
2
> l2−l1

2
+ l1.

The load on Parts 3 and 2



















L2 = 0,

L3 = Llc ,

m2 = 0,

m3 = mc ,

if Lc −
Llc
2
≥ l2−l1

2
+ l1.

The load is completely on Part 3
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models (but at least 8). The vehicle roll angle, the vehi-
cle equivalent CG position, the equivalent stiffness and 
dampness of the vehicle, the equivalent rotational inertia, 
the equivalent stiffness of anti-roll bar, and the equiva-
lent CG position of each part are unknown and are esti-
mated during the process through the ATEKF estimation 
module. Other parameters used in the estimation can 
be directly measured. The value of φ̈ is derived from the 
roll angle rate φ̇ , which is adopted for the sliding mode 
update during the estimation process. With the estimated 
parameters and states, the vertical tire forces are finally 
calculated and adjusted by the vertical force achievement 
and adjustment module.

3.1 � ATEKF Estimation Module
The ATEKF estimation module is the most impor-
tant part of the entire estimation system. The proposed 
ATEKF is improved from the EKF, and has an initial 
parameter update and an adaptive function based on the 
slide mode algorithm. These two functions can decrease 
the previous preparation and increase the estimation effi-
ciency. The ATEKF algorithm estimates the states and 
identifies the parameters involved in the operation (the 
vehicle equivalent CG position, the equivalent stiffness 

and dampness of the vehicle, and the equivalent rota-
tional inertia) based on a roll model. In addition, the 
other parameters (the equivalent stiffness of the anti-
roll bar, and the equivalent CG position of each part) are 
identified using the vertical force model in Section 2. The 
details of the ATEKF estimation module are shown in 
Figure 3.

The nonlinear roll model is described through Eq. (12). 
The state-space model in the estimation can be described 
using Eq. (13). In the equation, τk is the process noise, and 
εk and ςk are the observation noise. In addition, υ and w 
are the parameters of the dynamics model (Eq. (12)) and 
Part 2 (Eqs. (6)–(8)). The other symbols are described in 
“Nomenclature”.

where

(12)Jxφ̈ = h cos (φ)may − Kφ − Cφ̇,

(13)























xk+1 = Fx
�

xk , ayk , υk
�

+ τk ,

y1k = [1 0]xk + εk ,

y2k = Fz2
�

xk ,wk , ayk , axk
�

+ ςk

= Fzl20 +�Fzl2
�

xk ,wk , ayk , axk
�

+ ςk ,

Figure 3  Estimator architecture
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x =
[

φ̇ φ
]T , υ = [a b c]T , w = [h2 hr2 Kb2]

T,
a = Kah/Jx , b = K/Jx , c = C/Jx.

Here, Ka is the gain for unifying the orders of magni-
tude. The initial settings of ATEKF are shown as Eq. (14), 
and the others are listed in “Nomenclature”.

3.1.1 � Initial Parameter Update
To avoid large errors and improve the estimation speed, the 
initially set value of a is updated for different cargo loads 
and sizes. In addition, Jx has a strong influence on the ini-
tial values, and therefore it will be updated for different 
cargo weights. Eq. (15) is a rough model for the truck rotary 
inertia about the x-axis based on the parallel axis theorem. 
The value of parameter d (height of the cargo) also has a 
large range of variation, and therefore the initial value of a 
is described through Eq. (16):

where KJx1 and KJx2 are gains, Jxc is the rotational iner-
tia of cargo about the x-axis, Jxt is the unloaded truck 
rotational inertia about the x-axis, and hd is the distance 
between a hypothetical roll axle and vehicle roll axle.

3.1.2 � ATEKF
The ATEKF algorithm consists of three EKF algorithms 
and one sliding mode update. The time-update equations 
for the parameters are as follows:
υ̂−
k = υ̂−

k−1
 , ŵ−

k = ŵ−
k−1

 , P−
υk

=
Pυk−1

�1
 , P−

wk
=

Pwk−1

�2
 , 

�1 = 0.1 , �2 = 0.1.
The equations for the states filter are

(14)











υ0 = [a0 b0 c0]
T,

x0 = [0 0]T,

w0 = [1.2 0.1 1.4]T.

(15)Jx0 =

[

Jxc +mc

(

d

2
+ hb

)2

+ Jxt +mvh
2
d

]

,

(16)

a0 = KJx1

�

mcd

2msJx0

�

+ KJx2,







ms = mc +mv ,

Jxc =
1

12
mc

�

H2
c + d2

�

,

(17)







x̂−k = Fx

�

x̂−k−1
, ayk , υ̂

−
sk

�

,

P−
xk

= Ak−1Pxk−1
AT
k−1 + Rτ .

In addition, the measurement-update equations for the 
filter states are as follows:

The update equations for the parameters in the roll 
dynamic model are as follows:

Finally, the update equations for Part 2 are

Ak−1 =
∂Fx

(

x,υ̂−
k

)

∂x

∣

∣

∣

∣x̂k−1

 , Al1 = [1 0],

Aυk =
∂Fx(x̂k ,υ)

∂υ

∣

∣

∣υ=υ̂−
k
 Awl2k =

∂Fz2

(

x̂k− ,w,ayk ,axk

)

∂w

∣

∣

∣w=ŵ−
k
.

The sliding mode update described by Eq. (21) in the 
ATEKF for the parameters of the roll dynamic model is 
proposed to decrease the estimation errors. Its operational 
principle is shown in Figure 4. Prior to the transformation 
from x̂−k  to y

(

x̂−k
)

 , a sliding surface is designed for convert-
ing x̂−k  into x̂−k1 , which is closer to the real value xreal . The 
sliding mode update transforms x̂−k1 into y

(

x̂−k1

)

 . After the 
measurement update, the new x̂k will be closer to the real 
value. Therefore, together with the initial parameter 
update, this sliding mode update leads to a faster estima-
tion convergence. Because a is more influential than b and 
c, b and c are considered to be close to the real values.

(18)Kx
k = P−

xk
AT
l1

(

Al1P
−
xk
AT
l1 + Rn

)−1

,

(19)







x̂k = x̂−k + Kx
k

�

φ̇k −
ˆ̇φ−
k

�

,

Pxk =
�

I − Kx
k Al1

�

P−
xk
.

(20)K υ
k = P−

υk
AT
υk

(

Aυk P
−
υk
AT
υk

+ Re
)−1

,

(21)υ̂−
k1 = υ̂−

k − Kessat

(

ˆ̈φk − φ̈k

mayk

)

,

(22)







υ̂k = υ̂−
k1
+ K υ

k

�

φ̇k − Fx
�

x̂−k , ayk , υ̂
−
k

��

,

Pυk =
�

I − K υ
k
Aυk

�

P−
υk
.

(23)Kw
k = P−

wk
AT
wl2k

(

Awl2k P
−
wk
AT
wl2k

+ Rf
)−1

,

(24)

{

ŵk = ŵ−
k + Kw

k

(

Fzl2k − Fz2
(

x̂−k , ŵ
−
k , ayk , axk

))

,

Pwk
=

(

1− Kw
k Awl2k

)

P−
w
k
,
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Equation (25) can be derived from Eq. (12). Assum-
ing that the real value of a is ar , φ̈k is obtained from the 
measured signal φ̇ . A simple relationship is shown in Eq. 
(26). The sliding mode switching function is shown in Eq. 
(27), and the sliding mode update function is shown in 
Eqs. (28) and (29). Based on Eq. (26), ar < âk means that 
âk must be decreased, and ar > âk indicates that âk must 

(25)

ˆ̈φk − φ̈k =
[

â−k cos

(

φ̂k

)

mayk − b̂−k φ̂k −
ˆc−k
ˆ̇φk

]

· · ·

−
[

ar cos (φ)may − brφk − cr φ̇k
]

≈
(

âkmayk − armayk
)/

Ka,

(26)Ka

(

ˆ̈φk − φ̈k

mayk

)

= âk − ar ,

(27)

Sk = C
(

υ̂k − υr
)

= [1 0 0]
(

υ̂k − υr
)

=

(

ˆ̈φk − φ̈k

mayk

)

,

(28)â−k1 = â−k − kessat

(

ˆ̈φk − φ̈k

mayk

)

,

(29)

sat

�

ˆ̈φk − φ̈k

mayk

�

=



























sign

�

ˆ̈φk − φ̈k

mayk

�

,

�

�

�

�

�

ˆ̈φk − φ̈k

mayk

�

�

�

�

�

> ℑ,

0,

�

�

�

�

�

ˆ̈φk − φ̈k

mayk

�

�

�

�

�

≤ ℑ.

be increased. In the equations, kes = 0.0008(0 < kes < 1 ), 
2 ≤ ar ≤ 6 , and ℑ = 0.00001.

3.2 � Vertical Tire Force Achievement and Adjustment 
Module

Along with the lateral acceleration and the longitudi-
nal acceleration from the sensors or models, all vertical 
forces can be calculated based on the model from Sec-
tion 2 with the results of the estimation. The vertical tire 
forces from the calculation can also accumulate errors 
from the estimation. This is particularly true for the 
parameters of Part 3, which are simply transferred from 
the estimation results. Therefore, an adjustment based on 
the lateral-load transfer ratio (LTR) is proposed for Part 3 
to decrease the error accumulation.

The LTR has already been proven to be effective and 
has been widely used in vehicle dynamic control systems 
and rollover warning systems [28, 29], and can provide 
the global roll movement state of the vehicle. The LTR of 
Part 3 is given by Eq. (30), where kltr3,ltr4 are the factors of 
a rear magnification. Based on the vertical forces model 
of Part 3, Eq. (32) can be obtained from Eq. (30). The val-
ues of Altr3,ltr4 and Bltr3,ltr4 are defined through Eq. (33):

(30)LTR3,4 =
Fzr3,zr4 − Fzl3,zl4

Fzr3,zr4 + Fzl3,zl4
= kltr3,ltr4

2ayh3

gH
,

(31)

h3 = h2 +

(

a
Ka
Jx0 − h2

)

m3

(m2 + kh)
, 0.6 ≤ h3 ≤

d

2
+ hb,

(32)
2
Kb3.b4φ

H
= kltr3,ltr4

2ayh3

gH

(

Fzr3,zr4 + Fzl3,zl4
)

+
(

Fzl3,zl4 − Fzr3,zr4
)

,

Figure 4  Sliding mode update subsystem
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Based on the experimental study, three main rules 
can be obtained for the vertical force adjustment. First, 
Altr3,ltr4 − Bltr3,ltr4 > threshold means that the forces 
generated by the anti-roll bar are too large and must be 
decreased. This is in contrast with the case above when 
Altr3,ltr4 − Bltr3,ltr4 < −threshold . Second, the value of 
φk has an influence on the directions of the forces gen-
erated by the anti-roll bar. Third, if one side of the sus-
pension cannot be compressed or stretched any longer, 
the anti-roll bar will be beyond its threshold. These three 
criteria specifying the adjustment rules are simplified 
and concluded, as shown in Table  2. The parameters in 
the table are described in “Nomenclature” (provided in 
“Appendix”).

Based on the adjustment rules in Table 2, the gains and 
vertical tire forces are finally presented in Eqs. (34) and 
(35) ( Kn = 0.8 , N3l,3r0 = 0.01 , N4l,4r0 = 0.01 ). During the 

(33)



























Altr3,ltr4k = 2
Kb3.b4φk

H
,

Bltr3,ltr4k = kltr3,ltr4k
2ayk h3

gH

�

Fzr3,zr4k−1
+ Fzl3,zl4k−1

�

+
�

Fzl3,zl4k−1
− Fzr3,zr4k−1

�

.

adjustment, Fzr3k ,zl3k and Fzr4k ,zl4k will be sent back for 
adjustment to the calculations of Altr3,ltr4 and Bltr3,ltr4 in 
the next step. The values of Fzr3ek ,zl3ek and Fzr4ek ,zl4ek are 
directly calculated using the vertical force model.

(34)























N3l,3rk+1
= N3l,3rk · · ·

− N3mayKnsatl,r(φk)sat
�

Altr3k − Bltr3k

�

,

N4l,4rk+1
= N4l,4rk · · ·

− N4mayKnsign(φk)sat
�

Altr4k − Bltr4k

�

,

(35)











Fzl3k ,zr3k = Fzl3ek ,zr3ek ± N3l,3rk

Kb2φ

H
,

Fzl4k ,zr4k = Fzl4ek ,zr4ek ± N4l,4rk

Kb2φ

H
.

Table 2  Rules of the adjustments

Rule 1

 The 3rd axle
sat

(

Altr3k − Bltr3k
)

=

{

0, if
∣

∣Altr3k − Bltr3k

∣

∣ < Kltr3,

sign
(

Altr3k − Bltr3k
)

, else.

 The 4th axle
sat

(

Altr4k − Bltr4k
)

=

{

0, if
∣

∣Altr4k − Bltr4k

∣

∣ < Kltr4,

sign
(

Altr4k − Bltr4k
)

, else.

Rule 2

 The 3rd axle
satl(φk) =

{

sign(φk), if φk < 0,

0, else.  

satr(φk) =

{

sign(φk), if φk > 0,

0, else.

Rule 3

 The 3rd axle
N3may =

{

0, if
∣

∣mayk
∣

∣ > K1may ,

1, else.

 The 4th axle
N4may =

{

0, if
∣

∣mayk
∣

∣ < K2may or
∣

∣mayk
∣

∣ > K3may ,

sign
(

mayk
)

, else.

Figure 5  Experiments for the real test noise and data remix
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Figure 6  Step steer input

Table 3  Conditions

Condition Llc (m) Lc (m) d (m) mc (kg) Velocity (km/h) Inputs

1 7 6 0.45 5000 80 Step steer

2 3 7 1.8 5000 60 Double lane change

3 3 7 1.8 20000 60 Step steer

4 7 6 1.5 10000 80 Step steer with brake
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Figure 7  Comparisons between Trucksim and estimation under Condition 1
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4 � Results and Discussion
For validation of the proposed estimation method based 
on the ATEKF, the estimation is jointly simulated using 
MATLAB/Simulink and Trucksim software, which can 
simulate a real truck used in the heavy vehicle industry. 
To make the simulation closer to reality, noise is added 
to the data from Trucksim based on real experiments. 
The heavy truck in Figure 5 is tested, and the noises are 
acquired and inserted into the simulation data, the details 
of which are shown in Figure 5.

A step steer input is designed in Trucksim, as shown in 
Figure 6, which is used in the validation. Three different 

conditions (Conditions 1, 2, 3) are designed with different 
driver operations and loads (shown in Table 3), and the 
comparison results are shown in Figures 7, 8, and 9. The 
normalized errors (calculated as Eq. (36)) of these data 
in the figures are displayed in Table 4. This comparison 
demonstrates the accuracy of the proposed estimation 
system and the importance of an adjustment.

(36)

ε =

(

n
∑

i=1

|zestimated − zmeasured |

)

nmax |(max (zmeasured)−min (zmeasured))|
× 100.
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Figure 7  continued
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Figure 8  Comparisons between Trucksim and estimation under Condition 2
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In Eq. (36), zestimated is the variable from the estimation, 
zmeasured is the variable from Trucksim, and n is the num-
ber of sampling points. This normalized error describes 
the percentage of error relative to the amplitude. An 
examination of the data in Table 4 shows that the normal 
errors of the ATEKF are globally less than 8%; in addi-
tion, compared to the estimation system without the ver-
tical tire force adjustment subsystem, the estimation with 

an adjustment can improve the accuracy by as much as 
61% (details are listed in “Appendix”, Section 2).

In Figures 7, 8 and 9, the estimation system with and 
without an adjustment subsystem is compared. It can 
be clearly seen that the subsystem can adjust the verti-
cal tire forces to be closer to the real values.

In Figures 7, 8 and 9, (a) shows the vertical tire forces of 
the fourth left tire, (b) indicates the forces of the fourth 
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Figure 8  continued



Page 14 of 19Zhang et al. Chin. J. Mech. Eng.           (2021) 34:55 

0 1 2 3 4 5 6 7 8 9 10

2

4

6

8

10
x 10

4 a

F
or

ce
s 

(N
)

Time (s)

2.62.8 3 3.23.4

0.5
1

1.5
2

x 10
4

0 1 2 3 4 5 6 7 8 9 10

2

4

6

8

x 10
4 b

F
or

ce
s 

(N
)

Time (s)

7 7.5
1.2
1.4
1.6
1.8

2
2.2
2.4

x 10
4

0 1 2 3 4 5 6 7 8 9 10
2

4

6

8

x 10
4 c

F
or

ce
s 

(N
)

Time (s)

3.23.43.63.8 4 4.2
1.8

2
2.2
2.4
2.6

x 10
4

0 1 2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

x 10
4 d

F
or

ce
s 

(N
)

Time (s)

3.5 4
7.6
7.8

8
8.2
8.4
8.6

x 10
4

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4
x 10

4 e

F
o

rc
e

s 
(N

)

Time (s)

3.2 3.4 3.6 3.8

3

3.2

3.4
x 10

4

Figure 9  Comparisons between Trucksim and estimation under Condition 3
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Figure 9  continued

Table 4  Normalized errors (data without noise) (%)

Fzr1 Fzr2 Fzr3 Fzr4 Fzl1 Fzl3 Fzl4 φ

Condition 1 7.0244 1.7783 2.8073 2.3357 7.6067 2.7132 2.5681 2.9157

 Condition 1 without adjustment 6.3018 6.0018 ‒ 6.0375 6.4347 ‒
Condition 2 5.9661 2.1749 3.5664 3.6854 5.7985 3.3871 4.0808 5.2541

 Condition 2 without adjustment 4.0826 3.9457 ‒ 3.8438 4.3435 ‒
Condition 3 4.2111 5.8477 3.2823 3.5756 3.9356 3.1678 4.0651 2.2039

 Condition 3 without adjustment 4.7263 8.7285 ‒ 5.1984 8.1338 ‒
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right tire, (c) shows the forces of the third left tire, (d) 
represents the forces of the third right tire, (e) shows the 
forces of the second right tire, (f ) indicates the forces of 
the first right tire, (g) shows the forces of the first left tire, 

and (h) represents the roll angle comparison. In the fig-
ures, the data without noise are the estimation system 
results after the filter is used.

To validate whether the estimation method can adapt to 
the load transfer under the combined conditions, a step 
steer operation with braking is designed as Condition 4 
listed in Table 3. The steering angle and braking pressure 
are shown in Figures 10 and 11, and the road friction coef-
ficient is 0.3. Figure 12 shows the tire vertical forces from 
estimation under Condition 4. The estimation has a cer-
tain ability to deal with the combined condition.

Figure  13 shows the different performances of the 
ATEKF and TEKF, clearly demonstrating the advantages 
of the proposed ATEKF, and that the initial settings are 
not well modulated. Even without the initial parameter 
updates, the convergence of the ATEKF is better than that 
of the TEKF. Using both the initial settings update and the 
vertical force adjustments, the ATEKF can estimate the 
vertical tire forces with a satisfactory level of accuracy.

5 � Conclusions
In this study, an estimation system was designed for 
the vertical tire forces of a four-axle truck used in vehi-
cle dynamic control based on the proposed ATEKF. The 
model of a multi-axle vehicle with vertical tire forces was 
improved as the basis of the estimation. The truck body 
was separated into several parts to solve the complex over-
constraint problem, and the different location, mass, and 
volume of the goods were also taken into consideration.
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The proposed ATEKF had three EKFs for estimat-
ing the parameters and the states. The initial settings 
of the ATEKF were updated using a rough calculation 
method based on the changes to the cargo. The initial 
parameters used in the ATEKF estimation system can be 
measured when the truck is unloaded or static, and the 
location, height, and weight of the cargo loads can also 
be easily known. To make the simulation closer to real-
ity, noises from actual experiments were added to the 
inputs of the estimation. During the estimation process, 
a sliding mode update was designed and added to the roll 
dynamic parameter update, which transforms the TEKF 
into the ATEKF. Compared with the TEKF, the ATEKF 
can achieve greater accuracy without precise measure-
ments. The sensors used in this research are all commonly 
applied. The results showed that the proposed ATEKF 
algorithm can provide an excellent estimation of the states 
and parameters. For different cargo weights, heights, and 
different good locations, the ATEKF algorithm can pro-
vide accurate roll angles and usable parameters for the 
vertical tire force calculation. The force values are suffi-
ciently accurate for adoption in dynamic vehicle control.

In future studies, the estimation system will be 
improved for determination of multi-axle truck param-
eters for both inhomogeneous and fluidic goods. More 
extreme operational conditions will also be considered. 
The bank and slope angles of the road will also be consid-
ered. Moreover, the estimation system will be mounted 
on a real truck. Finally, the parameters of Part 1 will also 
be regarded as unknown.

Appendix
The initial vertical tire forces calculation method:

lv0 = 2.813m , lv10 = l1 − lv0 , lv20 = l2 − lv0 , 
lv30 = l3 − lv0.

In the above equations, lv0 is the equivalent C.G posi-
tion to the first axle, Kstr12 is the static load transfer 
ratio of the first and second axles, Kstr34 is for the third 
and fourth axles ( Kstr12 = Kstr34 = 0.5).

The improvement percentage of adjustment calcula-
tion method:

A is the normalized errors of the forces with adjust-
ment, B is the normalized errors of the forces without 
adjustment, P is the improvement percentage of adjust-
ment calculation method.

(A1)

Fz10 =
mcg

(

(l3−l2)
2

+ (l2 − Lc)
)

(

(l3−l2)
2

+
(

l2 −
l1
2

))

+
mvg

(

(lv30−lv20)
2

+ lv20

)

(

(lv30−lv20)
2

+
(

lv20 + lv10 −
(lv0−lv10)

2

)) ,

(A2)












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




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Fzl10,zr10 = Kstr12Fz10 +
ma1g

2
,

Fzl20,zr20 = Kstr12Fz10 +
ma2g

2
,

Fzl30,zr30 = Kstr34

�

(mv +mc)g − Fz10
�

+
ma3g

2
,

Fzl40,zr40 = Kstr34

�

(mv +mc)g − Fz10
�

+
ma4g

2
,

(A3)P = max

(

(B− A)

B
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.
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Nomenclature

Symbol Explanation Details

g The acceleration of 
gravity

9.8 m/s2

m Total mass of the 
vehicle m = mv +

4
∑

i=1

mai +mc

ms Mass of sprung mass ms = mv +mc

mai Mass of axle ma1 = 570 kg , 
ma2 = ma3 = ma4 = 760kg, 
i=1, 2, 3, 4

mv Mass of vehicle body 4457 kg

mc Mass of cargo load

mi The cargo mass on 
Part i

i = 1, 2, 3

vx Vehicle velocity

ϕ Roll angle

ax , ay Longitudinal and 
lateral acceleration

Fzli0,zri0 Initial vertical tire 
forces

i = 1, 2, 3, 4

Fzri,zli Vertical forces of tires i = 1, 2, 3, 4

Kbi Stiffness of anti-roll 
bar

Kb1 = 73020Nm/rad , 
Kb3,b4 = Kb2

Ki Suspension stiffness 
of parts

Ki = 250000Nm/rad , i=1, 2, 3

Ci Suspension dampness 
of parts i

Ci = 33000Nms/rad , i = 1, 2, 3

K Suspension stiffness 
of whole truck

C Suspension dampness 
of whole truck

H Wheel track 2.03 m

Hc Width of the cargo 1.75 m

lv1 Distance between 
unloaded c.g1 point 
and front axle

1.113 m

li Distance between first 
axle and the ith axle

l1 = 4.194m , l2 = 6m , 
l3 = 7.806m , i = 2, 3, 4

lr1i Distance between 
c.g1 point and (i‒1)
th axle

lr1i = li − lv1 , i = 1, 2, 3

d Height of cargo

hb Distance between 
cargo floor to 
ground

1.25 m

hd Distance between a 
hypothesis roll axle 
and vehicle roll axle

1.073 m

h The distance between 
C.G to roll axle

hri The distance between 
c.gi to roll axle of 
different parts

hr1 = 0.5m , hr2 = hr3 , i = 1, 
2, 3

hi The c.gi height of dif-
ferent parts

h1 = 1.173m , i = 1, 2, 3

Symbol Explanation Details

Llc Length of the cargo

Lc The centre of the 
cargo mass to the 
first axle

Li Length of the goods 
on the Part i

i = 1, 2, 3

Jx Rotational inertia of 
truck to roll axle

Jxc Rotational inertia of 
cargo about X axis

Jxt Unloaded truck rota-
tional inertia about 
X axis

ls1 Distance between 
the first separation 
point to the first axle

lci Distances between 
c.g1 , c.g2 and c.g3 to 
the second axle and 
the third axle

i = 1, 2, 3

KJx1 Gain for the a0 KJx1 = 2 mc
5000

KJx2 Gain for the a0 8 × 10−6

K1may Gain of Rule 3 axle 3 37000

K2may Gain of Rule 3 axle 4 11000

K3may Gain of Rule 3 axle 4 70000

Ka Gain of a 100000

kltr3,ltr4 Factors of rear magni-
fication

kltr3,ltr4 = 1.5

T Step size 0.001

Rτ Noise covariance
[

0.0001 0
0 0.0001

]

Re Noise covariance 8.9×10−4

Rn Noise covariance 20

Rf Noise covariance 1.06 × 107

x0 Initial value [0 0]T

υ0 Initial value [a0 68.1565 10.9603]T

w0 Initial value [

d
2
+ hb 1.7 1

]T

Px0 Initial value
[

0.127 −0.205

−0.205 0.1816

]

× 10
−3

Pυ0 Initial value 0.001× I3×3

Pw0 Initial value 0.0001× I3×3
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