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Abstract 

Lubrication failure is one of the main failure forms of gear failure. Time varying meshing stiffness is an important factor 
affecting the dynamic behavior of gears. However, the influence of oil film stiffness is usually ignored in the research 
process. In this paper, according to the meshing characteristics of double involute gears, based on the non-New-
tonian thermal EHL theory, a new calculation method of normal and tangential oil film stiffness for double involute 
gears is established by the idea of subsection method. The oil film stiffness difference between double involute gears 
and common involute gears is analyzed, and the influence of tooth waist order parameters, working conditions, and 
thermal effect on the oil film stiffness are studied. The results reveal that there are some differences between normal 
and tangential oil film stiffness between double involute gears and common involute gears, but there is little dif-
ference. Compared with the torque, rotation speed and initial viscosity of the lubricating oil, the tooth waist order 
parameters have less influence on the oil film stiffness. Thermal effect has a certain influence on normal and tan-
gential oil film stiffness, which indicates that the influence of thermal effect on the oil film can not be ignored. This 
research proposes a calculation method of normal and tangential oil film stiffness suitable for double involute gears, 
which provides a theoretical basis for improving the stability of the transmission.
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1 Introduction
Gear transmission is one of the most extensive transmis-
sion forms in the field of mechanical transmission. In 
the gear transmission system, the stiffness has a signifi-
cant influence on the dynamic performance and reliabil-
ity of the gear transmission. Lubricating oil widely exists 
between the meshing tooth surfaces, and forms a lubri-
cating film with normal bearing capacity and low tangen-
tial shear strength between friction surfaces, which is the 
important basis for gear lubrication performance, lubri-
cation state judgment and lubrication failure [1, 2]. Under 
the actual working condition, the whole meshing stiffness 
of the gear system is composed of the contact stiffness of 
the meshing tooth surface and the oil film stiffness, which 
has important influence on the vibration, noise and the 

fatigue life of the gears [3]. In the traditional dynamic 
model of the gears, the contact stiffness caused by bend-
ing deformation, shear deformation and elastic deforma-
tion of tooth surface is usually considered, while the oil 
film stiffness caused by viscoelastic deformation of the oil 
film is ignored [4, 5]. However, relevant research shows 
that under the condition of EHL, the oil film stiffness 
produced by the viscoelastic deformation of the oil film 
can reach or even exceed the magnitude of the contact 
stiffness [6], and has a great effect on the overall stiffness 
and dynamic characteristics of the gear, so the influence 
of oil film stiffness cannot be ignored.

In the study of the oil film stiffness, Li et  al. [7] and 
Zhao [8] deduced the empirical formulas of oil film nor-
mal stiffness in contact area according to the empirical 
formulas of minimum and central film thickness, respec-
tively. Hagiu et  al. [9] deduced the approximate calcu-
lation of the oil film normal stiffness in contact area of 
high-speed ball bearing considering thermal effect and 
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lack of oil by using the empirical formula of minimum 
film thickness. Although these empirical formulas can 
describe the relationship between load and the oil film 
stiffness, it only represent the variation of the oil film 
stiffness at a certain engagement position in the con-
tact area, and the distribution of oil film stiffness in the 
whole contact area cannot be accurately obtained [10]. 
Moreover, the oil film is squeezed seriously at the mini-
mum position of the film thickness, and the deformation 
of the thickness is small, the calculated results of the oil 
film stiffness are larger [11, 12]. Qin et  al. [13] estab-
lished the calculation model of oil film normal stiffness 
based on the EHL theory, and studied the change of oil 
film stiffness with load, equivalent radius of curvature 
and entrainment velocity. Zhang et  al. [14] compared 
and analyzed the oil film normal stiffness with empiri-
cal formula method and numerical method respectively, 
and studied the influence of working conditions, regular 
roughness and oil supply state on the oil film stiffness. Li 
et al. [15] considered the distribution of the oil film and 
the pressure characteristic of the contact regions, set up 
the oil film stiffness calculation model based on the EHL 
theory, and compared with the experiment. Zhou et  al. 
[16, 17] established a calculation model of normal and 
tangential oil film stiffness of the spur gear, but without 
considering the influence of temperature.

With the development of gear transmission towards 
high load carrying capacity, high speed, and high preci-
sion, etc., the effects of EHL characteristics of the oil film 
between the teeth surfaces on gear drive have attracted 
widespread attention, and the non-Newtonian charac-
teristics of fluids, thermal effects, and roughness have 
gradually been introduced into oil film EHL research. Liu 
et al. [18] analyzed the TEHL problem of a finite line con-
tact by using a multilevel method. Yang et al. [19] approx-
imated the instantaneous thermal EHL of the meshing 
pair of helical gears by the thermal EHL of two tapered 
rollers in opposite orientation, and researched the effect 
of different parameters on the thermal EHL characteris-
tics. Shi et al. [20] established a dynamic-meshing model 
with mixed EHL for spur gears. He et al. [21] presented a 
MEHL model for finite roller-coated half space interfaces, 
and studied the influence of roughness on the lubrica-
tion of rollers. These researches prove that the oil film 
between the meshing tooth surfaces under high shear 
force and frictional shear between rough peaks under 
mixed EHL will generate a large amount of heat, reduce 
the viscosity of the lubricating oil, and have a greater 
impact on the deformation of the oil film. Based on this, 
Chen et al. [6] proposed a calculation model for oil film 
normal stiffness based on the point contact EHL theory, 
considering the effects of heat, lubricating oil speed, and 
oil film distribution. In view of the dynamic change of the 

oil film stiffness during the normal operation of rolling 
bearings is difficult to be accurately reflected by the tradi-
tional empirical formula, Lei et al. [22] established an oil 
film stiffness model based on multi- parameter coupling, 
taking into account the non-Newtonian fluid, rough sur-
face morphology, thermal effect, time-dependent effect 
and other factors. Zhang [11, 14] studied the influence 
of rough surface on the oil film normal stiffness of spur 
gears.

During the actual meshing transmission process of 
gears, the state of force and motion is more complex. 
Under the action of tooth surface extrusion, the oil film 
will be extruded along the thickness direction, resulting 
in oil film normal stiffness. At the same time, there is a 
relative sliding speed between the meshing tooth sur-
faces, resulting in shear deformation and oil film tan-
gential stiffness. From the above researches that with the 
development of EHL theory, the study of the oil film stiff-
ness has attracted extensive attention, but still in infancy. 
Time-varying meshing stiffness is an important factor in 
the dynamic response of gears, but in the study of gear 
dynamics, most of them only consider the meshing stiff-
ness of gears, and the oil film stiffness is ignored. Even 
if the influence of oil film stiffness is considered, most of 
them only limited to normal direction, the research on 
oil film tangential stiffness is neglected [23, 24], and most 
of them do not consider the influence of thermal effect. 
In addition, the shearing force produced by the relative 
sliding between the meshing tooth surfaces makes the oil 
film temperature rise, while the high-pressure compres-
sion also causes the lubricating oil heat up. The rise of the 
oil film temperature will cause the change of its viscosity, 
thus changing the thickness of the oil film and affecting 
the lubrication condition, and relevant research shows 
that thermal effect is an important factor affecting the 
meshing performance, scuffing bearing capacity, contact, 
and bending performance of the gear system [25]. So the 
influence of thermal effect cannot be neglected in the 
research of the oil film.

The double involute gear is a new type of gear that com-
bines the advantages of the involute gear and the double 
arc gear, its tooth profile is composed of two involute 
curves, and connected by a transition curve [26, 27], as 
shown in Figure 1. Relevant researches have proved that 
this kind of gear has good manufacturability and dynamic 
characteristics of the involute gear, and has high bearing 
capacity simultaneously [28, 29]. As graded near the pitch 
point, the roots are thickened, the tops are thinned, and 
the contact lines passing through the graded position of 
the tooth waist are interrupted. Therefore, there are some 
differences in lubrication characteristics between double 
involute gears (DIG) and common involute gears (CIG), 
and the existing calculation methods of oil film stiffness 
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are not suitable for double involute gears. Based on this, 
a new calculation method of normal and tangential oil 
film stiffness of double involute gears is established by 
the idea of subsection method in non-Newtonian TEHL 
status. Afterward, comparative analysis the difference of 
the oil film stiffness distribution between double involute 
gears and common involute gears. In order to explore the 
evolution rule of the oil film stiffness of double involute 
gears, the influence of the tooth waist order parameters, 
working conditions, and thermal effect on the oil film 
stiffness of double involute gears were to studied, which 
has important theoretic and practical meaning.

2  Meshing Characteristics of Double Involute 
Gears

2.1  Geometric Analysis
Figure 2 shows the basic tooth profile of double involute 
gears [28], where la* and ld* are the tooth waist altitude 
coefficients of the tooth top and root, respectively. ya* 
and yd

* are the tooth waist tangential modification coef-
ficients of the tooth top and root, respectively. Other 
parameters can be found in Ref. [30]. la*, ld*, ya*, and yd

* 
are the main characteristics of double involute gears dif-
ferent from common involute gears, and these character-
istics are also the core research on double involute gears. 
For ease of calculation, l∗a = l∗d = l∗ , and y∗a = y∗d = y∗ 
are chosen in this paper. Figure 3 is contact area diagram 
of double involute gear pair. In the figure, N1N’1N2N’2 is 
the theoretical meshing plane, B1B’1B2B’2 is the actual 
engagement plane, B1 and B2 are the inlet and outlet 
points on transverse, respectively. When the contact line 
passes through the graded position of the tooth waist, the 
relative sliding speed and tooth surface friction force of 
the double involute gear pair will reverse, and the double 
involute gear must be made into a helical gear to ensure a 
continuous and smooth meshing drive.

2.2  Calculation of Basic Parameters
The variation of a contact line during the process of 
a meshing tooth pair from the start of meshing to 
the disengagement is shown in Figure  4(a), the con-
tact lines passing through the graded position of the 
tooth waist can be shown in Figure  4(b). In the figure, 
the displacement difference between two contact lines 
across the graded position of the tooth waist is Δl, and 
�l = (y∗a + y∗d)mn − (l∗a + l∗d)mn tan αa . The length of 

Figure 1 Double involute gear transmission

Figure 2 Basic tooth profile of double involute gears

Figure 3 Contact area diagram of double involute gear pair 
engagement
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contact line at different meshing time can be expressed 
as follows:

The equivalent curvature radius of the driving pinion at 
point K is shown as follows:

(1)lic(t)=



































rb1ω1t/ sin βb,0 ≤ t ≤ tB1D,
lB1D/ sin βb,tB1D < t ≤ tB1C ,
(rb1ω1t − lCD)/ sin βb,tB1C < t ≤ tB1E ,
(B tan βb −�l − lCD)/ sin βb,tB1E < t ≤ tB1B2 ,
(lB1D + lB2C + B tan βb − rb1ω1t −�l)/ sin βb,tB1B2 < t ≤ tB1G ,
lB2C/ sin βb,tB1G < t ≤ tB1H ,
(lB1B2 + B tan βb − rb1ω1t)/ sin βb,tB1H < t ≤ tB1I .

(2)R1K (t) =







































































N2B1 + rb1ω1t +�l − l sin βb,0 ≤ t ≤ tB1D,






0, (0 ≤ l ≤ la),
NaN , (la < l ≤ la + lb),
N2B1 + rb1ω1t +�l − l sin βb,(la + lb < l ≤ la + lb + lc),

tB1D < t ≤ tB1C ,







N2B1 + rb1ω1t − l sin βb,(0 ≤ l ≤ la),
NaN , (la < l ≤ la + lb),
N2B1 + rb1ω1t +�l − l sin βb,(la + lb < l ≤ la + lb + lc),

tB1C < t ≤ tB1G ,

�

N2B1 + rb1ω1t − l sin βb,(0 ≤ l ≤ la),
NaN , (la < l ≤ la + lb + lc),

tB1G < t ≤ tB1H ,

N2B1 + rb1ω1t − l sin βb,tB1H < t ≤ tB1I .

The equivalent curvature radius of the driven gear at 
point K can be expressed as follows:

Figure 4 Contact line expansion on base cylinder when εα>εβ
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The effective curvature radius, relative sliding speed, 
entrainment speed and slide-roll ratio at the meshing 
point K can be defined as follows:

The detailed calculation of relevant parameters in the 
above formulas can be found in Ref. [31].

The working load of gear transmission is time-vary-
ing and non-linear. In one meshing cycle, the friction 
status of the same meshing position on the tooth sur-
face at different meshing moments and the friction sta-
tus of different meshing positions at the same moment 
are different [32]. In addition, the double involute gear 
is graded near the pitch point, the contact lines passing 
through this position is discontinuous, and there exists 
a dislocation difference between the contact line of the 
top and root meshing zones. Therefore, this article uses 
the “subsection method” to study the lubrication char-
acteristics of double involute gear transmission and the 
oil film stiffness between the meshing tooth surfaces. 
As shown in Figure 5, the master-slave control is widely 
employed in the robot manipulation. In most cases, 
the joystick or the keyboard is the routine input device 
for the robot master-slave control system. The system 
presented in this paper is shown in Figure  1. Assume 
that there are n pairs of gears simultaneously engaged 
at a certain meshing time t, that is, there are n contact 
lines in the meshing tooth surfaces, and then each con-
tact line is divided into m equal parts. The contact line 
length of the jth segment on the ith contact line at time 
t is:

(3)R2K (t) = N1N2 − R1K (t).

(4)



































RK =
R1K (t)R2K (t)

R1K (t)+ R2K (t)
,

usK = |ω1R1K (t)− ω2R2K (t)|,

urK =
ω1R1K (t)+ ω2R2K (t)

2
,

ξ = usK /urK .

 
After segmented treatment, the length of each con-

tact line is very short, so the contact of each pair of 
double involute gears can be approximately equivalent 
to the contact of a finite number of thin spur gears. 
Assuming that the load is uniformly distributed along 
the contact line direction, the load on the jth segment 
of the ith contact line at time t is:

where Lz(t) is the total length of all contact lines in the 
action plane at time t.

3  Governing Equations and Models
3.1  Thermal EHL Equations
The generalized Reynolds equation associated with non-
Newtonian and thermal effect in line contact is [33]

The definitions of equivalent symbols in the above for-
mula are as follows:

The boundary conditions can be expressed as [34]:

where xin, xout are the boundary coordinates of the engag-
ing-in and engaging-out of the meshing area, respectively.

The equation of the film thickness is:

(5)licj(t) =
lic(t)

m
,(i = 1, 2, · · ·, n, j = 1, 2, · · ·,m).

(6)Fi
j (t) =

Tp

rb1

lic(t)

mLz(t)
,

(7)
∂

∂x

[(

ρ

η

)

e

h3
∂p

∂x

]

= 12ur
∂

∂x
(ρ∗h).

(ρ/η)e = 12(ηeρ
′
e/η

′
e − ρ′′

e ), ρ∗ = 2(ρe − ηeρ
′
e),

ρe = (1/h)

∫ h

0

ρdz, ρ′
e = (1/h2)

∫ h

0

ρ

∫ z

0

(1/η)dz′dz,

ρ′′
e = (1/h3)

∫ h

0

ρ

∫ z

0

(z′/η)dz′dz,

ηe = h/

∫ h

0

(1/η)dz, η′e = h2/

∫ h

0

(z/η)dz.

(8)
{

x = xin,p(xin) = 0,
x = xout ,p(xout) = ∂p/∂x = 0,

(9)h = h0 +
x2

2R
− v(x),

Figure 5 Contact line division schematic diagram of double involute 
gear pair engagement
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where h0 denotes the spacing between two rigid contact 
bodies, v(x) is the total elastic deflection of two contact 
bodies, and can be shown as:

The equation reflecting the relationship between vis-
cosity, pressure and temperature is [35]

where z0 is the Reynolds viscosity-pressure coefficient, 
z0 = α/[5.1× 10−9(ln η0 + 9067)] . T0 denotes the ambi-
ent temperature, T0=313 K. η0 is the initial oil film vis-
cosity, and T is the temperature of the oil film.

The Ree-Eyring fluid equivalent viscosity η* is intro-
duced by

where τ0 is the characteristic shear stress, and the shear 
stress τ can be expressed as [36]:

where τa represents the shear stress of pinion teeth 
surfaces, and z denotes the coordinate across the film 
thickness.

The equation reflecting the relationship between 
fluid density, pressure and temperature is [37]

where ρ0 is the initial fluid density.
The fluid energy equation is expressed as follows 

[19]

The solid energy equations are shown as:

where ci, ρi, ui and ki are specific heat capacity, density, 
line speed, and thermal conductivities of two gear mate-
rials a and b (i=a,b).

(10)v(x) =
2

πE′

∫ xout

xin

p(s) ln(s − x)2ds.

(11)η = η0 exp

{

(ln η0 + 9.67)

[

(1+ p/p0)
z0

(

T − 138

T0 − 138

)−1.1

− 1

]}

,

(12)η∗ = η
τ/τ0

sinh(τ/τ0)
,

(13)τ = τa + z
∂p

∂x
,

(14)

ρ =ρ0
[

1+ 0.6× 10−9p/(1+ 1.7× 10−9p)

−0.00065(T − T0)],

(15)

cf

[

ρu
∂T

∂x
−

(

∂

∂x

∫ z

0

ρudz′
)

∂T

∂z

]

= kf
∂2T

∂z2
−

T

ρ

∂ρ

∂T

(

u
∂p

∂x

)

+ η∗
(

∂u

∂z

)2

.

(16)







caρaua
∂T
∂x = ka

∂2T
∂z2a

,

cbρbub
∂T
∂x = kb

∂2T

∂z2b
,

The temperature of two gears and oil film should be 
continuous on the two interfaces, and should meet the 
continuous condition of the interface heat flow, the 
equations are given by

where T |za=−d = T0, T |zb=d = T0 are the temperature 
boundary conditions along za and zb directions, in which 
d is the thickness of the thermal layers.

The load balance equation is:

where w represents the load per unit contact length.

3.2  Stiffness Models of the Oil Film
The value of stiffness is expressed as the ratio of the force 
to the deformation. During the process of gear meshing 
transmission, with the rotation of the gear, the mesh-
ing position of the gear pair is constantly changing, the 
load and deformation of the gear pair are also constantly 
changing. At the same time, it also affects the oil film 
stiffness between the meshing tooth surfaces.

Based on the definition of stiffness, the normal oil 
film stiffness can be expressed as the ratio of the incre-
ment of the normal force ΔFn to the oil film compression 

(17)







k ∂T
∂z

�

�

�

z=0
= k1

∂T
∂za

�

�

�

za=0
,

k ∂T
∂z

�

�

�

z=h
= k2

∂T
∂zb

�

�

�

zb=0
,

(18)w =

∫ xout

xin

p(x)dx,

Figure 6 Oil film stiffness models of double involute gears
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deformation Δh. Lubricating oil film has remarkable vis-
coelastic properties, under the pressure load, the oil film 
will produce compression deformation along the thick-
ness direction, and forms the oil film normal stiffness. 
The load of the oil film is different in different meshing 
position, and the deformation along the film thickness 
direction is also different. In order to obtain the accurate 
calculation model of the oil film normal stiffness suitable 
for double involute gears, the oil film between each pair 
of thin spur gear pairs is equivalent to a pair of massless 
spring, as shown in Figure  6, and the stiffness of these 
massless springs is numerically superposed to obtain the 
oil film normal stiffness of double involute gears. The 
specific calculation formula is expressed as:

where Δp denotes the pressure difference as the normal 
increment of force.

The oil film tangential stiffness can be expressed as 
the ratio between the increment of tangential force �Fτ 
and its increased tangential deformation �xτ . During 
the meshing transmission process, the double involute 
gears have a relative sliding between the meshing tooth 
surfaces, so that the oil film between the meshing tooth 
faces is subjected to the tangential force, thereby the tan-
gential deformation occurs, and forms the oil film tan-
gential stiffness. In order to obtain the variation of the oil 
film tangential stiffness, the oil film between a pair of thin 
spur gear pairs can also taken as a massless spring along 
tangential direction, as shown in Figure  6. In the whole 
calculation domain, the specific calculation formula for 
tangential stiffness can be expressed as:

where γ is the shear strain of the current oil film, 
γ =

∫ t1
0 γ̇dt . γ̇ is the shear rate, and γ̇ = ∂u/∂z . t1 is the 

time of the oil film across the contact zone.

4  Results and Discussion
During the process of numerical calculation, in order 
to reduce the number of variables in the equations, and 
increase the universality of the solution, it is necessary to 
treat the equations mentioned above into dimensionless.

(19)kn(t) =
�Fn(t)

�h(t)
=

n
∑

i=1

m
∑

j=1

licj(t)�picj(x, t)

1
n

1
m

n
∑

i=1

m
∑

j=1

�hicj(x, t)

,

(20)

kτ (t) =
�Fτ (t)

�xτ (t)
=

n
∑

i=1

m
∑

j=1

licj(t)�τ icj(x, z, t)

1
n

1
m

n
∑

i=1

m
∑

j=1

�γ i
cj(x, z, t)h

i
cj(x, z, t)

,

X=x/b, P=p/pH, W=w/(E’R),U=ηour/(E’R), ρ=ρ/ρo, u
=u/ur, η=η/η0, η∗ = η∗/η0 , T=T/T0, τ=τ/pH, τ 0=τ0/pH , 
H=h/hR, Z=zR/b2

Based on the geometric parameters of double involute 
gears, the load, equivalent radius curvature, slide-roll 
ratio and other parameters of different meshing positions 
are obtained (as shown in Figure  8), and then brought 
them into the TEHL model. In the process of calculation 
the TEHL equations, taking the ambient temperature as 
the initial value, the generalized Reynolds equation is 
used to solve the pressure, and its results will be substi-
tuted into the energy and heat conduction equations to 
solve the temperature field. The obtained temperature 
and pressure are taken as the next instantaneous initial 
value, and it is substituted into the model to solve, and 
alternately cycles until the accuracy requirements are 

Figure 7 Flow chart of the calculation process
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met. The lubrication parameters obtained from the ther-
moelastohydrodynamic lubrication equations are sub-
stituted into the oil film stiffness calculation model, the 
normal and tangential oil film stiffness of double involute 
gears are obtained, and Figure 7 shows the flow chart of 
the computational procedure. In the process of solution, 
the multilevel method is used for pressure iteration, the 
multilevel multi-integration method is used for the elas-
tic deformation, and the energy equations is solved by 
a sequential column sweeping technique. Five layers of 
grids are used for calculation, and the finest layer along 

X direction has 961 nodes. The calculating domain for 
the line contact is X = [− 4.0,1.6]. There are 21 nodes 
employed for solving the energy equations in Z direction, 
and 12 nodes in both surfaces 1 and 2. The input param-
eters for lubricating oil and a double involute gear drive 
are depicted in Table 1.

To verify the accuracy of the oil film stiffness calcula-
tion model established in this paper, the oil film normal 
stiffness (khm and knc) obtained by Dowson-Higginson 
minimum and central film thickness empirical formulas 
[10], and the normal and tangential oil film stiffness cal-
culation methods proposed by Xiao [38] are selected for 
comparative analysis under the same working conditions. 
Figure 8(a) shows the change of normal oil film stiffness 
with load obtained by different calculation models. It 
predicts that with increasing the load, the oil film normal 
stiffness obtained by the four calculation models gradu-
ally increases. The value of the oil film normal stiffness 
obtained by the model proposed in this paper is between 
khm and knc, and there is not much difference with Xiao’s 
calculation result. Figure 8(b) shows the change trend of 
the oil film tangential stiffness obtained by two models is 
the same, and the difference of the two results is small. 
From the comparative analysis mentioned above, the oil 
film stiffness calculated by the model proposed in this 
paper is in good consistent with the results of relevant 
empirical formulas and methods, which can prove the 
accuracy of the model.

4.1  Numerical Solution of Basic Parameters 
and Lubrication Characteristics

As graded near the pitch points of double involute gears, 
the load along the transverse and the contact line of a pair 
are different from that of common involute gears [39]. As 

Table 1 Geometric, operating parameters of double involute 
gears and performance of lubricating oil

Parameter Value

Number of teeth 23/32

Normal modulus mn (mm) 3

Normal pressure angle αn (o) 20

Tooth width B (mm) 50

Helical angle β (o) 16o57’42’’

Specific heat capacity (J/kg·K) ca=cb=460

Modulus of elasticity (GPa) Ea=Eb=210

Density (kg/m3) ρa=ρb=7850

Input torque Tp (N·m) 160

Rotating speed of pinion n1 (r/min) 2000

Thermal conductivity of fluid kf(W/(m·K)) 0.14

Density of fluid ρf (kg/m3) 860

Specific heat of lubricant cf (J/kg·K) 2290

Lubricant ambient temperature T0 (K) 313

Initial viscosity of lubricant η0 (Pa·s) 0.08

Viscosity-temperature coefficient βf  (K
−1) 0.04

Eyring stress τ0 (MPa) 1.2×107

Figure 8 Comparison of oil film stiffness under different calculation models
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shown in Figure  9(a) and (b), the contact force and the 
contact line length remains the same for a time during 
the process of increase and decrease, and the total length 
of contact lines has periodic variation. In Figure 9(c), the 
effective curvature radius of double involute gears gradu-
ally increases and then decreases, and its value in the 
initial engagement zone is smaller than that in the exit 
engagement zone. In Figure  9(d), the slide-roll ratio of 
double involute gears goes through a process of decrease 
gradually, reaches the minimal near the pitch point, and 
then increase slowly.

Figure  10(a) and (b) shows the distribution of the 
lubrication pressure and thickness, respectively. From 
the figures, we can find that the lubricating pressure 
in the initial engagement region is significantly higher 
than that in the exit region, while the distribution of 
the film thickness is just opposite to its lubricating 
pressure, and the oil film thickness is larger in the exit 

region. Figure  10(c) presents the distribution of the 
oil film temperature rise. From the figure we can find 
that the temperature rise of the oil film is smaller near 
the tooth waist grading position, and the farther away 
from the tooth waist grading position is, the greater the 
temperature rise is. The oil film temperature rise at the 
starting engagement is significantly higher than that 
at the meshing out engagement. This is due to the fact 
that the oil film temperature rise is closely related to 
the slide-roll ratio between the meshing tooth surfaces, 
the larger the slide-roll ratio is, the greater the inter-
nal friction of the oil film, and the higher the oil film 
temperature rise is. Figure  10 (d) presents the change 
of shear stress in the whole contact region, the direc-
tion of the shear stress changes through the tooth waist 
grading position, and the shear stress at the starting 
engagement is larger.

Figure 9 Contact force, length of contact line, equivalent radius of curvature, and slide-roll ratio of double involute gears
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4.2  Comparison of the Oil Film Stiffness between Double 
Involute Gears and Common Involute Gears

Figure  11 presents the comparison of the oil film stiff-
ness of a single pair of teeth during the whole process 
from meshing in to meshing out between double involute 
gears and common involute gears. The figure shows that 
the oil film stiffness distribution of double involute gears 
is similar to that of common involute gears, but there are 
some differences in the value. As the double involute gear 
does not contact at the tooth waist position, the oil film 
stiffness of double involute gears has obvious discon-
tinuity at this position. The oil film normal stiffness of 
the two kinds of gears is significantly higher than that of 
the oil film tangential stiffness, the normal and tangen-
tial oil film stiffness near the pitch point position of the 
two kinds of gears are higher than that of the other mesh-
ing regions. The comparison shows that the maximum 
normal and tangential oil film stiffness of the double 

involute gear are both smaller than that of common invo-
lute gears, while the minimum oil film normal stiffness is 
larger than that of common involute gears, which shows 
that the impact resistance of double involute gears near 
the tooth waist is higher than that of the common invo-
lute gear, as smaller oil film stiffness is conducive to 
improve the impact resistance of the contact body [38]. 
Meanwhile, in the whole contact region, the oil film stiff-
ness of double involute gears have no obvious mutation, 
which shows that the transmission stability of the double 
involute gear is better.

4.3  Influence of the Tooth Waist Order Parameters
Figure  12 presents the change of the oil film stiff-
ness with the tooth waist order parameters. As shown 
in Figure  12(a), in the tooth root meshing zone, the oil 
film normal stiffness increases with increasing l* value, 
but decreases with increasing l* value in the tooth top 

Figure 10 Lubrication characteristics of double involute gears
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meshing zone. Figure  12(b) shows the change of the oil 
film tangential stiffness with increasing l* value. The 
oil film tangential stiffness has a small increases with 
increasing l* value in the meshing zones of teeth root and 
top, while near the tooth waist grading position, the oil 
film tangential stiffness significantly decreases with the 
increase of l* value. As the tangential stiffness of the oil 
film increases with decreasing the slide-roll ratio [38], 
and the slide-roll ratio of double involute gears reaches 
the minimum value near the tooth waist grading posi-
tion. The smaller the l* value is, the smaller the graded 
zone is, and the smaller the minimum value of slide-roll 
ratio is. Figure 12(c) shows that the normal oil film stiff-
ness has a small increases with increasing y* value. It can 
be seen from Figure  12(d) that the variation of y* value 
has few influence on the oil film tangential stiffness at the 
tooth root and tooth top meshing zones. Besides, the oil 
film tangential stiffness is more sensitive to the variation 

of y* value near the tooth waist grading position, and 
with increasing y* value, the oil film tangential stiffness 
increases significantly.

4.4  Effect of Working Conditions
The initial input torque Tp of the double involute gear 
is 160 N·m, and the torque is changed to 200 N·m, 240 
N·m, 280 N·m, and 320 N·m to provide applied load 
increment. Figure 13 shows that the normal and tangen-
tial oil film stiffness increase with increasing input torque 
along the direction of the transverse, but with increasing 
the torque increment, the increment of the normal and 
tangential oil film stiffness decreased slightly. This means 
that, even if the load increment acting on the meshing 
tooth surface increases infinitely, the normal and tan-
gential oil film stiffness cannot increase infinitely. This 
is due to the fact that the lubrication oil film has signifi-
cant viscoelastic characteristic, the lubrication pressure 

Figure 11 Comparision of the oil film stiffness between DIG and CIG
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Figure 12 Influence of tooth waist order parameters on oil film stiffness

Figure 13 Influence of the input torque
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is greatly affected by the load, the input torque increases, 
the normal load on the oil film increases, thereby increas-
ing the shear stress, and its viscosity increases simultane-
ously, which makes the deformation of the oil film more 
difficult. The distribution of the oil film normal stiffness 
along the transverse is similar with its load distribution, 
which demonstrate that the applied load has great influ-
ence on the distribution of the oil film normal stiffness.

Figure 14 presents the relationship between the oil film 
stiffness and the rotation speed n1 of double involute 
gears under the same load increment. According to Fig-
ure 14(a), with increasing the rotation speed of the double 
involute gear, the oil film normal stiffness decreases, and 
the larger the rotation speed is, the smaller the change of 

the oil film normal stiffness is. This result is due to the 
increase of the rotation speed, the amount of oil involved 
in the meshing tooth surface increases, the oil film thick-
ness increases, and the deformation increases under the 
same load increment, ultimately decreasing the oil film 
normal stiffness. However, the compression deformation 
of the oil film becomes more difficult when the thickness 
of the oil film is increased to a certain extent. Therefore, 
the change of the oil film normal stiffness of double invo-
lute gears is gradually reduced when the rotation speed 
increased to a certain extent. As shown in Figure 14(b), 
with increasing the rotational speed, the oil film tan-
gential stiffness of double involute gears increase, and 
the larger the rotational speed is, the greater the change 

Figure 14 Influence of the rotation speed

Figure 15 Influence of the initial lubrication viscosity
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of the oil film tangential stiffness is. This is due to the 
increase of the rotational speed, the fluidity of the oil film 
is enhanced, and the integration time of the oil film shear 
deformation is shortened, finally leading to an decrease 
of the tangential deformation.

Figure 15 shows the change of the normal and tangen-
tial oil film stiffness with initial lubrication viscosity η0 
under the same load increment and rotation speed. It can 
be seen from the figure that with increasing the initial 
lubrication viscosity, the normal and tangential oil film 
stiffness of double involute gears gradually decrease, and 
the larger the initial lubrication viscosity is, the smaller 
the reduction of the oil film stiffness is. This is due to the 
fact that the larger the initial lubrication viscosity is, the 
greater the thickness of the oil film is. Under the same 
load increment, the deformation of the oil film along 
the thickness direction increases, and the oil film nor-
mal stiffness decreases. Meanwhile, the increase of the 
initial lubrication viscosity reduces the fluidity of the oil 
film, the integral time of the shear deformation of the oil 
film increases, the tangential deformation increases, and 
finally lead to the decreases of the oil film tangential stiff-
ness. However, the effect of the lubrication viscosity on 
the oil film stiffness is the result of two opposite effects 
[6], with increasing the initial lubrication viscosity, the oil 
film compression becomes difficult, and the shear stress 
decrease. Therefore, lead to the reduction of the oil film 
stiffness decrease with increasing the initial lubrication 
viscosity.

4.5  Influence of Thermal Effect
Compared with isothermal EHL analysis, thermal 
EHL analysis considers the effect of friction heat and 

compression heat on the lubrication performance. Ther-
mal effect causes the heat conduction between the oil 
film and the gear body, resulting in the change of the tem-
perature, viscosity and density of the oil film, and reacts 
on the oil film pressure to change. Therefore, there must 
be some differences in the oil film distribution between 
isothermal solution and thermal solution. In Figure 16(a), 
the oil film normal stiffness of double involute gears is 
lower than its value under isothermal condition after 
considering the thermal effect. This is due to the real-
ity that the viscosity of lubricating oil decreases with the 
increase of temperature, and the oil film has larger com-
pression deformation along its thickness direction under 
the same load increment. According to Figure 16(b), the 
oil film tangential stiffness under thermal effect is signifi-
cantly higher than that under isothermal condition. This 
is because the viscosity of lubricating oil decreases, the 
velocity of oil film increases and the tangential defor-
mation of oil film decreases. In addition, the difference 
of the oil film stiffness between isothermal solution and 
thermal solution are both larger near the graded position 
of tooth waist, which indicates that the greater the load 
is, the more obvious the influence of thermal effect on 
the film stiffness is.

5  Conclusions
In this study, based on the idea of subsection method 
and non-Newtonian TEHL theory, a calculation model of 
normal and tangential oil film stiffness suitable for dou-
ble involute gears is proposed. The difference of oil film 
stiffness distribution between double involute gears and 
common involute gears were compared, the influence of 
the tooth waist order parameters, operating parameters, 

Figure 16 Oil film stiffness of double involute gears in thermal and isothermal conditions
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and thermal effect on the oil film stiffness were studied. 
The conclusions are as follows.

(1) The oil film stiffness distribution of double involute 
gears is similar to that of common involute gears. 
As the gear waist is not contacted, the oil film stiff-
ness of double involute gears is obviously divided at 
the position of tooth waist, and the value of oil film 
stiffness of two kinds of gears is also different. The 
distribution of the oil film normal stiffness is similar 
to the applied load, and significantly higher than its 
tangential stiffness.

(2) The normal and tangential oil film stiffness of dou-
ble involute gears will be affected by the change of 
tooth waist order parameters. The tooth waist order 
parameters have little influence on the oil film nor-
mal stiffness, and have significant effect on the oil 
film tangential stiffness near the tooth waist grading 
position.

(3) The working parameters of double involute gears 
have significant influence on its oil film stiffness. 
The normal and tangential oil film stiffness increase 
with increasing the input torque. With the increase 
of the rotation speed, the oil film normal stiff-
ness decrease, and the oil film tangential stiffness 
increase, especially near the tooth waist grading 
position.

(4) With increasing the initial viscosity of lubricat-
ing oil, the normal and tangential oil film stiffness 
of double involute gears gradually decrease, and 
the larger the initial viscosity of lubricating oil is, 
the smaller the reduction range of oil film stiff-
ness is. Considering the influence of thermal effect, 
the normal oil film stiffness of double involute 
gears decreases and the tangential oil film stiffness 
increases.
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