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Abstract 

Because of their elastic links and joints, high-speed parallel robots for pick-and-place operations inevitably suffer from 
residual vibrations that significantly degrade their positioning accuracy. An effective approach based on the input 
shaping technique is presented in this paper for suppressing the residual vibration in these parallel robots. After 
addressing the design principle of an input shaper for a parallel robot with flexible actuated joints, a robust optimal 
input shaper is developed by considering the configuration-dependent flexible modes and minimizing the maxi-
mum percentage of residual vibration at the end-effector. The input shaper allows a good overall performance to be 
achieved throughout the entire workspace. Experimental results on a 4-DOF SCARA-type parallel robot show that 
the residual vibration of the end-effector is dramatically reduced and the dynamic positioning accuracy of the robot 
significantly improved.
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1 Introduction
Pick-and-place parallel robots are increasingly used in the 
food, pharmaceutical, packaging, and numerous other 
light industries. Typical examples include the delta robot 
and similar robots [1–4] that have high speed, accuracy, 
and stability performance. However, these parallel robots 
generally have lightweight limbs and suffer from residual 
vibrations during high-speed operations which signifi-
cantly degrade their positioning accuracy. Over the last 
decade, much effort has been made to improve the posi-
tioning accuracy of high-speed pick-and-place robots 
during pick-and-place operations by reducing their resid-
ual vibration.

It is difficult to effectively reduce the residual vibration 
of a robot as it performs high-speed and high-accelera-
tion motion by using speed and acceleration feedforward 

control or notch filters. Therefore, active vibration reduc-
tion has become a research hotspot in related fields. 
Current active vibration reduction approaches can be 
roughly classified into the two categories of feedback-
based and feed-forward-based approaches. Feedback-
based vibration reduction approaches [5, 6] are built 
upon an online control strategy using real-time vibration 
signals captured from the end-effector, but the need for 
additional measuring hardware limits their use in prac-
tice. Feed-forward-based approaches [7–9] are based 
on modifying the joint inputs according to the dynamic 
behavior of the system. These approaches are usually 
combined with a PID regulator to achieve the desired 
vibration reduction. In input shaping [10–12], which 
is a commonly used feed-forward-based approach for 
vibration reduction, the residual vibration is reduced by 
convolving the input command with a suitable train of 
impulses. This technique has been implemented in a wide 
variety of machines that ranges from machine tools to 
industrial robots [13–15]. Because positioning accuracy 
is important for pick-and-place parallel robots, input 
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shaping is particularly suitable for reducing their residual 
vibration and thereby improving their dynamic position-
ing accuracy.

To design a suitable input shaper, the natural frequen-
cies and damping ratios of the system are generally 
required. However, owing to modelling and experimental 
uncertainties, these modal parameters may not be known 
exactly; therefore, the robustness of the input shaper 
must be ensured. Different input shapers, such as the 
zero vibration and derivative shaper (ZVD) and the extra 
insensitive shaper (EI), have been proposed based on 
modifying the constraints of the zero-vibration shaper 
[16]. Although the robustness of these input shapers can 
be enhanced by introducing additional constraints, this 
invariably leads to large time lags or limited vibration 
reduction. Furthermore, the robustness of these input 
shapers against uncertainties is uniquely determined by 
the constraints. Optimal input shapers with a smaller 
time lag under a fixed bandwidth have been proposed for 
systems with an exact range of natural frequencies based 
on optimal control theory [17, 18]. The optimal tradeoff 
between efficiency and robustness is achieved in the opti-
mal shape shaper by optimizing the time-lag coefficient. 
In multi-mode-dominated systems, the two approaches 
of convoluting many single-mode shapers together and 
the solution of the full set of multi-mode vibration equa-
tions have been used to obtain multi-mode input shapers 
[19–21]. Although input shaping was developed mainly 
for single-mode linear time-invariant systems, its use has 
gradually extended to nonlinear systems. Its effective-
ness in residual vibration reduction for parallel robots 
has been studied in several works [9, 22, 23]. In addition, 
adaptive input shapers [24, 25] with online adjustable 
amplitudes and time lags of impulses have been proposed 
for nonlinear systems with large uncertainties. Although 
these adaptive inputs shaper have good performance, 
online identification of the modal parameters requires 
the use of high-hardware quality, which limits their prac-
tical applications.

A high-speed pick-and-place parallel robot is a typi-
cal nonlinear system, and its dynamic properties vary 
greatly throughout the workspace [9, 26]. The pick-and-
place positions of these robots usually cover the entire 
workspace, and the picked load varies in some applica-
tion cases, which brings great challenges for input shap-
ing. Therefore, the development of a broadly effective 
approach for designing a highly robust input shaper 
with good overall performance throughout the entire 
workspace would be highly beneficial for improving the 
dynamic positioning accuracy of high-speed pick-and-
place parallel robots.

Driven by numerous practical needs and inspired by 
existing achievements, an input-shaping-based residual 

vibration reduction approach to improve the dynamic 
positioning accuracy of high-speed pick-and-place paral-
lel robots throughout the workspace is presented in this 
paper. The remainder of this paper is organized as fol-
lows. The design principle of the input shaper for a robot 
with flexible actuated joints is described and a robust 
input shaping approach that minimizes the percentage 
of residual vibration at the end-effector throughout the 
workspace proposed in Section 2. The results from both 
simulations and experiments to demonstrate the perfor-
mance of the proposed method using a 4-DOF SCARA-
type parallel robot [26] are presented in Section  3. The 
conclusions are presented in Section 4.

2  Input Shaping of Pick‑and‑Place Parallel Robot 
with Flexible Joint

2.1  Design of Input Shaper
Previous studies have shown that the dynamic behavior 
of a high-speed parallel robot is dominated by the elas-
ticity of the actuated joint. Therefore, the robot can be 
simplified to a system with a finite number of flexible-
body degrees of freedom. Without loss of generality, the 
dynamic model of a parallel robot with f rigid-body and n 
vibrational degrees of freedom (here f = n , which equals 
the number of degrees of freedom of the parallel robot) 
can be formulated as

where M , C , and K  are the inertia, damping, and stiffness 
matrices, respectively; d(xr , ẋr) is a disturbance term; 
and x = xr + xf  , in which xr and xf  denote the rigid-
body and elastic generalized displacements, respectively.

The first f rigid-body displacements in xr are set as the 
rigid-body displacements that correspond to the refer-
ence input of the actuated joints and denoted as xInputr  . 
By dropping the disturbance term and taking the Laplace 
transform of both sides of the linearized dynamic model 
for a given configuration of the parallel robot, Eq. (1) can 
be rewritten as

where X(s) and X r(s) are the Laplace transform of x and 
xr , respectively.

Because of the orthogonality of the natural vibration 
modes, M , C , and K  can be expressed as

where ωi and ζi are the natural angular frequency 
and damping ratio of the ith mode, respectively; 

(1)Mẍ + Cẋ + Kx = Kxr + d(xr , ẋr),

(2)
(

s2M + sC + K

)

X(s) = KX r(s),

(3)







M =Φ−TΦ−1, K = Φ−Tdiag
�

ω2
i

�

Φ−1,

C =Φ−Tdiag[2ζiωi]Φ
−1,
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Φ =
[

φ1 φ2 · · · φn

]

 is the modal matrix; and φi is the 
modal vector of the ith mode.

Substituting Eq. (3) into Eq. (2), the transfer function 
matrix can be obtained as

where Ψ = Φ−T =
[

Ψ 1 Ψ 2 · · · Ψ n

] and N ≤ n denotes the 
truncated lower-order modes.

The residual vibrations of the robot are superposi-
tions of the free damping vibrations of each mode. The 
element in the jth row and pth column of the transfer 
matrix is the transfer function between the reference 
input xInputrj  of the jth actuated joint and pth output 
displacement. Because the transfer functions have the 
same poles, the input commands of the parallel robot 
can be shaped using the same shaper. The shaped com-
mand xInputrsj (t) can be obtained as the input sequence

where Aq and tq are the amplitude and time lag of the 
qth impulse, respectively; and 1

〈

t − tq
〉

=1 at t > tq , 
1
〈

t − tq
〉

=0 at t ≤ tq.

2.2  Optimization Problem
High-speed pick-and-place robots generally have strin-
gent response-time requirements. To improve the 
robustness of the shaper without increasing the time 
lag, it is necessary to balance the tradeoff between the 
vibration reduction efficiency and the bandwidth of 
the input shaper. The sensitivity levels of ZV, ZVD, and 
EI are uniquely determined by the constraints. They 
are hence not suitable for handling the wide variation 
ranges in the natural frequencies of parallel robots in 
their workspace. In this study, an optimal input shaping 
approach is used to realize the vibration reduction of 
high-speed pick-and-place parallel robots throughout 
the entire workspace. The residual vibrations of high-
speed pick-and-place parallel robot are dominated by 
the first-order mode. Therefore, the design of the input 
shaper is consistent with that of a linear system with a 
single degree of freedom. Using optimal control theory, 
an optimal input shaper [27] with three impulses is 
designed with the following parameters:

(4)

G(s) =
X(s)

X r(s)
= Φ

(

diag

[

ω2
i

s2 + 2ζiωis + ω2
i

])

Ψ T

=

n
∑

i=1

ω2
i φiψ

T
i

s2 + 2ζiωis + ω2
i

≈

N
∑

i=1

ω2
i φiψ

T
i

s2 + 2ζiωis + ω2
i

,

(5)

x
Input
rsj (t) =

m
∑

q=1

Aqx
Input
rj

(

t − tq
)

1
〈

t − tq
〉

, j = 1, 2, · · · , f ,

where M = 1− 2 exp (−ζdesωdesT ) cos
(

ωd,desT
)

+ exp (−2ζdesωdesT ) ; T = kTTd

/

2 is the time lag of the 
impulse sequence, 0 ≤ kT ≤ 1 ; ωd,des = ωdes

√

1− ζ 2des in 
which ωdes=2πfdes , and fdes and ζdes are the designed nat-
ural frequency and damping ratio of the input shaper, 
respectively; and Td = 2π

/

ωd,1 , in which 
ωd,1 = ω1

√

1− ζ 2
1

.
The amplitude of the residual vibration after applying 

the last impulse, that is, the percentage of residual vibra-
tion, can be expressed as Eq. (7) [28].

Therefore, the design of the optimal input shaper for 
high-speed pick-and-place parallel robots can be trans-
formed into the closely related problem of the determi-
nation of a suitable natural frequency fdes , damping ratio 
ζdes , and time lag coefficient kT to minimize the residual 
vibration V  throughout the workspace. To address the 
difficulties posed by the wide variation of the natural fre-
quencies in the workspace, a suitable constant natural 
frequency should be selected; otherwise, a large sensitiv-
ity would lead to a very slow input shaper. To ensure the 
overall performance of the input shaper throughout the 
workspace Wt , two performance objectives were estab-
lished as follows.

(1)  Minimization of the maximum residual vibra-
tion percentage of the end-effector throughout the 
workspace, that is, Vmax → min . The optimization 
problem can be formulated as

where fmin ( ζmin ) and fmax ( ζmax ) are the minimum 
and maximum natural frequencies (damping ratios) 
of the parallel robot in the workspace, respectively.

(6)















A1 =
1

M
, A2 = −

2 exp (−ζdesωdesT ) cos
�

ωd,desT
�

M
,

A3 =
exp (−2ζdesωdesT )

M
, t1 = 0, t2 = T , t3 = 2T ,

(7)











































V (ω1, ζ1) = exp (−ζω1t3)

�

C(ω1, ζ1)
2 + S(ω1, ζ1)

2,

C(ω1, ζ1)=

3
�

q=1

Aq exp
�

ζω1tq
�

cosωd,1tq ,

S(ω1, ζ1)=

3
�

q=1

Aq exp
�

ζω1tq
�

sinωd,1tq .

(8)
min max

(ω1, ζ1)∈Wt

V (ω1, ζ1),

st. fmin ≤ fdes ≤ fmax, ζmin ≤ ζdes ≤ ζmax,
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(2)  Minimization of the average residual vibration per-
centage of the end-effector throughout the work-
space, that is, Vmean → min . The optimization 
problem can be formulated as:

 The resulting optimization problems can be easily 
solved by, for example, calling the fmincon function in 
the MATLAB Optimization Toolbox.

In practice, high-speed pick-and-place parallel robots 
are time-varying systems during pick-and-place opera-
tions, and the solution of the vibration amplitude is very 
time-consuming. Therefore, the residual vibration per-
centage is not an efficient index for measuring the effec-
tiveness of an input shaper for a parallel robot. In this 
study, the effectiveness of the input shaper throughout 
the workspace was evaluated by using the residual energy 
index introduced in Ref. [9]:

where E(t) is the total residual energy of the vibratory 
modes, Eu and Es are the residual energies upon com-
pletion of the unshaped and shaped commands, respec-
tively, and ts is the time required to complete the shaped 
command.

3  Verification
Both simulations and physical experiments were car-
ried out on a 4-DOF SCARA-type parallel robot to 
verify the effectiveness of the proposed approach. Fig-
ure 1 shows a 3D view of the robot used in this study. 
The robot has two identical closed-loop sub-chains, 
two sub-platforms, and a base. Each of the sub-chains 
is connected to the base at one end by an actuated rev-
olute joint and to the sub-platform at the other end by 
spherical joints. The required rotation about the z-axis 
is generated by a relative translation between the two 
sub-platforms. For details on the dimensional and 
structural parameters of the robot, please refer to Ref. 
[26].

Based on the kinematics and rigid-body dynamics in 
Ref. [26], a rigid-elastic coupling dynamic model con-
sidering the flexible joints was established as

(9)
min

∫

Wt

V (ω1, ζ1)dWt

/
∫

Wt

dWt ,

st. fmin ≤ fdes ≤ fmax, ζmin ≤ ζdes ≤ ζmax,

(10)







E(t) =
1

2
ẋTf Mẋf +

1

2
xTf Kxf ,

Ve =Es(ts)
�

Eu(ts),

where m =

[ (

mp +m3

)

E3

mp + I3
/

r2

]

,

(11)

(

J−TmJ−1 + IaE4

)(

θ̈ r + θ̈ f

)

+ c
(

θ̇ r + θ̇ f
)

+ kθ f − J−TmJ−1h
(

θ̇ r + θ̇ f
)

+ τ ′g = 0,

h
(

θ̇ r + θ̇ f
)

=
(

θ̇ r + θ̇ f
)T

J−THJ−1
(

θ̇ r + θ̇ f
)

,

τ ′g = marag







cos
�

θr1 + θf 1
�

.

.

.

cos
�

θr4 + θf 4
�






+ J−T

�
�

mp +m3

�

g ẑ
0

�

,

(a) 3D view

(b) MDB diagram with flexible joint
Figure 1 4-DOF SCARA-type parallel robot
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θ r =
(

θr1 θr2 θr3 θr4
)T , θ f =

(

θf 1 θf 2 θf 3 θf 4
)T , θ r 

and θ f  denote the rigid-body and elastic angular displace-
ments of the actuated joints, respectively; J  and H are 
the velocity Jacobi and second-order influence coefficient 
matrices of the rigid body motion, respectively; ẑ is the 
z-axis unit vector; c = cE4 and k = kE4 , where c and k 
denote the viscous damping and stiffness coefficients of 
the reducer, respectively; mp denotes the summed mass 
of the two sub-platforms; m3 and I3 denote the mass and 
inertia of the end-effector, respectively; r denotes the 
radius of the end-effector gear; and Ia and mara are the 
equivalent moment of inertia and mass-radius product of 
an actuated limb about its rotary axis, respectively.

Equation (11) can be linearized by ignoring the 
rigid-elastic coupling and taking the static equilib-
rium position as the reference point. Note that the 
rotation angles of the actuated joints are the inputs 
of the motion control system. θ r is therefore selected 
as the input of the dynamic model, and the linearized 
dynamic model can be expressed as Eq. (12).

where M = J−TmJ−1 + IaE4 ; K = kE4 −maragdiag[sin θri], 
i = 1, 2, 3, 4 ; C = c ; d

(

θ r , θ̇ r
)

= J−TmJ−1h
(

θ̇ r
)

 ; and 
θ = θ r + θ f .

Obviously, because the modal parameters of the 
parallel robot are configuration-dependent, the robot 
behaves as a linear time-varying system during motion. 
Therefore, the input shaper should be designed consid-
ering the configuration-dependent modal parameters. 
It was noted in Ref. [26] that the first two modes of 
the robot play a leading role in the residual vibration 
along the horizontal direction and are the dominant 
modes that affect the positioning accuracy. Because 
the first-order natural frequency has the most obvious 

(12)Mθ̈ + C θ̇ + K θ = K θ r + d
(

θ r , θ̇ r
)

,

variation and its variation range includes that of the 
second-order natural frequency, the residual vibra-
tions caused by the first two modes can be effectively 
reduced through an input shaper designed based on the 
first-order natural frequency. To investigate the influ-
ence of the payload on the dynamic performance, the 
distributions of the first-order natural frequencies of 
the robot with different payloads are shown in Figure 2. 
The figure shows that the first-order natural frequency 
is inversely proportional to the payload, but the influ-
ence is small within the payload range of 0 to 1 kg.

Input shapers are generally less sensitive to damping 
ratio errors than to frequency errors [9]. The influence 
of the damping ratio ζdes on the input shaper was investi-
gated using response surface analysis (the specific results 
will not be shown owing to space limitations). We found 
that when ζdes varied within the range of 0.05 to 0.1, the 
response surfaces of Vmax and Vmean with respect to fdes 
and kT remained almost unchanged, which implies that 
the value of ζdes had no influence on the performance of 
the input shaper. Here, ζdes was selected to be 0.075.

To evaluate the effectiveness of the input shaper 
throughout the workspace of the parallel robot, random 
experiments were designed based on a numerical simu-
lation and probabilistic analysis. The experiments were 
performed to obtain the statistical distribution of the 
residual energy ratio before and after input shaping for 
arbitrary pick-and-place trajectories. The steps in each 
random experiment are as follows: (1) Pick-and-place 
positions in the workplace were randomly selected to 
construct pick-and-place trajectories, and the payload 
was randomly selected within the range of 0 to 1 kg. (2) 
Rough interpolation was performed on the trajectory, 
and the inputs of the actuated joints were calculated 
using inverse kinematics. (3) Two input shapers were 

Figure 2 Distribution of the first-order natural frequency: (a) No payload, (b) 0.5 kg payload, (c) 1 kg payload
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designed to shape the commands of the actuated joints 
according to Eqs. (8) and (9), and the residual vibration 
energy ratios before and after input shaping were cal-
culated using Eq. (10). Figure  3 shows the probability 
densities for the residual energy ratios in random pick-
and-place experiments with a sample size of 1000.

Figure  3 shows that the probability densities of the 
residual energy ratios approximately obeyed a normal 
distribution. The mean residual energy ratio of the input 
shaper designed based on Vmax → min was 4.9%, which 
is slightly larger than that of the input shaper based on 
Vmean → min (4%), but the maximum value and stand-
ard deviation of the latter are larger. Furthermore, 
the probabilities of Ve ≤ 10% in the entire workspace 
of the input shapers designed based on Vmax → min 
and Vmean → min were 96.3% and 89.8%, respectively. 
Although the average residual energy ratio of the input 
shaper designed based on Vmax → min was slightly 
larger, its fluctuation range was comparatively narrower, 
and a balanced vibration reduction performance could be 
achieved in the workspace. Therefore, the input shaper 
designed based on Vmax → min was used to shape the 
input commands of the high-speed pick-and-place paral-
lel robot.

To ensure the overall performance of the input shaper, 
the first-order natural frequency of the parallel robot was 
obtained through experimentation. The prototype robot 

(a) Input shaper based on 

(b) Input shaper based on 

mean minV →

mean minV →
Figure 3 Probability densities for the residual energy ratio in random 
pick-and-place experiments

Figure 4 Experimental set-up

(a) Upper layer

(b) Middle layer

(c) Lower layer
Figure 5 Distribution of the first natural frequency across the 
workspace
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is shown in Figure  4. In the experiment, the hammer 
excitation method [29] and the Simcenter Testlab Impact 
Testing system were used to determine the first-order 
natural frequency of the parallel robot. Figure  5 shows 
the measured and fitted first-order natural frequencies in 
the upper, middle, and lower layers of Wt. The optimized 
parameters of the input shaper are listed in Table 1.

Vibration reduction experiments were also carried 
out on the prototype robot shown in Figure  4, and the 
input commands of the actuated joints were shaped in an 
upper-computer program. The joint torques were meas-
ured through the servomotor currents, and the residual 
vibrations along the u and v axes measured using an IEPE 
MEAS 7131A-0500 3D accelerometer and analyzed using 
an LMS Test Lab-Signature Testing Processor. The pick-
and-place trajectory was a specific EAC path given in Ref. 
[30]. Figure  6 shows the measured joint torque curves. 
The torque curve of joint 1(3) was similar in shape to that 
of joint 2(4) because of the symmetry of the trajectory. 
After input shaping, the peak values of the joint torque 
were reduced by up to 30% compared to those before 
input shaping. The overall torque curves were smoother, 
and the fluctuations clearly decreased. However, there 
were time lags in the torque curves, and the motion time 
increased by approximately 0.06 s. In addition, the resid-
ual vibration of the joint torques at the completion of the 
pick-and-place operation was reduced by approximately 
85% after input shaping.

Figure 7 shows the measured residual vibrations along 
the u- and v-axes. The peak value and maximum magni-
tude of the residual vibration along the u axis were 35% 
and 91% of their values before input shaping, respectively. 
The corresponding reductions along the v-axis were 45% 
and 86%, respectively. Experiments for different trajec-
tories were also carried out to verify the generality of 
the proposed method. Similar results were observed, 
although they will not be reported here because of space 
limitations. In summary, the proposed input shaper is 
highly effective for reducing the residual vibration of a 
high-speed parallel robot during pick-and-place opera-
tions. This in turn effectively enhances the dynamic 
positioning accuracy of the end-effector. Compared with 
trajectory planning, input shaping has a better vibration 
reduction effect. However, because it will inevitably pro-
duce a time delay, it is more suitable for applications that 
require high pick-and-place accuracy.

4  Conclusions

(1) A robust optimal input shaper design approach was 
presented to address the challenges in input shap-
ing that result from the large variation in the dynamic 
properties of a high-speed pick-and-place parallel 
robot throughout its workspace. Furthermore, a highly 
efficient index, the residual energy index, was pre-
sented for quick measurements of the vibration reduc-
tion efficiency of the designed input shaper.

(2) Verification was carried out on a 4-DOF SCARA-
type parallel robot, and an optimal input shaper 
designed. The experimental results show that the 
residual vibration of the joint torques was reduced 
by approximately 85%, and the maximum magni-
tude of the end-effector residual vibration reduced 
by up to 86% after input shaping. This indicates that 
the residual vibrations in the unshaped commands 
can be dramatically reduced by up to 80% through 
the use of the proposed input shaper. This results in 

Table 1 Parameters of the input shaper

kT fdes ζdes

0.77 13.7 0.075

Figure 6 Measured torques of the four actuated joints

Figure 7 Acceleration of the end-effector along: (a) u axis, (b) v axis
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a significant improvement in the dynamic position-
ing accuracy of the end-effector.
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