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on a Combination of Fuzzy Adjustment and RBF 
Neural Network
Dongyang Shang1, Xiaopeng Li1*, Meng Yin2, Fanjie Li1 and Bangchun Wen1 

Abstract 

The length of flexible manipulators with a telescopic arm alters during movement. The dynamic parameters of 
telescopic flexible manipulators exhibit significant time-varying characteristics owing to variations in length. With an 
increase in the manipulators’ length, the nonlinear terms caused by flexibility in the manipulators’ dynamic equations 
cannot be ignored. The time-varying characteristics and nonlinear terms of telescopic flexible manipulators cause 
fluctuations in rotation angles, which affect the operation accuracy of end-effectors. In this study, a control strategy 
based on a combination of fuzzy adjustment and an RBF neural network is utilized to improve the control accuracy 
of flexible telescopic manipulators. First, the dynamic equation of the manipulators is established using the assumed 
mode method and Lagrange’s principle, and the influence of nonlinear terms is analyzed. Subsequently, a combined 
control strategy is proposed to suppress the fluctuation of the rotation angle in telescopic flexible manipulators. The 
variation ranges of the feedforward PD controller parameters are determined by the pole placement strategy and 
length of the manipulators. Fuzzy rules are utilized to adjust the controller parameters in real-time. The RBF neural 
network is utilized to identify and compensate the uncertain part of the dynamic model of the flexible manipulators. 
The uncertain part comprises time-varying parameters and nonlinear terms. Finally, numerical simulations and 
prototype experiments prove the effectiveness of the combined control strategy. The results prove that the proposed 
control strategy has a smaller standard deviation of errors. Therefore, the combined control strategy is more suitable 
for telescopic flexible manipulators, which can effectively improve the control accuracy of rotation angles.
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1 Introduction
A flexible manipulator with a telescopic arm alters its 
arm’s length through movement of the telescopic arm. 
Telescopic flexible manipulators are more conducive for 
grasping objects. Flexible manipulators are widely uti-
lized in several fields such as space exploration [1], intel-
ligent assembly, warehousing, and logistics. In Ref. [2], 

a telescopic flexible manipulator with navigation capa-
bilities is installed on a vehicle to realize the automatic 
grasping of objects. In Refs. [3, 4], a flexible manipula-
tor is placed on a wheeled vehicle. Thus, a novel mobile 
platform with flexible manipulators is proposed. A flex-
ible manipulator with variable structure is proposed in 
Ref. [5]. Telescopic flexible manipulators have a larger 
radius of rotation and lighter mass. The deformation of 
the flexible manipulator is more significant at the end of 
the manipulator. During movement, vibrations are more 
likely to occur because of flexibility. The vibration of 
flexible manipulators significantly affects the movement 
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accuracy of end-effectors and causes the robot’s task to 
fail. In addition, because of flexibility, it is more difficult 
to control the rotation angles of the flexible manipulators. 
Therefore, researches on the control of flexible manipula-
tors have an important engineering significance.

The establishment of precise dynamic equations is a 
prerequisite for the control of flexible manipulators. The 
dynamic methods of flexible manipulators mainly include 
the assumed mode method (AMM) and finite element 
(FE) method. The AMM considers that the lateral defor-
mation of flexible manipulators is a two-dimensional 
function of the time and mode. In Ref. [6], the AMM is 
utilized to establish the dynamic equation of flexible 
manipulators. In Ref. [7], the influence of the mass at the 
end of flexible manipulators is considered in the mode-
ling processes. In Ref. [8], dynamic equations of flexible 
manipulators with two-dimensional (transverse and lon-
gitudinal) deformations are established. In Ref. [9], the 
dynamic model of the rigid-flexible coupling manipulator 
is established using the AMM. However, it is impossible 
to obtain an accurate dynamic model for manipulators 
with complex structures using the AMM. Refs. [10, 11] 
employ the FE method and Lagrange principle to estab-
lish a dynamic model of flexible manipulators. In Ref. 
[12], the FE method is employed to establish the dynamic 
model of flexible manipulators with flexible joints. In Ref. 
[13], the FE method is established as a dynamic model 
of flexible telescopic manipulators. The dynamic equa-
tions of the flexible manipulator established by AMM 
and FE method contain the nonlinear factors of rigid-
flexible coupling which cause the vibration of flexible 
manipulators.

The length of the manipulator alters during the 
movement of a telescopic flexible manipulator. 
The change in the manipulator’s length causes 
time variations in the dynamic parameters. In 
addition, nonlinear terms are coupled with rigid and 
flexible terms in the dynamic equations of flexible 
manipulators. The time-varying characteristics of the 
dynamic parameters and nonlinear terms constitute an 
uncertain part of the flexible-manipulator model. This 
uncertainty increases the difficulty when controlling 
flexible manipulators. For the control research of 
manipulators, the main intelligent control strategies, 
such as robust control strategy [14, 15], sliding mode 
control strategy [16, 17], backstepping control strategy 
[18], and fuzzy control (FC) strategy [19, 20] have been 
adopted. In Ref. [14], a robust controller with a linear 
quadratic Gaussian is designed to control the rotation 
angle of flexible manipulators. An adaptive sliding 
mode control strategy is employed to control the 
flexible manipulator in Ref. [21]. In Refs. [22, 23], the 

stability of the backstepping control strategy is proved 
by the Lyapunov theorem. In Ref. [24], fuzzy rules are 
adopted to adjust the parameters of a proportional-
integral-differential (PID) controller, thereby 
improving the motion accuracy of anthropomorphic 
manipulators. In Ref. [25], the FC is applied to control 
manipulators, and a control method combining a 
sliding mode control strategy is proposed. With 
the continuous development of neural networks, 
Refs. [26, 27] apply neural networks to control the 
dynamics of flexible manipulators. In Ref. [28], neural 
networks are utilized to identify the uncertain part 
in the manipulator dynamics model. In addition, the 
uncertain part after identification is compensated by 
the control law in the form of feedback. Therefore, 
neural networks can be utilized to identify the 
uncertain parts of flexible manipulators, thereby 
improving the control accuracy.

According to Ref. [29], a telescopic flexible manip-
ulator can be equivalent to a flexible beam model 
with variable length. This study employs AMM and 
Lagrange’s principles to establish the dynamic equa-
tions of flexible manipulators. The influence of nonlin-
ear terms on the deformation of flexible manipulators 
is discussed. The combined control strategy of fuzzy 
adjustment and RBF neural network is used to control 
the rotation angle of the flexible manipulators. The 
uncertainty component of the flexible manipulator 
model comprises time-varying dynamic parameters 
and flexible coupling nonlinear terms. The uncertain 
part is identified by the RBF neural network and re-
compensated in the control system. This can effec-
tively improve the accuracy of the input torque of the 
flexible manipulators and achieve accurate control. 
The main contribution of this study is the use of pole 
placement strategy and the flexible manipulator length 
to determine the range of the controller parameters. 
The parameters of the controller are adjusted in real 
time using fuzzy rules. The RBF neural network is uti-
lized to identify and compensate for the uncertainty 
of the flexible manipulator model, and fuzzy rules are 
used to improve the control accuracy.

The rest of this paper is organized as follows: In 
Section 2, the dynamic equations of flexible manipulators 
are established using AMM and Lagrange’s principle. In 
addition, the influence of the flexible-coupling nonlinear 
terms is analyzed. In Section  3, the combined control 
strategy based on the fuzzy adjustment and RBF neural 
network is employed to control the flexible manipulator 
servo system, and the stability of the system is proved 
using the Lyapunov theorem. In Section  4, a numerical 
simulation and physical control experiment of the 
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flexible manipulator’s servo system are presented. Finally, 
Section 5 presents the conclusions of this study.

2  Influence of Flexible Coupling Nonlinear Terms
A telescopic flexible manipulator comprises non-
retractable and telescopic arms, as illustrated in 
Figure  1. The telescopic flexible manipulator rotates 
horizontally. The telescopic arm creates an axially 
translating movement along with a fixed manipulator. 
The vibration phenomenon occurs when the telescopic 
flexible manipulator rotates under the action of the 
driving torque. Vibration affects the movement accuracy 
of the end-effectors. According to Ref. [13], the telescopic 
flexible manipulator is equivalent to a flexible beam 
model with a variable length.

In Figure  1, w(x,t) denotes the deformation of flexible 
manipulators, which is a two-dimensional function of 
position x and time t; Ta denotes the input torque of flex-
ible manipulators; θ denotes the rotation angle of flexible 
manipulators; XOY denotes the static coordinate system, 
and x0Oy0 denotes the dynamic coordinate system.

2.1  Kinetic Energy and Potential Energy of Flexible 
Manipulator

where φi(x) denotes the modal function, and δi(t) denotes 
the modal coordinate.

The kinetic energy of flexible manipulators is expressed 
as

(1)































rT = [X ,Y ],

X = x cos θ − w(x, t) sin θ ,

Y = x sin θ + w(x, t) cos θ ,

w(x, t) =
∞
�

i=1

φi(x)δi(t),

where ρ denotes the volume density of flexible manipula-
tors, and A denotes the cross-sectional area of the flexible 
manipulators.

The potential energy of flexible manipulators is 
expressed as

where EI denotes the flexural rigidity of flexible 
manipulators.

According to Eqs. (2) and (3), the kinetic energy of flex-
ible manipulators is not only related to the rotation angle, 
but also closely related to the deformation. The value of 
the modal function is closely related to boundary condi-
tions. According to Refs. [28, 30], the expression for the 
modal function can be obtained as

where l denotes the length of the flexible manipulators, 
and βi denotes the characteristic root of the modal func-
tion, which is closely related to the modal frequency of 
the flexible manipulators. The expression of βi can be 
expressed as
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∫
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φi(x) = chβix − cosβix + ςi(shβix − sin βix),

ςi = − shβil − sin βil

chβil + cosβil
,

cosβilchβil = −1,

Figure 1 Schematic diagram of the telescopic flexible manipulator
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where ωi denotes the modal frequency of flexible 
manipulators.

2.2  Dynamic Model of Flexible Manipulator
Regardless of the external force required for the move-
ment of the telescopic arm, Eq. (6) can be obtained using 
the Lagrange dynamic equation.

where q1 denotes the rotation angle of the flexible manip-
ulators; q2 denotes the ith mode coordinate of the flexible 
manipulators, and Qi denotes the generalized force.

Eq (6) is expressed as:

After sorting, Eq. (8) can be obtained.

According to Eq. (8), the dynamic equation of flexible 
manipulators can be expressed as follows:

(5)β4
i = ω2

i ρA
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,

(6)
d

dt
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After removing the nonlinear terms coupling the rota-
tion angle and modal coordinates, the following can be 
obtained:

Equation (10) represents the dynamic equation of the 
flexible manipulators moving in the horizontal plane.

2.3  Influence of Nonlinear Terms
A simulation calculation of the deformation of flexible 
manipulators is proposed to study the influence of non-
linear terms on the dynamic model. The single-link calcu-
lation proposed by Damaren [31] is adopted as a function 
of the rotation angle and time, and expressed as follows:

The maximum speed of the rotation angle can be set to 
6 rad/s and 3 rad/s to characterize high-speed and low-
speed movements, respectively.

Parameters such as the length and flexural rigidity of 
flexible manipulators affect deformation. When only the 
first-order model is considered, the deformation of the 
flexible manipulators can be obtained using Eqs. (9) and 
(10), as illustrated in Figures  2 and 3. In the analysis, it 
is assumed that the mass of the flexible manipulators 
remains unchanged. This assumption is based on the 
fact that the mass of telescopic flexible manipulators 
does not change during movement. Figure  2 illustrates 
the deformation and deformation deviation of flexible 
manipulators at a high speed. Figure  3 illustrates the 
deformation and deformation deviations of the flexible 
manipulators at low speed. In this study, the ratio of the 
flexible manipulator’s deformation to the manipulator’s 
length is used to characterize the deformability. 
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The arrow represents the relationship between the 
deformability, length, and flexural rigidity of flexible 
manipulators.

According to Figures 2 and 3, the following conclusions 
can be drawn as follows.

1. The deformation of flexible manipulators increases 
rapidly with an increase in the manipulator’s length. 
Deformability increases as the length of the manip-
ulators increase. The deformation of the flexible 

manipulators decreases with an increase in flexural 
rigidity. Deformability decreases as the flexural rigid-
ity of the manipulators increase. The same conclu-
sion can be obtained for both the high-speed and 
low-speed movement states.

2. The deformation of the flexible manipulators is 
more significant under high-speed movement. The 
main reason for this is that a higher input torque is 
required for high-speed movement. The increase 

Figure 2 Deformation of flexible manipulators at high speed: (a) Relationship between deformability and length as well as flexural rigidity, (b) 
Partial enlarged view of (a), (c) Influence of nonlinear terms on deformation



Page 6 of 24Shang et al. Chinese Journal of Mechanical Engineering           (2022) 35:53 

in the input torque makes the deformation of the 
flexible manipulators more obvious.

3. Whether the nonlinear terms are considered or 
ignored, the same conclusion can be drawn. The 
deformation of flexible manipulators increases 
with an increase in the manipulators’ length and a 
decrease in the flexural rigidity.

4. The deviation caused by ignoring the nonlinear terms 
increases rapidly with an increase in the manipula-
tor length. The deviation gradually decreases with an 

increase in the flexural rigidity. The same conclusion 
can be obtained for both the high-speed and low-
speed movement states.

5. The deviation caused by ignoring the nonlinear terms 
can be ignored in the state of low-speed movement, 
but cannot be ignored in the state of high-speed 
movement and long length of flexible manipulators.

Figure 3 Deformation of flexible manipulators at low speed: (a) Relationship between deformability and length as well as flexural rigidity, (b) Partial 
enlarged view of (a), (c) Influence of nonlinear terms on deformation



Page 7 of 24Shang et al. Chinese Journal of Mechanical Engineering           (2022) 35:53  

In summary, according to the above conclusions, when 
the flexible manipulators are long and in a state of high-
speed movement, the deviation caused by the nonlinear 
terms cannot be ignored. However, the deviation caused 
by the nonlinear terms can be ignored under other 
conditions.

To study the influence of the nonlinear terms on the 
input torque of flexible manipulators, the input torque 
is calculated according to Eqs. (9) and (10). When the 
first-order mode is solely considered, parameters such 
as manipulator’s length and flexural rigidity affect the 
deformation of flexible manipulators. The influence 

rules are illustrated in Figures 4 and 5. The motor type is 
selected based on the maximum input torque. Therefore, 
the input torque in Figures 4 and 5 is the maximum input 
torque during the movement of flexible manipulators. 
Figure  4 illustrates the input torque and input torque’s 
deviation of the flexible manipulators at high speed. 
Figure  5 illustrates the input torque and input torque’s 
deviation of the flexible manipulators at low speed. The 
arrow indicates the relationship between the input torque 
of the flexible manipulators, manipulators’ length, and 
flexural rigidity.

Figure 4 Input torque of flexible manipulators at high speed: (a) Relationship between input torque, length and flexural rigidity, (b) Partial 
enlarged view of (a), (c) Influence of nonlinear terms on input torque, (d) Influence of flexibility on input torque
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According to Figures 4 and 5, the following conclusions 
can be drawn:

1. The input torque of the flexible manipulators 
increases as the manipulator’s length increase, but 
the flexural rigidity has negligible effect on the input 
torque.

2. Regarding low-speed movement, the input torque 
deviation with and without nonlinear terms is negli-
gible. In contrast, the input torque’s deviation gradu-

ally increases as the speed of the flexible manipula-
tors increases.

3. With an increase in the manipulator’s length, the 
input torque deviation increases gradually.

In summary, according to the above conclusions, when 
the manipulator is long and in a high-speed movement 
state, the input torque’s deviation caused by nonlinear 
terms cannot be ignored. In this situation, the nonlinear 
terms should be fully considered.

Figure 5 Input torque of flexible manipulators at low speed: (a) Relationship between input torque, length, and flexural rigidity, (b) Partial enlarged 
view of (a), (c) Influence of nonlinear terms on input torque, (d) Influence of flexibility on input torque
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3  Combined Control Strategy Based on Fuzzy 
Adjustment and RBF Neural Network

3.1  Variable Range of Feedforward PD Controller 
Parameters

If the influence of the nonlinear terms is ignored, the 
transfer function of the flexible manipulator’s servo sys-
tem can be expressed as:

When only the first mode is considered, Eq. (13) can be 
obtained as follows:

Ignoring the influence of the imaginary part and retain-
ing the real part, Eq. (13) can be expressed as:

(12)



















θ

Ta
= 1

s2Ia
(1−M)−1,

M =
s2F2

a1

�

Ia

(s2 + ω2
1)

+
s2F2

a2

�

Ia

(s2 + ω2
2)

+
s2F2

a3

�

Ia

(s2 + ω2
3)

+ · · · +
s2F2

ai

�

Ia

(s2 + ω2
i )
.

(13)

θ̈ = Ta













1

Ia − F2
a1

δ(t)−
F2
a1ω1 sin

�

ω1
√
Ia

�

F2
a1−Ia

t

�

�

F2
a1 − Ia

�3/2√
Ia

i













.

(14)θ̈ = Ta

(

1

Ia − F2
a1

)

.

The servo control system of the flexible manipulators 
adopts a feedforward PD control strategy, and the PD 
controller parameters are adjusted using fuzzy rules. 
The control block diagram of the flexible manipulator 
servo system based on fuzzy adaptive adjustment when 
the nonlinear terms are ignored is illustrated in Figure 6. 
According to Eq. (14), the mass term in the control block 

diagram can be determined.
According to the control block diagram illustrated 

in Figure  6, the control law of the servo system can be 
obtained as expressed by Eq. (15).

where θ* and e denote the desired output and error.
Similarly, the closed-loop transfer function of the 

flexible manipulator servo system can be obtained 
according to Figure 7, as expressed in Eq. (16), where Kp 
and Kd are the PD control parameters.

When only the first-order model is considered, the 
transfer function of the flexible manipulator servo system 
is expressed by Eq. (17).

(15)

{

τ =
(

Ia − F2
a1

)

(

θ̈∗ + Kpe + Kdė
)

,

e = θ∗ − θ ,

Figure 6 Control block diagram of the flexible manipulator servo system based on fuzzy adaptive adjustment
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Figure 7 Distribution diagram of evaluation indexes: (a) Maximum overshoot, (b) Peak time, (c) Adjust time
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According to Ref. [32], the pole placement method is 
employed to configure the poles of the closed-loop trans-
fer function. The denominator polynomial in Eq. (17) can 
be expressed in Eq. (18).

where ζa1 and ζb1 are the damping coefficients of the 
poles, and ωa1 and ωb1 are the natural frequency coeffi-
cients of the poles.

According to Eq. (18), Eq. (19) can be obtained:

Using the pole placement method with the same damp-
ing coefficients, Eq. (20) can be obtained after sorting.

According to Eq. (20), Eq. (21) can be obtained:
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According to Eq. (21), Eq. (22) can be obtained:

According to Eq. (22), the expression for the parame-
ters in the PD controller can be obtained as:

Parameters such as the damping coefficient of the 
poles, flexible manipulator’s length, and flexural rigidity 
affect the output of the servo system. Regarding the unit 
step input, this study selects the maximum overshoot, 
adjustment time, and peak time to evaluate the output 
of the servo system. The influence of the damping coeffi-
cient of the poles and manipulator parameters on the sys-
tem evaluation index is obtained through a simulation, as 
illustrated in Figure 7.

According to Figure 7, as the damping coefficient of the 
poles increases, the maximum overshoot of the system 
gradually decreases. However, the damping coefficient of 
the poles has negligible effect on the peak and adjustment 
times. The flexural rigidity and length of the manipulators 
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Kd = 2ξ1ω1
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1.

Table 1 Fuzzy control rule table of �Kp

�Kp e

NB NM NS ZE PS PM PB

ec NB PB PB PM PM PS PS ZE

NM PB PM PS PS NS NS ZE

NS PM PM PS PS NS NS ZE

ZE ZE ZE ZE ZE ZE ZE ZE

PS NS NS NS PS NS NM NB

PM NS NS NS PS PS PM PB

PB PS PS NS PB PM PB PB
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mainly affect the peak and adjustment times. The flexural 
rigidity is negligible, manipulator length is increased, and 
manipulators have strong flexibility. When the flexibility 
of the manipulators increases, peak and adjustment times 
increase. This indicates that the system takes a long time 
to obtain a stable output response when the manipulators 
are more flexible. According to Figure  7, the damping 
coefficient of the poles can be appropriately selected to 
meet the requirement that flexible manipulators can 
obtain a stable output under different parameters. The 
damping coefficient of the poles provides a theoretical 
basis for determining the variation range of controller 
parameters.

3.2  Controller Parameter Adjustment Method Based 
on Fuzzy Adaptation Rules

During the movement of telescopic flexible manipula-
tors, the parameters of the manipulators alter as their 
length changes. According to Eq. (23), the controller 
parameters at the initial and termination movements of 
the flexible manipulators are determined by selecting an 
appropriate damping coefficient for the poses. Thus, the 
variation range of the controller parameters is defined, 
and is ready for the fuzzy adaptive control strategy in 
the movement process. The fuzzy adaptive PD controller 
adopts the error and error change rate as the input, and 
controller parameters as the output. The fuzzy adaptive 

Table 2 Fuzzy control rule table of �Kd

�Kd e

NB NM NS ZE PS PM PB

ec NB PS PS ZE ZE ZE PB PB

NM NS NS NS ZE PS PM PM

NS PS PS PS ZE PS PS PS

ZE PS PS PS ZE PS PS PS

PS PS PS PS ZE PS PS PS

PM PM PM PS ZE PS PM PM

PB PB PM PS ZE PS PM PB

Figure 8 Distribution diagram of fuzzy inference relationship: (a) Distribution of �kp , (b) Distribution of �kd
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control strategy employs fuzzy rules to adjust the con-
troller parameters in real-time to reduce errors. Accord-
ing to Ref. [24], the fuzzy domain of the output variables 
is [−6, 6]. The domain of the actual input error is set to 
[−0.1, 0.1], and the domain of the actual input error rate 
of change is [−0.2, 0.2]. Based on this, the error, error 
rate of change, and quantization factor of the controller 
parameters is obtained. The fuzzy sets of the input and 
output of the fuzzy controller are set to six as follows:

where N = positive, and P = negative; B = large; M = 
moderate; S = small, and ZE= zero.

The triangle function is selected as the membership 
function of the input and output variables of the fuzzy 
controller in this study. According to Ref. [24], the 
fuzzy rule table of the PD control parameters can be 
determined, as shown in Tables  1 and 2. Thus, a fuzzy 
inference relationship is obtained, as shown in Figure 8.

According to the fuzzy inference relationship, the 
parameters of the PD control can be determined by Eq. 
(25).

where ω10 and ω1n represent the modal frequencies of 
flexible manipulators at the initial and termination move-
ments; Ia0 and Ian represent the inertia of flexible manipu-
lators at the initial and termination movements; Fa10 and 
Fa1n represent the modal coupling coefficients of flexible 
manipulators at the initial and termination movements; 
Kd0, Kdn , Kp0 and Kpn represent the controller parameters 
at the initial and termination movements; ΔKd and ΔKp 
represent the fuzzy rule output.

(24)
e, ec,�kp,�kd =

{

NB NM NS ZE PS PM PB
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,

3.3  Identification of Uncertain Part of Flexible Manipulator 
Based on RBF Neural Network

Telescopic flexible manipulators cannot ignore the influ-
ence of nonlinear terms when the manipulator’s length is 
long and rotation speed is high. In addition, the dynamic 
parameters of telescopic flexible manipulators are time-
varying in the processes of movement. Therefore, the 
uncertain part of the servo system for telescopic flexible 
manipulators comprises nonlinear terms and time-var-
ying characteristics of the parameters. In this study, the 
RBF neural network is utilized to identify the uncertain 
parts of telescopic flexible manipulators. In addition, the 
uncertain part after identification is compensated for by 
the control law, thereby improving the movement accu-
racy of telescopic flexible manipulators.

According to Eqs. (9) and (14), the dynamic equation 
of telescopic flexible manipulators is expressed the form 
indicated in Eq. (26).

Owing to the time-varying characteristics of the 
parameters of telescopic flexible manipulators in the 
movement processes, accurate system parameters can-
not be obtained. Therefore, only nominal models can be 
established. The control law for the nominal model is 
expressed by Eq. (27).

where Îa and F̂a1 represent the nominal inertia and nomi-
nal first-order modal coupling coefficient, respectively.

By substituting the control law of the nominal model 
into Eq. (26), Eq. (28) can be obtained.

After simplifying Eq. (28), Eq. (29) can be obtained.

According to Eq. (29), the error state equation of the 
system can be obtained as

(26)
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According to Eq. (30), the uncertain part due to the 
time-varying characteristics of the model parameters and 
nonlinear terms can be obtained, and the expression is as 
follows:

According to Eq. (31), the error state equation of the 
system can be expressed as:

Assuming that the uncertain part is known, the control 
law of the servo system can be obtained as

Because the parameters of flexible manipulators have 
time-varying characteristics, the uncertainty part cannot 

(30)
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(31)f =
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(32)θ̈∗ + Kdė + Kpe − f = θ̈

(33)τ =
(

Îa − F̂2
a1

)

(

θ̈∗ + Kdė + Kpe − f
)

be obtained. Therefore, it is necessary to identify the 
uncertain part. In this study, an RBF neural network is 
utilized to identify the uncertain part. The error and error 
change rate are taken as the inputs of the neural network, 
and the uncertain part after identification is taken as the 
output. According to Ref. [28], the algorithm of the RBF 
neural network is as follows:

where x represents the input of the RBF neural network, 
which comprises the error and error change rate, h(x) 
represents the output of the hidden nodes of the neural 
network, w represents the vector of the neural network 
weight coefficients, f̂ (x) represents the output value of 

(34)















































h(x) = exp

�

(x − ci)
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2σ 2
i

�

, i = 1, 2, · · · , n,

f̂ (x) = wTh(x),

f = f̂ (x)+ ε,

x =
�

(e1, ė1) (e2, ė2) · · · (en, ėn)
�T
,

wT = [wk1,wk2, · · · ,wkn]
T,

Figure 9 Schematic diagram of the control loop of telescopic flexible manipulators based on fuzzy adjustment and the RBF neural network
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the neural network after identification, and ε represents 
the error between the uncertainty part identified by the 
neural network and actual uncertainty part.

After using the RBF neural network to identify the 
uncertain part, the new control law is expressed as:

The parameters of the controller are adjusted in real 
time according to the fuzzy rules. Based on the use of 
fuzzy rules to adjust the controller parameters, the RBF 
neural network is utilized to identify the uncertain part 
of the telescopic flexible manipulators. The control loop 
diagram of the telescopic flexible manipulator’s servo 
system based on fuzzy adjustment and RBF neural 
network is illustrated in Figure 9.

3.4  Stability Proof
After utilizing the RBF neural network to identify the 
uncertain part of the telescopic flexible manipulators, the 
control law is obtained, as expressed in Eq. (35). Accord-
ing to Eq. (35), the error state equation of the system can 
be obtained as:

According to Eq. (36), Eq. (37) can be obtained as:

Assume that the optimal neural network weight coef-
ficient vector satisfies:

where � is the set of w and w∗ represents the optimal 
neural network weight coefficient.

It is assumed that the minimum error between the real 
and identified uncertain parts of the RBF neural network 
satisfies the following:

By substituting Eq. (39) into Eq. (37), the error state 
equation of the system can be obtained as:

(35)τ =
(
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)(
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.
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�T
,

Λ =
�

0 1
−Kp −Kd

�

,

b =
�

0 1
�T
.

(38)w∗ = arg min
w∈�

[

sup
∣

∣

∣
f̂ (x)− f

∣

∣

∣

]

,

(39)ε∗ = f̂
(

x
∣

∣w∗ )− f .

According to Eq. (40), the relation between the error 
and weight coefficient of the neural network can be 
obtained. The error can be minimized by designing an 
adaptive law for the weight coefficient of the neural 
network.

Define the Lyapunov function as:

where γ is a positive number, and P is a tuning matrix 
that satisfies the Lyapunov equation expressed as:

Deriving the Lyapunov function, Eq. (43) holds.

We assume that the adaptive law of the weight coeffi-
cients of the neural network is expressed as:

Substitute Eq. (44) into Eq. (43) to obtain:

(40)
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V̇ = V̇1 + V̇2

= −1

2
ETQE + ETPb

�

w − w∗�Th(x)

+ETPbε∗ + 1

γ

�

w − w∗�Tẇ
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According to the properties of the matrix, Eq. (46) 
holds.

where ψ is a positive number.
According to Eq. (46), Eq. (47) can be obtained:

(45)V̇ = −1

2
ETQE + ETPbε∗.

(46)2ETPbε∗ ≤ ψ

(

ETPb
)(

ETPb
)T

+ 1

ψ
ε∗2,

Therefore, the derivative of the Lyapunov function is 
expressed as:

(47)ETPbε∗ ≤ ψ

2
ET

(

PbbTPT
)

E + 1

2ψ
ε∗2.

(48)
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)
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Figure 10 Influence of the manipulator’s length on maximum deformation: (a) Simulation results when the length is 1 m, (b) Simulation results 
when the length is 2 m, (c) Simulation results when the length is 3 m, (d) Simulation results when the length is 4 m, (e) Relationship between 
maximum deformation and length
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where lmin(·) represents the eigenvalue of the matrix.
If the derivative of the Lyapunov function is less than 

zero, then Eq. (49) must be satisfied.

Therefore, the eigenvalues of ‖E‖2 , Q, and P can be 
appropriately selected to ensure V̇ ≤ 0 . In turn, the sta-
bility of the telescopic flexible manipulators is ensured.

(49)
�E�2 ≤ |ε∗|

√

ψ lmin

(

Q − ψPbbTPT
)

.

4  Numerical Simulation and Experiment
To study the effectiveness of the control strategy based 
on the combination of fuzzy adjustment and RBF neural 
network, a numerical simulation analysis and physical 
prototype experiment of flexible manipulators are 
conducted. Because of the variable length of telescopic 
flexible manipulators, this study focuses on the analysis of 
the influence of manipulator’s length on the dynamic and 
control performance. In this study, fuzzy adjustment and 
RBF neural network are employed to improve the control 
accuracy of flexible manipulator’s rotation angles. The 
parameters of the feedforward PD controller are adjusted 

Figure 11 Influence of the manipulator’s length on input torque: (a) Simulation results when the length is 1 m, (b) Simulation results when the 
length is 2 m, (c) Simulation results when the length is 3 m, (d) Simulation results when the length is 4 m, (e) Relationship between maximum input 
torque and length
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in real time according to fuzzy rules. The variation 
range of the controller parameters is determined by the 
manipulator’s length and damping coefficient of the 
poles. Fuzzy rules are employed to adjust the parameters 
of the controller in real time. In addition, an RBF neural 
network is utilized to identify the uncertain part in the 
dynamic model of flexible manipulators. The identified 
uncertain part is compensated by the control law in the 
form of an internal control loop. The uncertain part of 
the flexible manipulator’s model includes both flexible 
nonlinear terms and time-varying characteristics of 
the dynamic parameters. First, the influence of the 
manipulator’s length on the dynamic characteristics 
is analyzed by numerical simulation. Then, simulation 
experiments on telescopic flexible manipulators 
with different lengths are conducted. Finally, control 
experiments on the physical prototype of the flexible 
manipulators are conducted. Through numerical 
simulations and prototype experiments, the combined 
control of fuzzy adjustment and the RBF neural network 
can be proved effectively.

4.1  Influence of Manipulators’ Length on Dynamic 
Performance

A telescopic flexible manipulator comprises a fixed 
manipulator and telescopic arm. The overall length of 
the flexible manipulator alters during the movement 
of the telescopic arm. The change in the manipulator’s 
length will not only cause a change in the dynamic 
parameters, but also lead to the deformation of the 
flexible manipulators and input torque. According to Eq. 
(9), the deformation of flexible manipulators considering 
nonlinear terms can be obtained. Similarly, according to 
Eq. (10), the deformation of the flexible manipulators can 

be obtained when the nonlinear terms are ignored. In this 
study, the influence of the manipulator’s length on the 
maximum deformation is obtained through numerical 
simulation, as illustrated in Figure  10. The rotation 
angle equation expressed in Eq. (11) is indicated as the 
input signal. Similarly, the input torque of the flexible 
manipulator can be obtained using Eqs. (9) and (10). In 
the case of low speed, the influence of the manipulator’s 
length on the input torque is illustrated in Figure 11.

According to Figure 10, as the length of the manipula-
tors increase, the maximum deformation of the flexible 
manipulators gradually increases. When the length of 
the manipulators is negligible, the nonlinear terms in the 
dynamic equation have less influence on the maximum 
deformation. However, with an increase in the length of 
the manipulators, the influence of the nonlinear terms 
on the maximum deformation gradually increases, and 
this is especially obvious when the flexible manipula-
tor rotates at high speed. Therefore, the influence of the 
nonlinear terms should be considered for flexible manip-
ulators with high speeds and long lengths. Similarly, 
according to Figure 11, as the length of the manipulators 
increases, the input torque of the flexible manipulators 
must be larger. When considering the nonlinear terms, 
the fluctuation in the input torque of the flexible manipu-
lators increases slightly. Flexible manipulators depend on 
the fluctuation of the input torque to suppress the fluc-
tuation of the rotation angle caused by flexibility.

4.2  Combined Control Strategy Simulation
The length of the telescopic flexible manipulator alters 
during movement. The dynamic parameters of the 
telescopic flexible manipulator at three different lengths 
are selected as the simulation model parameters under 

Table 3 Parameter of flexible manipulator

Parameters Condition 1 Condition 2 Condition 3

Length of the fixed flexible manipulator l1(m) 2 2 2

Length of the axially translating arm l2(m) 0.5 1 2

Flexible manipulator’s length l(m) 2.5 3 4

Flexible manipulator mass m(kg) 1 1 1

Linear density of flexible manipulator ρA(kg/m2) 0.4 0.3333 0.25

Flexural rigidity of flexible manipulator EI(N∙m2) 500 500 500

Flexible manipulator inertia  Jm(kg∙m2) 2.083 3 5.33

Modal coupling coefficient Fa1(kg1/2∙m) 1.42 1.7064 2.2752

Characteristic root of modal function β1 0.35 0.2916 0.46875

Damping coefficient of the poses 0.5 0.5 0.7

Controller parameters Kp 395 228 203

Controller parameters Kd 85 55 35
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different working conditions, as presented in Table 3. The 
damping coefficients of the poles can be appropriately 
selected, as illustrated in Figure 7 to determine the range 
of controller parameter variations.

The feedforward PD control, fuzzy control, and 
combined control strategies are employed to control 
the flexible manipulator under three different working 
conditions. The sine signal is taken as the input signal 
to obtain the output result of the rotation angle of the 
flexible manipulator, as illustrated in Figure 12.

According to Figure  12, the control strategy based on 
the combination of fuzzy adjustment and the RBF neu-
ral network can realize the stable tracking of flexible 
manipulators. When the length of the flexible manipu-
lators is short, the tracking effects of the three control 
strategies are not significantly different. However, as the 
length of the manipulators increases, the flexibility grad-
ually increases, and the feedforward PD and fuzzy con-
trol strategies cannot guarantee a good tracking effect. 

Figure 12 Output results of rotation angle of the flexible manipulator: (a) Output results of Condition 1, (b) Output results of Condition 2, (c) 
Output results of Condition 3
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From the adjustment time of the controller parameters, 
it can be observed that as the length of the manipulators 
increases, the control of the flexible manipulator gradu-
ally becomes difficult. The combined control strategy can 
effectively reduce the rotation angle fluctuation of flex-
ible manipulators and improve control accuracy.

4.3  Control Experiment of Flexible Manipulator
To verify the effectiveness of the proposed control 
strategy, an experimental platform for a flexible 
manipulator is built, as illustrated in Figure  13. The 
flexible manipulator experimental platform comprises 
a flexible manipulator, NI controller, servo motor, and 
transmission device. The rotation angle of the flexible 
manipulator is measured by the encoder and collected 
by the NI9401 module to enter the control system in real 
time. The control system transmits voltage signals to the 
servo motor in real time through the NI9246 module, 
and the servo motor is controlled by the voltage. The 
control program is written using LabVIEW software and 
compiled using the Can interface of cRIO-9503 to control 
the rotation of the flexible manipulator.

The experimental platform simulates telescopic flexible 
manipulators under different conditions by altering 
flexible loads of different lengths. Taking a flexible load 
with a length of 1 m as an example, different control 
strategies are employed to control the rotation angle of 
the flexible manipulator. Using a sinusoidal function as 
the input signal, the output rotation angle of the flexible 
load under different control strategies is illustrated in 
Figure 14.

As illustrated in Figure 14, when the length of the flex-
ible manipulator is 1 m, the three control strategies can 
achieve good tracking. However, the control strategy 
based on the combination of fuzzy adjustment and the 
RBF neural network has more negligible errors. There-
fore, this control strategy can effectively improve the con-
trol accuracy of the flexible manipulators.

The length of the telescopic flexible manipulator alters 
during movement. To simulate the control effect of a 
flexible manipulator with different lengths, this study 
adopts flexible loads with lengths of 0.5, 1, 1.5 and 2 m 
to conduct the control experiment. The distribution 
of the rotation angle error data for flexible loads with 

Figure 13 Experimental control platform of the flexible manipulator
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different lengths is obtained, as illustrated in Figure  15. 
The data of the errors are analyzed, and the results are 
presented in Table  4. In Table  4, four indices of means, 
variances, standard deviations of errors, and means of 
absolute errors are adopted for statistical analysis of the 

error data. The error evaluation indices in Table  4 are 
presented graphically, as illustrated in Figure 16.

According to Figure  15, as the flexible manipulator’s 
length increases, the errors of the feedforward PD and 

Figure 14 Output results under different control strategies when the length of the flexible manipulator is 1 m: (a) Rotation angle curve, (b) Error 
curve, (c) Relationship between input and output, (d) Partial enlarged view of (a), (e) Error quadratic curve, (f) Partial enlarged view of (c)

Figure 15 Rotation angle error distribution diagram of flexible manipulators
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fuzzy control strategies gradually increase. When the 
flexible manipulator’s length is negligible, an error can be 
obtained using fuzzy control. However, when the flexible 
manipulator’s length increases, the combined control 
strategy can still yield a negligible error. Therefore, the 
combined control strategy is more suitable for flexible 
manipulators with larger lengths.

According to Figure  16, it can be observed that the 
three different control strategies have no significant effect 
on the means of errors. It is also impossible to measure 
the quality of a control strategy based on the means of 
errors. However, the means of absolute errors, variances, 
and standard deviations of the errors can represent the 
control accuracy of flexible manipulators. When the 

Table 4 Evaluation index of experimental error

Flexible manipulator’s 
length (m)

Control strategy Means of errors Means of absolute 
errors

Variance of errors Standard 
deviation of 
errors

0.5 PD 0.0016 0.0355 0.0054 0.0734

FC 0.0038 0.0226 0.0025 0.0501

RNFNN+FC 0.0023 0.0151 0.0011 0.0377

1 PD 0.0024 0.0235 0.0091 0.0956

FC 0.0053 0.0322 0.0040 0.0634

RNFNN+FC 0.0018 0.0159 0.0017 0.0407

1.5 PD 0.0033 0.2359 0.0695 0.2636

FC 0.0033 0.0173 0.0027 0.0516

RNFNN+FC 0.0021 0.0157 0.0017 0.0415

2 PD 0.0013 0.2634 0.1044 0.3230

FC 0.0034 0.2420 0.0773 0.2781

RNFNN+FC 0.0029 0.0602 0.0324 0.1800

Figure 16 Histogram of error evaluation index: (a) Means of errors, (b) Means of absolute errors, (c) Variance of errors, (d) Standard deviation of 
errors
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flexible manipulator’s length is long, the error evaluation 
indices of the feedforward PD control and fuzzy control 
strategies become poor. However, the error evaluation 
index using the combined control strategy exhibits 
negligible change. This is consistent with the conclusions 
obtained from the simulations. This indicates that the 
combined control strategy can effectively reduce the 
rotation angle error of the flexible manipulators and 
improve the control accuracy.

5  Conclusions

1. When flexible manipulators had long length and 
high speed, the flexible coupling nonlinear terms 
had a greater influence on the deformation and input 
torque of the manipulators. Therefore, the influence 
of nonlinear terms cannot be ignored under these 
working conditions.

2. The length of a telescopic flexible manipulator 
altered during movement, which caused the dynamic 
parameters to exhibit time-varying characteristics. 
The combination of nonlinear and time-varying 
parameters formed the uncertainty component of the 
dynamic model. The existence of the uncertain part 
caused difficulties in the rotation angle control of 
flexible manipulators. The feedforward PD and fuzzy 
control strategies achieved accurate control when the 
length of the flexible manipulator was short. How-
ever, with an increase in the length of the manipula-
tor, control strategies gradually became ineffective.

3. With the combined control strategy, accurate rota-
tion angle control was achieved when the length of 
the manipulator increased. Compared with feedfor-
ward PD and fuzzy controls, the combined control 
effectively reduced the variances and standard devia-
tions of the errors. When the flexible manipulator 
was long, the error variances in the combined control 
strategy were reduced by 65%. The standard devia-
tions of the errors decreased by 43%. Therefore, it 
was demonstrated that the combined control strategy 
is more suitable for telescopic flexible manipulators.
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