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Design and Analysis of a Novel Compliant 
Mechanism with RPR Degrees of Freedom
Shuang Zhang1, Jingfang Liu1,2*    and Huafeng Ding1,3 

Abstract 

A novel compliant mechanism with RPR degrees of freedom (DOF) is proposed where R and P represent rotation 
and translation DOFs, respectively. The proposed compliant mechanism is obtained from dimension synthesizing a 
2-RPU-UPR rigid parallel mechanism with the method of optimization of motion/force transfer characteristic. R, P and 
U represent rotation, translation and universal pairs, respectively. Firstly, inverse kinematics and Jacobian matrix are 
analyzed for the dimensional synthesis. Then, output transmission indexes of branches in the parallel mechanism are 
given. Dimensional synthesis is completed based on the normalized design parameter. And optimization of flexure 
joints based on constrained energy is carried out. Afterwards, the novel compliant mechanism is obtained by direct 
replacing method. Mechanical model of the compliant mechanism including static stiffness and input stiffness is 
built based on the pseudo-rigid body modeling method and virtual work principle. Finally, FEA simulation by Ansys 
Workbench is carried out to verify DOF, effectiveness of the dimension synthesis, and compliant model. Optimization 
of motion/force transfer characteristic is first applied for the design of compliant mechanisms to suppress drift of rota-
tion axis in the paper.

Keywords:  Compliant mechanism, RPR degrees of freedom, Motion/force transfer characteristic, Mechanical model, 
Optimization

© The Author(s) 2022. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which 
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the 
original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or 
other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line 
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory 
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this 
licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

1  Introduction
With the excellent characteristics of no backlash, no 
friction and facilitated manufacture, compliant parallel 
mechanisms (CPMs) possess potential ability in micro or 
nano scales precision operations [1–3]. Micro-position-
ing CPMs with two rotations and one translation (2R1T) 
are widely applied in the state-of-art precision position-
ing stages, where orientation of moving platform can 
be changeable, such as micro-component manufacture 
and assembly, biological cell manipulation, optical fibers 
alignment, scanning probe microscopes, and so on [4–9].

The design method of compliant mechanism is always a 
hot topic in mechanism science. In the past few decades, 
some effective design methods have been proposed, such 

as FACT method [10, 11], screw theory method [12] and 
topological optimization method [13, 14], etc. Flexure 
hinge-based compliant parallel mechanisms are widely 
used due to structural similarity to rigid parallel mecha-
nisms, which can be considered as mechanisms in which 
the rigid joint is replaced by the flexible joint in rigid par-
allel mechanisms [15–[17]. For this reason, direct replac-
ing method [18], which obtains compliant mechanisms 
by replacing rigid hinges with flexible hinges, is the most 
popular design method. With the help of existing design 
methods, a large number of 2R1T compliant mechanisms 
have been designed for various uses up to now. He et al. 
[4] presented a novel type compact single mirror laser 
scanner based on 3-PRS compliant mechanism which is 
actuated by the permanent magnetic suspension. Kim 
et  al. [5] designed and modeled a precision micro-stage 
based on the well-known tripod parallel configuration for 
active micro-vibration control. Park and Lee [6] proposed 
a piezoelectric-driven tilt mirror for fast laser scanner. 
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Kim et al. [7] developed a nano-precision 2R1T vertical 
positioning stage which can compensate for the deforma-
tion caused by gravity. Lee et  al. [8] proposed a 3-DOF 
out-of-plane nano-positioning stage using a compact 
bridge-type displacement amplifier. Hao et  al. [9] also 
proposed a 2R1T compliant mechanism based on the 
constrained-based design method. Most of the existing 
researches for design of 2R1T compliant mechanism con-
centrate on designing of one with high natural frequency 
or with large stroke. However, there are rarely studies 
on rotational characteristics of 2R1T compliant mecha-
nisms, especially on parasitic motion. The error caused 
by parasitic motion seriously hinders practical applica-
tion of the compliant mechanism. It is necessary to elimi-
nate or suppress the parasitic motion of 2R1T compliant 
mechanisms. According to kinematic characteristics, Li 
et al. [19] classified 2R1T parallel mechanisms into four 
categories, which were PU, P*U*, UP and RPR. PU and 
UP type 2R1T parallel mechanisms possess determined 
axis of movement and rotation due to constrained chain 
PU and UP, respectively [20–23]. These two types of par-
allel mechanisms are not suitable for miniaturization 
because of its complicated structure due to the additional 
constraint chains. P*U* type 2R1T parallel mechanisms 
have two rotation and one translational time-varying axis 
which are difficult to be acquired [24, 25]. In contrast, 
RPR type 2R1T parallel mechanisms have two vertical 
continuous rotation axes relative to the fixed coordinate, 
which are known. One of them is fixed to the fixed plat-
form; the other one is close to the moving platform, and 
its position and direction changes in motion [26, 27]. At 
the same time, this type of mechanisms has relatively 
simple structure. At present, the existing 2R1T CPMs fall 
into P*U* type, of which center point of the moving plat-
form could translate not only along Z direction but also 
along X and Y directions. This phenomenon belongs to 
parasitic motion. The rotation axis is expected to be as 
continuous as possible in the working position for facili-
tate control, especially for micro and nano mechanisms.

In addition, the linear micro-actuation such as piezo-
electric actuator is the most popular actuator in CPMs. 
In the linear elastic deformation problem, axis drift of 
CPMs with rotation DOF actuated by force mainly lies 
on the linear deformation caused by actuated force. And 
the essential function of the mechanism is to transfer the 
input force and motion to the output to forms desired 
motion. Motion/force transfer characteristic reflects the 
essential function [28, 29]. As to rigid parallel mecha-
nisms, motion/force transfer characteristic reflects trans-
fer ability from input motion to output motion, which 
can be used in singular discrimination. A good motion/
force transfer characteristic reflects most of input energy 
is transferred to desired motion. On the contrary, a bad 

transfer characteristic reflects that input energy is con-
sumed in the undesired deformation of linkages. Unde-
sired deformation of flexure joints is the main source of 
parasitic motion. In the paper, optimization based on 
motion/force transfer characteristic is applied to mini-
mize parasitic motion of an RPR flexure hinge-based 
compliant mechanism. The RPR compliant mechanism, 
derived from a 2RPU-UPR rigid parallel mechanism, has 
good application value in micro-orientation.

The remainder of this paper is organized as follows. 
Dimension synthesis of the rigid RPR mechanism is 
carried out in Section 2. Subsequently, the RPR compli-
ant mechanism is obtained by direct replacement and 
optimization of flexure joints in Section  3. Mechani-
cal model of the compliant mechanism is built based on 
the pseudo-rigid body model method and virtual work 
principle in Section  4. In Section  5, validation of DOF, 
effectiveness of the dimension synthesis and mechanical 
model by FEA simulation is presented. Finally, conclu-
sions are given.

2 � Dimension Synthesis of the Rigid RPR 
Mechanism

The rigid 2-RPU-UPR mechanism [26], selected as the 
rigid RPR model, is bilaterally symmetrical in initial pose. 
Its moving and fixed platforms are isosceles right trian-
gles which are parallel to each other, as shown in Fig-
ure 1. A fixed frame o−xyz and a moving frame o′−x′y′z′ 
are established at the centers of the fixed and moving 
platforms, respectively. The axes x and x′ point to A1 
B1 , meanwhile the axes z and z′ are perpendicular to the 
fixed and moving platforms, respectively. In RPU branch, 
one of the axes of U pair is parallel to that of R pair’s, and 
the other axis is collinear with x′ axis. The UPR branch is 

Figure 1  Sketch of the rigid RPR mechanism
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obtained by turning the RPU branch upside down, and its 
R pair is parallel to  x′ axis. The DOFs of the mechanism 
are a rotation around oA2 , a translation along oo′ and a 
rotation around B1B3.

Motion/force transmission characteristic of a mecha-
nism includes two parts: input transmission perfor-
mance and output transmission performance. The 
input transmission performance represents the effi-
ciency of power transmitted from the actuated joints to 
the limbs. While the output transmission performance 
represents the efficiency of power transmitted from 
the limbs to the moving platform. The input twist and 
the transmission wrench of each branch in the RPR 
mechanism are along the branch in  the  movement. 
The input transmission index is equal to cosine of the 
angle between input twist and transmission wrench. In 
this case, the input transmission index is always one. 
Because of its good input transfer characteristics, the 
rigid mechanism is selected in the paper. And the out-
put transmission index is

where �SOi and �STi denotes the output twist and the trans-
mission wrench of the ith branch chain, respectively. 
∣

∣ SOi ◦  STi
∣

∣

max
 is presuming efficiency of power, which is 

referred to Ref. [28]. The output twist and the transmis-
sion wrench of branch A2B2 are a rotation around A1B3 
and a force along A2B2 , respectively. In the initial pose, 
A2B2 and A1B3 are perpendicular to each other. There-
fore, the reciprocal product of the output twist and the 
transmission wrench is the distance between A2B2 and 
A1B3 . When the branch A2B2 is perpendicular to the 
moving platform, the distance between A2B2 and A1B3 
reaches the maximum. Furthermore, the output trans-
mission index of branch A2B2 is equal to 1 when the 
branch A2B2 is perpendicular to the moving platform. So 
only the case that the sizes of moving platform and fixed 
platform are same is considered in the paper, as thus the 
output transmission index of branch chain A2B2 is opti-
mal. The main parameters are shown in Figure 2, where r1 
represents distance from the origin of moving coordinate 
system to the moving pair B2, r2 represents distance from 
the origin of fixed coordinate system to the moving pair 
A1, and P represents distance between the origins of two 
coordinate systems. In the following, inverse kinematic 
and Jacobian matrix of the 2-RPU-UPR rigid mechanism 
are analyzed preparing for the dimensional synthesis.

2.1 � Inverse Kinematics Analysis
Pose of the moving platform can be depicted as

(1)ηi =
∣

∣ �SOi ◦ �STi
∣

∣

∣

∣ �SOi ◦ �STi
∣

∣

max

,

where θ and α are the rotation angles of the moving plat-
form around the y axis and x′ axis, respectively.

Suppose that the length of oo′ is P , the coordinate of o′ 
in the fixed frame is 

(

Psθ 0 Pcθ
)T . The coordinates of Bi

(i = 1, 2, 3 ) in the moving frame are

And the coordinates of Bi in the fixed frame can be 
depicted as

The coordinates of Ai in the fixed frame can be depicted 
as

According to the relationship

The inverse kinematics solution of the mechanism can 
be obtained.

2.2 � Analysis of Jacobian Matrix
In this section, Jacobian matrix of the rigid RPR mecha-
nism is analyzed based on screw theory. Four subspaces 
of the 2-RPU-UPR parallel mechanism are obtained by 
using the method in Ref. [30], and are listed in Appendix.

(2)R =





cθ sθsα sθcα
0 cα −sα
−sθ cθsα cθcα



,

(3)

B′
1 =

(

r1 0 0
)T

,

B′
2 =

(

0 r2 0
)T

,

B′
3 =

(

−r1 0 0
)T

.

(4)Bi = RB′
i + oo′.

(5)
A1 = ( r1 0 0 )T,

A2 = ( 0 r2 0 )T,

A3 = (−r1 0 0 )T.

(6)|AiBi| = li.

Figure 2  Schematic of main parameters
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The velocity of moving platform can be expressed as

where

�St is motion screw system of the moving platform.  V  is 
magnitude of the velocity. J i is Jacobian matrix of the ith 
branch, θ̇a,i is the magnitudes of velocities of joints in the 
branch.

Eq. (8) can be obtained

The following equation is obtained by taking reciprocal 
product on both sides of Eq. (8) with corresponding actu-
ated wrench

where

(7)�StV = J iθ̇ i, (i = 1, 2, 3),

�St =















0 −cθ 0
1 0 0
0 sθ 0
psθ 0 sθ
0 0 0
−pcθ 0 cθ















,

V =





δθ

δα

δp



,

J i =
[

Ja,i J c,i
]

,

J c,i =
[

�Stc,i,1 �Stc,i,2
]

,

Ja,i =
[

�Sta,i,1 · · · �Sta,i,4
]

,

θ̇ i =
[

θ̇
T

a,i 0
T
2×1

]T

,

θ̇a,i =
[

θ̇a,i,1 θ̇a,i,2 θ̇a,i,2 θ̇a,i,2
]T
.

(8)J−1
i �StV = θ̇ i.

(9)JaV = J bq̇a,

q̇a =
[

q̇a1 q̇a2 q̇a3
]T
,

Ja =





�STwa,1,2��St
�STwa,2,3��St
�STwa,3,2��St





3×3

,

Furthermore, the following equations can be obtained

where

Substitute Eq. (11) into Eq. (9)

where Ga,i = J−1
i �StG.

By combining Eq. (12) of each branch and removing the 
row vectors corresponding to wrench subspace of actua-
tion and twist subspace of restrictions, the relationship 
between the velocities of actuators and other kinematics 
joint is obtained

2.3 � Optimization of Motion/Force Transfer Performance
It is also found that the motion/force transfer perfor-
mance of parallel mechanisms in the initial symmetrical 
pose is better than that in other pose. And motion range 
of compliant mechanisms is microscopic. Therefore, the 
motion/force transfer performance in the initial position 
is used to evaluate the performance of the RPR mecha-
nism in the paper.

2.3.1 � Motion/Force Transmission Analysis
Due to the symmetrical topological structure in initial 
position, branch A1B1 and A3B3 possess the same out-
put transmission index. Furthermore, the output trans-
mission index of A2B2 is equal to one. Stated thus, only 
output transmission index of A1B1 or A3B3 needs to be 
considered. In the paper, the output transmission index 
of branch A1B1 is taken into consideration. For conveni-
ence, the screw is represented by the row vector in this 
section.

In initial position, after locking driven joints of A2B2 
and A3B3 , their twist systems are

J b =





�STwa,1,2��Sta,1,2
�STwa,2,3��Sta,2,3

�STwa,3,2��Sta,3,2





3×3

,

� =
[

03×3 E3×3

E3×3 03×3

]

.

(10)JV = q̇a,

(11)V = Gq̇a,

J = J−1
b J a,

G = J−1.

(12)θ̇ i = Ga,iq̇a,

(13)θ̇a = Gpq̇a.
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And the constrained wrench system can be obtained by 
taking reciprocal product on the above twist systems

The output twist is obtained by solving Eq. (17):

The unit transmission wrench of branch chain A1B1 is

The output transmission index can be solved by

The presuming efficiency of power 
∣

∣ �ST ◦ �SO
∣

∣

max
 of the 

RPR mechanism is equal to the distance from B1 to �SO 
[28].

2.3.2 � Optimization of Design Parameters
In the paper, the RPR mechanism has three design 
parameters r1 , r2 and P . And they are normalized as

where D is a normalized factor. l1 , l2 and l3 are non-
dimensional and normalized parameters.

Considering the actual application, branch lengths 
and the radius of the platform are not desirable too long 
or too short. In the paper, the radius of the platform is 
constrained between one-half to twice the length of the 
branch. Therefore, the three normalized parameters 
should satisfy

(14)







�

0 1 0 oAT
3 × ( 0 1 0 )

�

,
�

0 1 0 oBT
3
×

�

0 1 0
� �

,
�

1 0 0 oBT
3
×

�

1 0 0
� �

,

(15)







�

0 1 0 oAT
2 × ( 0 1 0 )

�

,
�

1 0 0 oAT
2 ×

�

1 0 0
� �

,
�

1 0 0 oBT
2
×

�

1 0 0
� �

.

(16)























H1 =
�

0 0 0 0 0 1
�

,

H2 =
�

0 1 0 oBT
3 ×

�

0 1 0
� �

,

H3 =
�

0 0 1 oBT
3 ×

�

0 0 1
� �

,

H4 =
�

1 0 0 oAT
2 ×

�

1 0 0
� �

,

H5 =
�

0 0 1 oAT
2 ×

�

0 0 1
� �

.

(17)







�SO =
�

s so
�

,
�SO ◦Hi = 0,
|s| = 1.

(18)�ST =
(

0 0 1 oAT
1 ×

(

0 0 1
) )

.

(19)η =
∣

∣ �ST ◦ �SO
∣

∣

∣

∣ �ST ◦ �SO
∣

∣

max

.

(20)D =
r1 + r2 + P

3
,

(21)l1 =
r1

D
, l2 =

r2

D
, l3 =

P

D
,

The parameter design space can be depicted as shown 
in Figure  3. The shaded area shown in Figure  3a is the 
set of all possible points. For convenience, the reason-
able parameter area can be transformed into a triangle 
plane, as shown in Figure  3b. The relationship between 
the parameters in spatial space and those in plan space 
can be depicted as

By taking Eqs. (20)‒(23) into Eq. (19), the distribution 
of the output transmission index can be obtained, as 
shown in Figure 4.

(22)















0 < l1, l2, l3 < 3,

l1 + l2 + l3 = 3,

1

2
l1 ≤ l2 ≤ 2l1.

(23)

{

s = l2,

t = l3−l1√
3
.

Figure 3  Parameter design space: a Spatial parameter design space, 
b Plan parameter design space
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The optimal regions can be found from Figure 4 and it 
is redly marked. The point

is selected out.
The non-dimensional and normalized parameters are

According to the actual situation and ensure a compact 
structure consideration, design parameters are deter-
mined temporarily.

3 � Design of the Compliant RPR Mechanism
Direct replacing method is used for compliant mecha-
nism in the paper. The core of the method is to replace 
rigid kinematic pairs in the rigid RPR counterpart with 
suitable flexible joints. Two kinds of commonly used 
U compliant joints and R compliant joints are used to 
replace corresponding rigid kinematics pairs, as shown in 
Figure 5.

3.1 � Optimization of Flexible Joints
It is assumed that linkages connecting flexure joints of 
the RPR compliant mechanism are ideal rigid bodies, 
and all deformation occurs on flexible joints. Branches 
of the t mechanism can be regarded as a cantilever beam 
with one end fixed, the other end subjected to loads 
applied by moving platform and actuated force. Accord-
ing to statics theory of the rigid parallel mechanism, the 
load applied by moving platform can be divided into 
three parts, including constrained wrench, actuated 

(24)
{

s = 1.5,
t = 0,

(25)







l1 = 0.75,
l2 = 1.5,
l3 = 0.75.

(26)







r1 = 40 mm,
r2 = 80 mm,
P = 40 mm.

force and another force which makes the major defor-
mation of flexible joints. Undesired motions are con-
strained by branches. The smaller the deformation of a 
branch coursed by constrained wrenched is, the better 
its restraint ability is. Therefore, the optimization of flex-
ible hinge is carried out by taking the sum of the energy, 
which are caused by unit constrained wrenches, as the 
objective function. The objective function of the jth com-
pliant joint can be defined as

where Cj is the compliant matrix of the jth compliant 
joint, and �Sc denotes a constrained wrench or an actu-
ated wrench. Using energy as an optimization index can 
overcome the inconsistency of the dimensionality of 
translational and rotational compliances.

Flexibility models of the U compliant joint and the R 
compliant joint are given in Refs. [31] and [32], respec-
tively. In order to remove the coupling between the 

(27)Min f =
∑

�ScTCj �S
c ,

Figure 4  Distribution of output transmission index

Figure 5  U compliant joint and R compliant joint
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force and the moment, the origins of the fixed coor-
dinate systems of the compliant matrices are moved to 
their structural centers. The matrices of the U compli-
ant joint and the R compliant joint can be expressed as

After removing the actuated joint, RPU and UPR 
possess the same structure and constraint wrenches. 
Therefore, it is only needed to optimize the flexible 
hinge of any branch in the RPR compliant mechanism.

As to the R joint, the objective function in Eq. (27) 
can be depicted as

As to the U joint, the objective function in Eq. (27) 
can be depicted as

Other criteria are used as constraints. The move-
ment range of the end platform is tiny. Normally, when 
the rotation range of the flexible hinge is relatively 
large, design demand of the stroke of the compliant 
mechanism can be fulfilled. Herein, the rotation angle 
is designed to be more than ±2° and the constraint on 
the rotation angle can be expressed as

where SF  is the safety factor, and σY  is the yield strength.
Manufacturability and volume of the compli-

ant joint are also two important factors. In order to 
avoid difficulty machining or over size of the com-
pliant joint, the volume is constrained to within 
12 mm× 12 mm× 12 mm , and the thinnest part is not 
less than 0.3 mm. GlobalSearch Function in MATLAB 
optimization toolbox is used to perform the optimi-
zation design. And optimization results are listed in 
Table 1.

(28)CU =















cutx
cuty

cutz
cumx

cumy

cumz















,

(29)CR =















crtx
crty

crtz
crmx

crmy

crmz















.

(30)min f = cr2tx + cr2ty + |A1B1|2cr2mx + cr2mz .

(31)min f = cu2tx + cu2ty ++cu2mz .

(32)θanis,max =
r

Et · SF
σY ≥ θdes,

3.2 � Actuated Joint and Motion Amplification Mechanism
The traditional bridge-type amplification mechanism 
is used as P pair in the paper. According to the overall 
parameters of the RPR compliant mechanism obtained 
by dimension synthesis, the structure of the motion 
amplification mechanism is designed to be as compact as 
possible, and amplification ratio is about 10. Draw lessons 
from the design method of the traditional bridge-type 
amplification mechanism in Refs. [33, 34], and structure 
of the motion amplifier used in the paper is shown in 
Figure 6.

The motion amplifier in each branch is placed as closed 
as to the base in order to relatively low inertia in motion. 
The structure of the whole RPR compliant mechanism 
is determined as to now. The simplification ignores 
the deformations of the leaf spring in other directions. 
Namely, the displacement amplifier can be regarded as 
a moving flexible hinge ideally. And sketch of the whole 
RPR compliant mechanism is shown in Figure 7.

4 � Mechanical Model of the RPR Compliant 
Mechanism

The pseudo-rigid body model method and virtual work 
principle are used to establish statics model of the RPR 
compliant mechanism. Firstly, the motion amplifier is 
analyzed. The core of the motion amplifier is the flexible 
leaf joint. And the leaf joint can be regarded as a pseudo 

Table 1  Optimization results of the flexure joints

R Pair r = 4 mm h = 12 mm b = 12 mm t = 0.4 mm

U Pair r = 1 mm h = 12 mm t = 0.4 mm

Figure 6  Sketch of the motion amplifier
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rigid body model composed of a rotating pair and a trans-
lating pair perpendicular to the flexible leaf, as shown in 
Figure 8.

In consideration of the force and moment balance 
at the equilibrium state, the following equation can be 
obtained

where l1 and l2 are the relative position parameters 
of the two leaf springs in the displacement amplifier. 
l1 = 0.0016 m, l2 = 0.016 m.

From the geometric relationship of one quarter of the 
motion amplifier, we can obtain

Substitute Eq. (34) and Eq. (35) into Eq. (33), and take 
the equations of the three branch chains into matrix 
expressions

where

(33)fxl2 = fyl1 + 2mr ,

(34)
{

dx = l2�α,
dy = l1�α − 2�t1,

(35)
{

�α = mrcr ,
�t = fyct .

(36)
{

Din = A11F in − A12F out ,

Dout = A21F in − A22F out ,

Secondly, a pseudo-rigid body model is built where 
motion amplifiers are replaced by three virtual actuated 
joints with output forces

and output displacement

Apply the virtual work principle to the whole 
mechanism,

where

K J is the stiffness matrix, of which diagonal elements 
are composed the stiffness of major degree of freedom of 
the passive joint in each branch.

Substitute Eq. (26) into Eq. (39), the relationship 
between F out and Dout can be obtained

A11 = diag

(

l22cr

4
,
l22cr

4
,
l22cr

4

)

,

A12 = diag

(

l1l2cr

4
,
l1l2cr

4
,
l1l2cr

4

)

,

A21 = diag

(

l1l2cr

4
,
l1l2cr

4
,
l1l2cr

4

)

,

A22 = diag

(

l21cr+4ct

4
,
l21cr+4ct

4
,
l21cr+4ct

4

)

,

F in =
(

fin−1 fin−2 fin−3

)T
,

Din =
(

din−1 din−2 din−3

)T
,

F out =
(

fout−1 fout−2 fout−3

)T
,

Dout =
(

dout−1 dout−2 dout−3

)T
.

(37)F out =
(

fout−1 fout−2 fout−3

)T
,

(38)Dout =
(

dout−1 dout−2 dout−3

)T
.

(39)FT
outDout = DT

J K JDJ ,

DJ =
(

δθ1 δθ2 · · · δθ9
)

,

K J =









kj1
kj2

. . .

kj9









,

Figure 7  The obtained RPR compliant mechanism

Figure 8  A flexible leaf joint and its simplified model
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where

From Eq. (13), Eq. (36), and Eq. (40), we can obtain

where

(40)F out = K ′Dout ,

K ′ = GT
PK JGP .

(41)D = CF in,

(42)Din = C inF in,

(43)C = G
(

E + A22K
′
)−1

A21,

(44)C in = A11 − A12K
′(E + A22K

′)−1A21,

Figure 9  RPR compliant mechanism for FEA simulation

C is the compliant matrix of the whole mechanism. C in is 
input compliant matrix of the whole mechanism.

5 � Model Validation with FEA
The DOF, effectiveness of the dimension synthesis, com-
pliant model of the RPR compliant mechanism are veri-
fied by FEA with ANSYS Workbench. A 3D virtual model 
is built which material is assigned as Al-7075 alloy.

5.1 � Validation of DOF and Effectiveness of the Dimension 
Synthesis

In the section, motion amplifiers are replaced by three 
rigid translational joint, as shown in Figure 9, in order to 
avoid undesired deformation of motion amplifiers. When 
10 μm is applied to the rigid translational joints, succes-
sively, twists of moving platform obtained by theoretical 
calculation and simulation are listed in Eq. (45) and Eq. 
(46).

The first columns in the above matrices are displace-
ment twists of moving platform actuated by A1B1 . The 
second columns are displacement twists of moving plat-
form actuated by A2B2 . And the third columns are the 
displacement twists of the moving platform actuated by 
A3B3 . The matrix obtained by theoretical calculation rep-
resented output twists of RPR rigid parallel mechanism. 
Compare the two matrices, we can find that the matrix 
obtained by simulation is almost identical to the one 
obtained by theoretical calculation. Because the compli-
ant mechanism is usually free from or subject to small 
external forces in practical application, only the situa-
tion that end platform is not applied the external force 
is taken into consideration in the paper. In this case, the 
degree of freedom of the compliant mechanism can be 
reflected by the movement of the end platform caused by 
the actuator. Identity of the matrices shows that the pro-
posed compliant mechanism has desired degree of free-
dom (RPR DOFs).

Then, two comparative design parameters correspond-
ing to relative bad motion/force transfer performance are 
selected from Figure 4. And they are used to prove effec-
tiveness of the dimensional synthesis. As same as validation 
of DOF, motion amplifiers are replaced by three rigid trans-
lational joints. And 10 μm is applied to each rigid transla-
tional joint, successively. Displacement twists of moving 

(45)

Tth =















−6.25× 10−5 12.5× 10−5 −6.25× 10−5

−12.5× 10−5 0 12.5× 10−5

0 0 0

5.0× 10−6 0 −5.0× 10−6

0 0 0

5.0× 10−6 0 5.0× 10−6















,

(46)Tsim =

















−6.24 × 10−5 12.48× 10−5 −6.24 × 10−5

−12.242× 10−5 2.32× 10−13 12.42× 10−5

1.80× 10−6 3.07× 10−8 1.83× 10−6

4.6167× 10−6 2.3994 × 10−9 −4.6143× 10−6

2.4357× 10−8 −4.991× 10−8 2.555× 10−8

4.9924 × 10−6 1.1928× 10−8 4.9959× 10−6

















.
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platform obtained by theoretical calculation and simulation 
are listed:

(47)

Tth−1 =















−12.5× 10−5 25.0× 10−5 −12.5× 10−5

−12.5× 10−5 0 12.5× 10−5

0 0 0

5.0× 10−6 0 −5.0× 10−6

0 0 0

5.0× 10−6 0 5.0× 10−6















,

(48)Tsim−1 =

















−12.46× 10−5 24.9× 10−5 −12.46× 10−5

−12.48× 10−5 5.05× 10−9 12.48× 10−5

8.73× 10−7 1.737× 10−8 −8.90× 10−7

4.8887× 10−6 5.2534 × 10−9 −4.8836× 10−6

−5.8996× 10−8 −1.1859× 10−7 −5.9537× 10−8

4.9844 × 10−6 3.0533× 10−8 4.9853× 10−6

















,

The elements in the matrix obtained by simulation cor-
responding to the zero elements in the theoretical matrix 
are extracted

(49)

Tth−2 =















−12.5× 10−5 25.0× 10−5 −12.5× 10−5

−6.25× 10−5 0 6.25× 10−5

0 0 0

−2.5× 10−6 0 2.5× 10−6

0 0 0

5.0× 10−6 0 5.0× 10−6















,

(50)Tsim−2 =

















−12.39× 10−5 24.9× 10−5 −12.39× 10−5

−8.32× 10−5 5.43× 10−9 8.32× 10−5

2.8× 10−7 −9.78× 10−9 −2.65× 10−7

−3.2717× 10−6 −3.1432× 10−8 3.2702× 10−6

−5.6722× 10−8 1.5078× 10−7 −5.658× 10−8

4.9527× 10−6 5.9403× 10−8 4.9529× 10−6

















.

(51)

�1 =

















0 0 0

0 2.32× 10−13 0

1.80× 10−6 3.07× 10−8 1.83× 10−6

0 2.3994 × 10−9 0

2.4357× 10−8 −4.991× 10−8 2.555× 10−8

0 1.1928× 10−8 0

















,

(52)�2 =

















0 0 0

0 5.05× 10−9 0

8.73× 10−7 1.737× 10−8 −8.90× 10−7

0 5.2534 × 10−9 0

−5.8996× 10−8 −1.1859× 10−7 −5.9537× 10−8

0 3.0533× 10−8 0

















,

Compare the three matrices in Eqs. (51)‒(53), we 
can find that the linear displacements of the optimized 
mechanism are smaller than these of the comparison 

(53)

�3 =

















0 0 0

0 5.43× 10−9 0

2.8× 10−7 −9.78× 10−9 −2.65× 10−7

0 −3.1432× 10−8 0

−5.6722× 10−8 1.5078× 10−7 −5.658× 10−8

0 5.9403× 10−8 0

















.

groups. But the angular displacement around z-axis of 
the optimized mechanism is larger than these of the 
comparison groups. The comparisons indicate that the 
undesired translations are eliminated, but rotation is 
not. The dimension synthesis is relatively effective but 
not perfect. It is insufficiently that only motion/force 
transfer performance is taken into consideration. In 
addition to the coupling of force and moment, the main 

causes of error should include insufficient restraint 
capacity. The essence of constraint is to resist the defor-
mation of branch in the constraint direction. While 
optimizing the motion/force transfer performance, the 
ability of branch constraints should be also considered. 
The optimization of constraint performance will be 
studied in our future work.
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5.2 � Validation of the Mechanical Model
A unit force is applied to the two input ends of the three 
motion amplifiers, successively. The stage deformations 
along the three working directions are obtained by the 
FEA simulation. Due to the linear deformation, the ele-
ments of compliant matrix of the RPR mechanism are 
equal to the values of the stage displacements along the 
working directions. And the stage displacements are 
given in Eq. (54):

The compliant matrix of the RPR mechanism 
obtained by theoretical calculation is listed in Eq. (55). 
Comparing Eq. (54) with Eq. (55), the errors between 
the corresponding elements constitute the following 
matrix

From Eq. (56), the compliance model obtained by theo-
retical calculation is relatively close to the one obtained 
by the FEA model with most of the errors lower than 
16%, which illustrates the theoretical calculation is 
correct.

Similarly, a unit force is applied to the two input ends 
of the three motion amplifiers, successively, and defor-
mations of corresponding motion amplifiers are obtained 
by the FEA simulation. The obtained values of the defor-
mations are equal to elements of the input compliance 
matrix. The input stiffness matrix obtained by FEA simu-
lation and theoretical calculation are listed in Eq. (57) and 
Eq. (58), respectively. In addition, the errors between the 
corresponding elements constitute a matrix, as shown in 
Eq. (59):

(54)

Tf =





−1.613× 10−5 −7.71× 10−9 1.635× 10−5

−8.11× 10−6 1.162× 10−5 −8.24 × 10−6

6.6444 × 10−7 1.4613× 10−8 6.7338× 10−7



,

(55)Tth−f =





−1.8704 × 10−5 0 −1.8704 × 10−5

−9.1276× 10−6 1.3255× 10−5 −9.1276× 10−6

7.4223× 10−7 0 7.4223× 10−7



.

(56)�2 =





16.0% 0 14.4%
12.5% 14% 10.8%
11.7% 0 10.2%



.

(57)

Cin−sim =





1.5653× 10−7 0 0
0 1.0218× 10−7 0
0 0 1.5073× 10−7



,

(58)

Cin−th =





1.4083× 10−7 0 0
0 1.2084 × 10−7 0
0 0 1.4083× 10−7



,

From Eq. (59), we can find that the maximum margin is 
18.3% which is relatively high, but acceptable. The error 
is mainly caused by undesired deformation of the motion 
amplifier. The motion amplifier is regarded as planar 
mechanism which ignores out-of-plane deformation. But 
it’s prone to out-of-plane deformation in application of 
spatial mechanisms.

Finally, amplify ratios are obtained by the FEA simula-
tion, and are listed in the following matrix. From Eq. (60), 
the amplify ratio meets the design requirement which the 
amplify ratio is equal to about 10.

6 � Conclusions
The design and analysis of a novel 2R1T compliant mech-
anism which possesses RPR degree of freedom by direct 
replacing method are presented in the paper. The moving 
platform has two rotation axes relative to the fixed coor-
dinate, which are always vertical. One of the two axes is 
located at the fixed platform; the other is close to the mov-
ing platform, and the position and direction both change 
in motion. Draw on the experience of dimension synthe-
sis method for rigid parallel mechanisms, optimization of 
motion/force transfer characteristics is applied for design 
of the RPR compliant mechanism. Based on analysis of 
kinematic and Jacobian matrix, the optimization index is 
obtained. Non-dimensional and normalized parameters 
of the mechanism are used for dimension synthesis. Then, 
optimization for the compliant joint is carried out and unde-
sired deformations of flexure joints caused by constrained 
wrenches are minimized. Afterwards, mechanical modeling 
is built for future application based on the pseudo-rigid 
body model method and virtual work principle. The DOF, 
effectiveness of the dimension synthesis, compliant model 
of the RPR compliant mechanism are verified by FEA simu-
lation. The validation illustrates that the compliant mecha-
nism has RPR degree of freedom. From comparisons of 

(59)�3 =





10.0% 0 0
0 18.3% 0
0 0 6.6%



.

(60)
amp =





8.4 0 0
0 9.5 0
0 0 8.4



.
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three design parameter cases, it is found that partial unde-
sired motion is effectively suppressed for the optimal design 
parameter. The dimension synthesis method used in the 
paper is applied to the compliant parallel mechanism with 
rotation degree of freedom which is relatively effective. In 
the future work, dimension synthesis method for the com-
pliant parallel mechanism with rotation degree of freedom 
will be improved to reduce parasitic motion.

Appendix
In the following screw groups, the number of the subscript 
indicates its corresponding branch. The bases of the branch 
permitted twist subspaces:

The bases of the branch constrained wrench subspaces:



















�Sta,1,1 =
�

0 1 0 o′AT
1 ×

�

0 1 0
� �T

,

�Sta,1,2 =
�

0 0 0 A1B
T
1

�T
,

�Sta,1,3 =
�

0 1 0 o′BT
1 ×

�

0 1 0
� �T

,

�Sta,1,4 =
�

cθ 0 −sθ o′BT
1 ×

�

cθ 0 −sθ
� �T

,



















�Sta,2,1 =
�

0 1 0 o′AT
2 ×

�

0 1 0
� �T

,

�Sta,2,2 =
�

cθ 0 −sθ o′AT
2 ×

�

cθ 0 −sθ
� �T

,

�Sta,2,3 =
�

0 0 0 A2B
T
2

�T
,

�Sta,2,4 =
�

cθ 0 −sθ o′BT
2 ×

�

cθ 0 −sθ
� �T

,



























�Sta,3,1 =
�

0 1 0 o′AT
3 ×

�

0 1 0
� �T

,

�Sta,3,2 =
�

0 0 0 A3B
T
3

�T
,

�Sta,3,3 =
�

0 1 0 o′BT
3 ×

�

0 1 0
� �T

,

�Sta,3,4 =
�

cθ 0 −sθ o′BT
3 ×

�

cθ 0 −sθ
� �T

.







�Swc,1,1 =
�

0 0 0 B1B
T
3 ×

�

0 1 0
�T

�T
,

�Swc,1,2 =
�

0 1 0 o′BT
1 ×

�

0 1 0
� �T

,

The bases of the branch actuated wrench subspaces:

The bases of the branch constrained twist subspaces:

Acknowledgements
Not applicable.

{

�Swc,2,1 =
(

0 0 0 −sθ 0 −cθ
)T

,

�Swc,2,2 =
(

cθ 0 −sθ o′AT
2 ×

(

cθ 0 −sθ
) )T

,







�Swc,3,1 =
�

0 0 0 B1B
T
3 ×

�

0 1 0
�T

�T
,

�Swc,3,2 =
�

0 1 0 o′BT
3 ×

�

0 1 0
� �T

.



























�Swa,1,1 =
�

A1B
T
1 ×

�

0 1 0
�

o′BT
1 ×

�

A1B
T
1 ×

�

0 1 0
�� �T

,

�Swa,1,2 =
�

A1B
T
1 o′AT

1 × A1B
T
1

�T
,

�Swa,1,3 =
�

cθ 0 −sθ o′AT
1 ×

�

cθ 0 −sθ
� �T

,

�Swa,1,4 =
�

0 0 0 cθ 0 −sθ
�T

,



























�Swa,2,1 =
�

0 0 0 0 1 0
�T

,

�Swa,2,2 =
�

0 1 0 o′BT
2 ×

�

0 1 0
� �T

,

�Swa,2,3 =
�

A2B
T
2 o′AT

2 × A2B
T
2

�T
,

�Swa,2,4 =
�

0 1 0 o′AT
2 ×

�

0 1 0
� �T

,















































�Swa,3,1 =
�

A3B
T
3
× ( 0 1 0 ) o′BT

3
×

�

A3B
T
3
×

�

0 1 0

�� �T

,

�Swa,3,2 =
�

A3B
T
3

o′AT
3 × A3B

T
3

�T

,

�Swa,3,3 =
�

cθ 0 −sθ o′AT
3 ×

�

cθ 0 −sθ

� �T

,

�Swa,3,4 =
�

0 0 0 cθ 0 −sθ

�T

.

{

�Stc,1,1 =
(

A1B
T
1 o′BT

1 × A1B
T
1

)T
,

�Stc,1,2 =
(

0 0 0 0 1 0
)T

,

{

�Stc,2,1 =
(

A2B
T
2 o′AT

2 × A2B
T
2

)T
,

�Stc,2,2 =
(

0 0 0 cθ 0 −sθ
)T

,







 Stc,3,1 =
�

A3B
T
3 o′B

T
3 × A3B

T
3

�T
,

 Stc,3,2 =
�

0 0 0 0 1 0
�T

.
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