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Abstract 

The stress state is critical to the reliability of structures, but existing ultrasonic methods are challenging to measure 
local stress. In this paper, zero-group-velocity (ZGV) Lamb mode was proposed to measure the local stress field in thin 
aluminum plates. The Lamb wave’s dispersive characteristics under initial stress were analyzed based on the Floquet-
Bloch theory with Murnaghan hyperelastic material model. The obtained dispersion curves show that higher-order 
Lamb wave modes near the cut-off frequencies are sensitive to applied stress across the plate, indicating that the 
S1-ZGV mode has a rather high sensitivity to stress. Similar to conventional ultrasonic stress measurement, it is found 
that the frequency of the S1-ZGV mode changes near-linearly with the amplitude of applied stress. Numerical experi-
ments were conducted to illustrate the feasibility of local stress measurement in a thin aluminum plate based on the 
S1-ZGV mode. Single and multiple localized stress fields were evaluated with the S1-ZGV method, and reconstructed 
results matched well with actual stress fields, proving that the ZGV Lamb wave method is a sensitive stress measure-
ment technique in thin plates.
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1 Introduction
The stress state is an important indicator of the safety 
and reliability of engineering structures. It is more com-
mon for a structure to endure a certain degree of stress 
during mechanical processing and in practical service 
rather than staying in a stress-free state. Excessive stress, 
especially tensile stress on the surface layer, makes struc-
tures tend to increase crack initiation and propagation. 
Therefore, timely and accurate stress measurement is of 
great importance for the safety insurance of in-service 
structures [1].

Among various nondestructive testing (NDT) tech-
niques, ultrasonic testing has been proven effective for 
stress measurement based on the well-known acous-
toelastic effects. The presence of initial stresses can bring 
in a small but non-negligible influence on the elastic wave 
propagation in solid media, including a variation of wave 
velocity, attenuation, and nonlinear phenomenon [2]. The 
ultrasonic method of measuring stress has been rapidly 
developed since Hughes and Kelly first put forward and 
experimentally verified the acoustoelastic effect of bulk 
waves [3]. According to different wave patterns, ultra-
sonic stress measurement can be further divided into 
the Rayleigh surface wave method [4, 5], the shear wave 
method [6], and the critically refracted longitudinal (Lcr) 
wave method [7]. Among these methods, Lcr wave is the 
most widely applied due to its high sensitivity to stress. 
Mohammadi et al. evaluated the stress level within elastic 
and plastic limits via the Lcr wave method and discussed 
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the influence of sensor distance on measurement accu-
racy [8].

Moreover, based on the fact that the penetration depth 
of the Lcr wave is related to its frequency, Javadi et  al. 
used a series of transducers with different frequencies 
to evaluate the residual stress through the thickness in 
steel plates and welded stainless pipes [9, 10]. Sadeghi 
et  al. measured residual stress in aluminum plates after 
friction stir welding using the Lcr waves method and vali-
dated numerical results from the finite element method 
[11]. However, due to the penetration depth, Lcr is only 
limited to evaluating the surface and the near surface 
of the tested specimen within one wavelength. Further-
more, it is not easy to accurately measure the local stress 
field because enough propagation distance is needed 
to extract the time shift of Lcr wave propagation under 
stress.

To pursue full coverage and improve the sensitivity of 
ultrasonic stress measurement, researchers expand the 
studies to the prestressed waveguide to investigate the 
effects of initial stress on various guided wave modes. 
Mohabuth et  al. conducted theoretical research on the 
effects of uniform stress on the propagation of Lamb 
waves and reported a high sensitivity of phase velocity to 
the applied stress near the cut-off frequencies of higher-
order Lamb wave modes [12]. Gandhi et  al. provided a 
fairly comprehensive formulation of the acoustoelas-
tic Lamb wave to analyze the effect of biaxial loading in 
initially isotropic plates [13]. Shi et  al. measured phase 
velocity change depending on the propagation direc-
tion under applied biaxial loads using spatially distrib-
uted piezoelectric disks [14]. Pei and Bond numerically 
and experimentally demonstrated significantly higher 
sensitivity of higher-order Lamb modes to stress than 
the fundamental Lamb wave modes [15, 16]. Although 
higher-order Lamb modes show high sensitivity, it still 
needs a long inspection length to ensure accurate time-
of-flight (ToF) to calculate the stress in plates. The long 
inspection length makes such measurement an averag-
ing method of the stress field. It makes Lamb wave stress 
measurement based on ToF unable to evaluate nonuni-
form stress fields, which is much more common in a 
practical situation.

On the other hand, researchers found that there are 
special modes called zero group velocity (ZGV) modes 
that are most sensitive to the local properties of the 
inspected structures. ZGV Lamb mode has finite phase 
velocity while its group velocity becomes zero [17]. The 
vanish of group velocity is due to the interference of 
two modes with the same mode shape propagating with 
equal absolute phase velocities but with opposite direc-
tions. It means that the ZGV mode will not propagate 
far from the excitation position and only produce a local 

resonance. This stationary mode shows a local ringing 
resonance with a sharp and distinct frequency peak in 
the response spectrum. The elastic properties and thick-
ness of the plate define the characteristics of ZGV modes. 
Up to now, ZGV modes have been widely used to quan-
titatively evaluate local material characteristics, includ-
ing the thickness of concrete [18], bulk wave velocity and 
thickness of thin plates [19, 20], elastic constants of hol-
low cylinders [21], as well as the bond quality of layered 
structures [22, 23]. The literature mentioned above dem-
onstrates that ZGV modes have high sensitivity to a local 
change in material properties, which shows us that ZGV 
Lamb modes have great potential for local stress meas-
urement in thin plates. Although the application of ZGV 
modes is rather extensive, to the authors’ best knowledge, 
stress measurement based on ZGV Lamb mode has not 
yet been conducted and reported.

This paper investigates the feasibility of measuring 
local stress with high sensitivity based on ZGV mode. 
The paper is organized as follows. Section 2 briefly intro-
duces the theory of the Lamb wave acoustoelastic effect. 
Based on Floquet-Bloch (F-B) theory, Section 3 calculates 
and shows the dispersion curves of various Lamb wave 
modes with uniform initial stress, especially the effect on 
S1-ZGV mode. Section 4 illustrates local stress measure-
ment for different stress fields using S1-ZGV modes in 
numerical experiments. Finally, concluding remarks are 
drawn in Section 5.

2  Theory of Lamb Wave Under Initial Stress
This section briefly introduces the general theory for 
Lamb wave acoustoelastic effect in stressed plates. The 
basic steps to obtain the dispersion relations closely fol-
low the work by Gandhi et  al., which comprehensively 
addressed Lamb wave acoustoelastic effect [13]. For the 
bulk waves propagate in hyperelastic material, the stress 
T  and strain relationship can be written as[24]:

where C , E , and e represent stiffness tensor, Lagrangian 
strains, and strain tensor, respectively. α,β , γ , δ, ε, η are 

the indices. For plane stress, T =
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 is the 

corresponding initial stress tensor. The equation of 
motion of the incremental displacement is given by [24]

where ξ refers to a natural or unstressed state coordi-
nates, u

i and u represent deformations between the 
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natural to the initial or static deformation state, and the 
initial to the final state, respectively. t denotes time. ρ0 
gives the mass density in the natural state.

Providing both material and static pre-deformation 
are homogeneous, the resulting equation of motion for 
incremental displacement can be obtained by substitut-
ing Eq. (1) to Eq. (2) as follows [24]:

where

where ζ is the Kronecker symbol. For the Lamb wave, Eq. 
(1) can be simplified as [13]:

x refers to final state coordinates. Eq. (3) can be simpli-
fied as [13]:

Therefore, the dispersion relations of symmetric and 
anti-symmetric modes of Lamb wave can be obtained. 
For symmetric modes [13]:

And for anti-symmetric modes:

where D and G are parameters related to tensor B ; 
γ = ωd/(2c) ; ω is the angular frequency; d is the thick-
ness of the plate; c is the phase velocity; α is the ratio of 
the wavenumbers. More detailed discussions and param-
eters defined in these two equations can be found in Ref. 
[13]. By solving Eqs. (7) and (8) numerically, the disper-
sion curves of different Lamb wave modes in the pre-
stressed plates can be obtained. However, solving these 
nonlinear equations is difficult, and complicated itera-
tive numerical methods are needed to search all the roots 
of these two equations. In addition, such an analytical 
method can only consider the influence of uniform stress, 
while varying stress is no longer applicable.
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(7)
fs(ω, c) =D11G1cot(γ α1)+ D13G3cot(γ α3)

+ D15G5cot(γ α5) = 0.

(8)
fa(ω, c) =D11G1tan(γ α1)+ D13G3tan(γ α3)

+ D15G5tan(γ α5) = 0,

An alternative approach for dispersion analysis is 
known as the wave finite element (WFE) method to 
simulate a small segment of the waveguide with periodic 
boundary conditions based on commercial finite element 
(FE) codes, as shown in Figure  1. One of the periodic 
boundaries is based on the Floquet-Bloch (F-B) theory 
defined by periodic coefficients. The F-B theory provides 
a strategy to obtain a set of solutions of a linear ordinary 
equations system with a periodic condition for a certain 
period. The mathematic relation for the boundary is 
expressed as [25]:

where u is the displacement and r is the distance; dst 
and src refer to destination and source plane; ki refers to 
incident wavenumber. Therefore, the displacement field 
on the left side of the unit cell is related to the displace-
ment on the right side. F-B boundary conditions affect 
only the propagative part of the solution along the direc-
tion of wave propagation. Then the dispersion relation 
can be obtained by tracing the eigenfrequencies for each 
incident wavenumber k with a fixed length of a small 
segment. The complicated part of wave propagation is 
solved by finite element software. The F-B theory has 
been applied for dispersion analysis of different periodic 
mechanical systems, especially for the photonic crys-
tal structures [25, 26]. The advantages of this approach 
over commonly applied analytical methods are obvious. 
Firstly, the full power of existing commercial FE packages 
can be well utilized, and existing linear and nonlinear 
material libraries can be used. Thus, there is no need for 
extra coding for the different hyperelastic material mod-
els. Moreover, various kinds of initial stress states can be 
introduced conveniently in the FE package with a preload 
step to simulate the realistic stress field.

(9)udst = usrce
−iki•(rdst−rsrc),

src dst

d

ucl

Plate

Figure 1 A unit cell in WFE based on F-B theory
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3  Dispersion Curves of Lamb Wave Under Uniform 
Initial Stress

3.1  Calculation of Dispersion Curves Based on F‑B Theory
In this study, F-B theory was implemented in a com-
mercial finite element software Comsol Multiphysics. 
What should be noted is that there is a maximum wave-
number k , corresponding to a minimum wavelength 
�min = 2 · ucl . Therefore, dispersion curves in the high-
frequency range should be calculated with a very small 
unit cell. To ensure sufficient accuracy and convergence, 
the mesh size and the time step should be strictly cho-
sen [2]. The maximum mesh size was set to 0.02 mm 
( Nmin = �min/0.02 = 10 for upper-frequency limit 15 
MHz). F-B periodic boundary conditions were applied 
to boundary pairs along the wave propagation. Then, 
the eigenfrequency f  can be calculated for the unit cell 
for a given incident wavenumber k . Consequently, after 
sweeping the wavenumber to trace the correspond-
ing eigenfrequencies, full wavenumber-frequency ( k- f  ) 
pairs are obtained, which can be converted to dispersion 
curves for phase velocity ( cp- f  ) and group velocity ( cg- f ).

The material is Al6061-T6 same as Ref. [13] for compar-
ison, and the material property is shown in Table 1. The 
phase velocity and group velocity dispersion curves were 
obtained for a range of fd = 0 ∼ 15MHz ·mm and com-
pared to the Rayleigh-Lamb (R-L) equation, as shown in 
Figure 2. And in Figure 2, × represents symmetric modes 
of R-L equation; o represents antisymmetric modes from 
R-L equation; dash line denotes  symmetric modes from 
F-B theory; line denotes antisymmetric modes from F-B 
theory. Both phase velocity and group velocity dispersion 
curves show that F-B theory results match the analytical 
results by solving the R-L equation; thus, WFE based on 
F-B theory is validated for dispersion analysis for Lamb 
wave and will be used for further analysis.

3.2  Acoustoelastic Effect of Uniform Stress on Lamb Wave
The following will investigate the acoustoelastic effect of 
uniform stress on Lamb waves based on the F-B theory. 
In order to take the consideration of the acoustoelastic 
effect of initial stress, which brings in a nonlinear effect 
in the governing equation, a hyperelastic material model 
is required. Various models have been developed to 

account for the elastic contribution to ultrasonic nonlin-
earity. The difference is how to express the elastic strain 
energy potential as a function of the Lagrangian strain, 
leading to nonlinear hyperelastic deformation. The best-
known hyperelastic constitutive models include the Neo-
Hookean, Mooney–Rivlin, Saint Venant-Kirchhoff, Yeoh, 
Fung, Ogden, Arruda-Boyce, and Murnaghan models, 
which can describe the behaviors of hyperelastic materi-
als. Murnaghan’s nonlinear model is a popular and clas-
sical model to study wave propagation in a quadratic 

Table 1 Material properties of Al6061-T6 aluminum plate [13]

Elastic property Value

Lame’s constant � (GPa) 54.308

Lame’s constant µ (GPa) 27.174

Murnaghan constant l (GPa) − 281.5

Murnaghan constant m (GPa) − 339

Murnaghan constant n (GPa) − 416

Mass density ρ (kg/m3) 2704

(a)

(b)
Figure 2 Dispersion curves for Lamb wave in an Al6061-T6 thin 
plate: (a) phase velocity and (b) group velocity
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nonlinear material. Therefore, the Murnaghan model will 
be applied in this study. The strain energy density Ws for 
Murnaghan hyperelastic material is expressed as [27]

where I1 , I2 , and I3 are the invariants of the elastic 
Green-Lagrange strain tensor; � and µ are the second-
order Lame’s elastic constants; l , m, and n are the Murna-
ghan third-order elastic constants.

A stationary preload step introduced a uniform tensile 
and compressive stress field into this model. Also, hyper-
elasticity was applied for the pre-deformation because 
there is a nonlinear relationship between stress and strain 
in materials, even at tiny deformation. Since higher-order 
constants affect the strain to a lesser degree, when a 
tested structure is subjected to substantial deformation, 
this can lead to significant errors. The application of the 
Murnaghan hyperplastic material model excludes such 
simplifying assumptions as the smallness of strain. More-
over, the direction of propagation of the elastic waves was 
chosen to be parallel to the applied load because it has 
been proven to exhibit the highest sensitivity of the phase 
velocity to the applied stress in the case of longitudinal 
waves.

Therefore, the dispersion curves for phase velocity and 
group velocity under compressive 100 MPa and tensile 
100 MPa were calculated and shown in Figure  3. From 
the absolute results, the variation in the dispersion curves 
is not obvious, which is predictable because the previ-
ously reported acoustoelastic coefficient is at  10-6  MPa. 
However, somehow it can be seen that the phase velocity 
of the compressive stress is generally higher than that of 
the tensile stress, which is consistent with the results of 
bulk wave and Rayleigh wave acoustoelastic effect [4].

In order to check the influence of different stress lev-
els to compare with previously reported results [13], dif-
ferent uniform stresses with 20, 40, 60, 80, and 100 MPa 
were studied. Here, the relative variation of phase veloc-
ity of A1 and S1 are shown as an example in Figure 4. For 
each value of the product of frequency and thickness, 
the velocity variation shows linear change with the stress 
magnitude. In addition, there is a sharp variation in the 

(10)

Ws =
1

2
(�+ 2µ)I1(ε)

2
− 2µI2(ε)

+
1

3
(l + 2m)I1(ε)

3

− 2mI1(ε)I2(ε)+ nI3(ε)ï¼Œ

(a)

(b)
Figure 3 Dispersion curves for Lamb wave propagating along 
uniform initial stress: (a) phase velocity and (b) group velocity (solid 
line: tensile 100 MPa; dash line: compressive 100 MPa)
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phase velocity of the A1 and S1 modes near their cut-off 
frequency. In other words, A1 and S1 mode near cut-off 
frequency is very sensitive to stress. In particular, from 
the dispersion curves, the frequency-thickness product 
of S1-ZGV Lamb mode is 2.877 MHz∙mm, and it is very 
close to the S1 cut-off frequency at 3.168 MHz∙mm. The 
closeness between S1-ZGV and cut-off frequency makes 
S1-ZGV Lamb mode has a high-stress sensitivity. What 
should be mentioned is that the existence and occurrence 
of ZGV mode are highly related to the material property. 

When the material shows a certain degree of inhomoge-
neity or anisotropy, the occurrence of ZGV mode might 
change. In this case, the acoustoelastic effect will change 
accordingly. Since the most widely used ZGV Lamb 
mode is S1-ZGV mode, which also shows higher excit-
ability than other ZGV Lamb modes [28], this paper only 
discusses the S1-ZGV mode.

3.3  Effect of Uniform Stress on ZGV Mode
Therefore, the effect of uniform stress on S1-ZGV was 
studied quantitatively. Here, different uniform stresses 
ranging from −500 to 500 MPa were considered. The 
dispersion curves of S1 under compressive 500 MPa and 
tensile 500 MPa and stress-free are shown in Figure 5. In 
particular, to study the influence of S1-ZGV, a zoomed 
view around the frequency of S1-ZGV is shown as well. 
The results clearly show that the S1-ZGV frequency 
decreases with tensile stress and increases with com-
pressive stress. This observation indicates that S1-ZGV 
is sensitive to initial stress, and the shift in frequency is 
highly possible for stress evaluation.

Further, the frequency shift of S1-ZGV is investi-
gated as a function of stress level. Figure  6 shows the 

(a)

(b)
Figure 4 Dispersion curves variation for Lamb wave propagating 
along different uniform tensile stress of 20 MPa, 40 MPa, 60 MPa, 80 
MPa, and 100 MPa: (a) for A1 mode and (b) for S1 mode

Figure 5 Dispersion curves of S1 mode under different uniform 
stresses (The stars denote the S1-ZGV mode at stress-free, 
compressive 500 MPa, and tensile 500 MPa, respectively)

Figure 6 Frequency shift of S1-ZGV Lamb mode under uniform 
stress (Black circles and red stars denote compressive stress and 
tensile stress. Red line refers to the fitted curve)
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frequency-thickness product of the S1-ZGV mode 
decrease with different applied stresses. A closely linear 
relation exists between the stress and the S1-ZGV mode 
frequency, which is as same as the velocity change in the 
general acoustoelastic effect. The reason behind it is that 
the S1-ZGV frequency reflects the phase velocity at a cer-
tain wavenumber, and also, there is an empirical formula 
to derive S1-ZGV from longitudinal wave velocity [29]. 
Therefore, S1-ZGV is highly potential for stress meas-
urement in plates. The main advantages lie in the two 
aspects. First, the S1-ZGV frequency is very close to the 
cut-off frequency, which means that the S1-ZGV mode 
also possesses high sensitivity to stress measurement 
compared to other modes. Second, the nature of local 
characterization based on ZGV mode makes S1-ZGV 
stress measurement capable of evaluating local stress and 
reconstructing complex stress fields.

4  Local Stress Measurement in Thin Aluminum 
Plates

4.1  Numerical Experiments
To demonstrate the feasibility of local stress measure-
ment based on S1-ZGV, numerical studies based on 
the FE method were carried out. Firstly, a two-dimen-
sion FE model was established, as shown in Figure 7. A 
3 mm-thick aluminum plate was set to be a hyperelastic 
material, and the properties are the same as in Table  1. 
To efficiently generate the S1-ZGV mode in the alu-
minum plate, which occurs at fd = 2.877MHz ·mm , 
the center frequency of the excitation signal was chosen 
as 900 kHz to provide a frequency-thickness product of 
2.7MHz ·mm for the 3 mm-thick aluminum plate. More-
over, a relatively wide bandwidth is required to cover the 
S1-ZGV mode. Therefore, a 3-cycle Hanning windowed 
sinusoid signal was applied to the plate’s upper surface, 
resulting in a relative bandwidth of 133.33%. The wave-
form and its spectrum are shown in Figure  8, and the 
expression is given by:

To ensure stability and convergence, the whole domain 
was discretized with a maximum mesh of 0.3 mm to 
cover the frequency of interest. The maximum time 
increment was set as 8 ns. Furthermore, to reduce the 

(11)F(t) = (1− cos(2πft/3)) · sin(2πft) · (t < 3f ).

wave reflected from the boundary and avoid building 
a large model with a large amount of computation, a 15 
mm absorbing layer with exponentially increased mass 
damping parameters was set on both ends of the plate.

A stationary preload step introduced an initial stress 
field into the plate. At this step, the left side of the plate 
was set with fixed constraints to ensure convergence. 
Then, the excitation signal is incident on the upper 

180mm
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Figure 7 Schematic of the FE model
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surface of the prestressed plate. As the S1-ZGV mode is a 
local resonance and will not propagate far away from the 
excitation position, most of the energy is confined within 
the area of two times the plate thickness [17]. Therefore, 
a receiver was set near the excitation point to receive the 
Lamb wave to measure the local stress. The total time of 
study time was set as 30 μs. Finally, a series of numerical 
experiments to simulate the scanning measurement will 
be conducted to reconstruct the complex stress field.

The typical received A-scan signal is shown in Fig-
ure 9(a). It consists of a strong direct wave followed by a 
resonance wave with much lower amplitudes. The direct 
wave is A0 mode based on single-side excitation, and the 
resonance wave corresponds to ZGV mode [19]. In order 
to obtain the accurate frequency of the resonance waves, 
the direct wave should be removed, similar to the impact-
echo method [29]. Figure 9(b) shows the frequency spec-
trum of the received signals, excluding the direct wave. 
There is a remarkable peak in the spectrum, and the fre-
quency is 0.959 MHz, corresponding to the product of 
frequency and thickness fd = 2.877MHz ·mm . It means 
that the peak corresponds to S1-ZGV mode. Although 
thickness resonance might exist in this setup, the spec-
trum shows limited energy at 1.056 MHz, corresponding 
to the lowest-order longitudinal wave resonance. Hence, 
the S1-ZGV mode was effectively captured, and its fre-
quency will be applied to stress measurement.

4.2  Relationship Between ZGV Mode Frequency 
and Applied Stress

To quantitatively measure stress based on S1-ZGV, the 
relationship between S1-ZGV frequency and stress 
should be calibrated first. Therefore, a series of uni-
form tensile stresses ranging from 0 to 300 MPa with 
an increment of 20 MPa was applied to the plate. Based 
on the process described in Section  4.1, the relation 
between calculated S1-ZGV frequency and applied 
stress was revealed. The results are shown in Fig-
ure 10 as the blue dotted line and the predicted result 
as the yellow solid line from Figure 6. The Y-axis label 
�f ∗ d/(f ∗ d) represents the variation ratio of the 
product of S1-ZGV mode frequency and plate thick-
ness. As predicted from the dispersion analysis, it can 
be observed that the calculated S1-ZGV frequency 
decreases with increasing tensile stress. However, the 
change in calculated S1-ZGV frequency is slightly lower 
than the theoretically predicted results. The reasons for 
such differences lie in two aspects. First, in numerical 
experiments, the applied stress is introduced with a 
preload step to the larger model compared to a small 
unit cell in Section 3, which will make the deformation 
not uniform across the whole domain. In addition, the 
calculated S1-ZGV frequency from numerical experi-
ments might contain extra energy besides the S1-ZGV 
mode.

It should be noted that only the effect of stress instead 
of deformation on S1-ZGV mode frequency is consid-
ered in this paper. Both reasons will bring some errors 
in the calculated results from numerical experiments 
and future practical measurements. Therefore, a cali-
bration of the relationship between calculated S1-ZGV 
frequency and stress should be addressed. Here, a 
thickness compensation was adopted to calibrate the 
results to improve the accuracy based on the following 
expression [29].
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Figure 9 Typical received results: (a) A-scan waveforms and (b) 
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Figure 10 Relative variation of f*d of S1-ZGV with tensile stress. 
Blue dots refer to original measurement data. Yellow solid line is 
the theoretical result from dispersion analysis. Pink dash line is the 
calibrated result with deformation compensation
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where β is a correction factor defined by ASTM stand-
ards, cL is the longitudinal wave velocity, and d is the 
thickness of the plate. Providing the correction factor and 
longitudinal wave velocity are constants, Eq. (12) shows 
the S1-ZGV frequency shift caused by the thickness 
deformation during the prestress. Therefore, compensa-
tion for the frequency shift will be applied to the original 
ZGV frequency. The calibrated result after deformation 
compensation is shown as a pink dashed line. The differ-
ence compared to the original result has been reduced. 
The analytical expression between the tensile stress 
and S1-ZGV mode frequency is preferable to measure 
stress quantitatively. Considering a linear regression, the 
expression of predicted stress σp can be established by 
linear fitting as follows:

where f  is the S1-ZGV mode frequency; the constants 
s1 and s0 are −0.08383, 8.041×104, respectively. Moreo-
ver, the correlation coefficient is R2

= 0.998 . Therefore, 
an arbitrary stress field can be measured quantitatively 
based on this analytical expression.

4.3  Results of Stress Field Measurement
Complex stress fields along the plate were applied to 
demonstrate the capability of local stress measurement 
based on the S1-ZGV method. First, concentration stress 
fields with a Gaussian distribution were introduced in the 
preload step. A series of numerical experiments ranged 
from 60 to 120 mm with a step of 2 mm to cover the con-
centrated stress field. Both tensile and compressive stress 
were considered with a single localized stress field. Fur-
ther, more complex stress fields with different peak val-
ues and stress gradients were also investigated to discuss 
the influence of multiple localized stress. Other param-
eters and data processes were the same as described in 
Sections 4.1 and 4.2.

4.3.1  Single Localized Stress
Figure 11(a) shows the stress profile along the prestressed 
plate and the total stress contour. It is a tensile stress 
field concentrated at the center of the plate, and the peak 
stress is 200 MPa. With the scanning process, the stress 
along the plate was measured based on the S1-ZGV 
method as Eq. (13). Then, the stress distribution was 
reconstructed and compared to applied stress from 60 to 
120 mm. The results show a good agreement, as shown in 
Figure 11(a).

Similarly, a compressive stress field was introduced 
and investigated. Figure 11 shows the stress field and its 

(12)f =
βcL

2d
,

(13)σp = s1f + s0,

reconstructed stress profile. Also, a good agreement is 
achieved for this compressive stress field. There is a slight 
difference around the stress peak compared to the actual 
stress fields, probably because of the small nonuniform-
ity of deformation and stress distribution through thick-
ness after the preload step. Overall, the good agreement 
between the reconstructed stress profiles and the actual 
profiles proves that the proposed S1-ZGV method can 
accurately reconstruct the stress profile for compressive 
and tensile stress fields.

4.3.2  Multiple Localized Stresses
Considering the fact that there are much more com-
plex stress fields than the above-discussed cases, mul-
tiple localized stresses should be investigated as well. 
Around the welded zone, the residual stress can be gen-
erally regarded as a combination of multiple localized 
stresses with different peaks and gradients. Therefore, 
further study was conducted to investigate the feasibil-
ity and accuracy of complex stress measurement based 
on S1-ZGV. In this study, three complex stress fields were 
introduced in the plate, and the reconstructed stress pro-
files are shown in Figure 12.

(a)

(b)
Figure 11 Measurement for localized stress field: (a) S1-ZGV 
based results for tensile stress field, and (b) S1-ZGV based results for 
compressive stress field
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Figure  12(a) shows a stress field combined with two 
localized stresses with identical stress peaks and gradi-
ents. The good agreement indicates that S1-ZGV can 
identify and localize multiple stresses. To investigate 
the influence of different peak stresses, two localized 
stresses with peak stress of 150 MPa and 250 MPa were 
introduced, and the reconstructed results are shown 
in Figure  12(b). The results show that the stress peak 
has little influence on the results. Further, two localized 
stresses with different ranges were introduced to simulate 
two stress fields with different stress gradients, and the 
results are shown in Figure 12(c). The width of the right 
localized stress is only half of the left. The reconstructed 
results show a small but non-negligible difference for the 

right stress, corresponding to the localized stress with a 
relatively large stress gradient. The reason is that nonuni-
form stress across the plate increases when the stress gra-
dient increases. Therefore, scanning measurement with 
small step size and further deformation compensation is 
required to improve the accuracy of stress measurement 
for large-gradient stress. Nevertheless, good agreement is 
achieved for all three stress fields, proving that ultrasonic 
S1-ZGV stress measurement can identify complex stress 
fields even with multiple localized stresses.

5  Conclusions
In this paper, ZGV Lamb wave technology was proposed 
to measure the local stress field in thin aluminum plates. 
The main conclusions are summarized as follows.

A) The Acoustoelastic Lamb wave was investi-
gated based on the Floquet-Bloch theory. Disper-
sion curves obtained for uniform stress show that 
higher-order Lamb waves near the cut-off fre-
quencies fd = 3.168MHz ·mm are sensitive to 
applied stress, indicating that S1-ZGV mode at 
fd = 2.877MHz ·mm possesses a rather high sensi-
tivity to stress.

B) Numerical experiments were conducted to simulate 
the process of stress field measurement. Based on 
the frequency analysis of the resonance wave, a lin-
ear expression between S1-ZGV frequency shift and 
stress is obtained, along with thickness compensation 
and linear fitting.

C) A series of numerical experiments were carried out 
to measure the stress field applied on the plate. Dif-
ferent stress peaks and stress gradients were also 
considered. The reconstructed results based on the 
S1-ZGV method agree well with the applied stress 
profile, proving that the S1-ZGV method is a precise 
method to measure the complex stress field of the in-
service structures.

Further research will be carried out on the experiment 
validation to prompt practical engineering applications. 
Also, the influence of anisotropy on the acoustoelas-
tic effect and ZGV mode should be studied for poten-
tial application on anisotropic materials such as the 
composite.
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