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Abstract 

Rehabilitation robots can help physiatrists to assist patients in improving their movement ability. Due to the 
interaction between rehabilitation robots and patients, the robots need to complete rehabilitation training on a safe 
basis. This paper presents an approach for smooth trajectory planning for a cable-driven parallel waist rehabilitation 
robot (CDPWRR) based on the rehabilitation evaluation factors. First, motion capture technology is used to collect the 
motion data of several volunteers in waist twisting. Considering the impact of motion variability, the feature points 
at the center of the human pelvis are obtained after eliminating unreasonable data through rationality judgments. 
Then, point-to-point waist training trajectory planning based on quintic polynomial and cycloid functions, and 
multipoint waist training trajectory planning based on quintic B-spline functions are carried out. The corresponding 
planned curves and kinematics characteristics using three methods are compared and analyzed. Subsequently, the 
rehabilitation evaluation factors are introduced to conduct smooth trajectory planning for waist training, and the 
waist trajectory with better compliance is obtained based on the safety and feasibility of waist motion. Finally, the 
physical prototype of the CDPWRR is built, and the feasibility and effectiveness of the proposed smooth trajectory 
planning method are proved by numerical analysis and experiments.
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1 Introduction
In recent years, with the increasing trend of social aging, 
the number of stroke patients has increased accordingly 
[1]. The symptoms of waist impairments commonly occur 
in stroke patients. Research on modern rehabilitation 
medicine and neuroscience show that task-oriented 
repetitive movements can improve muscle strength and 
coordination in patients with motor dysfunction [2]. With 
the help of rehabilitation robots, patients can regain the 
ability of waist movement through repeated gait, sit-up 
or waist-twisting training [3, 4]. Due to the interaction 

between rehabilitation robots and patients, the robots 
need to complete rehabilitation training on a safe basis 
[5, 6]. The effect of waist rehabilitation is related to some 
factors, such as the intensity of rehabilitation training 
and the flexibility of rehabilitation movement. Therefore, 
the rehabilitation trajectory should be designed based on 
the motion of human waist.

To develop rehabilitation robots and training 
trajectories more suitable for patients, research on 
human motion models has been carried out [7]. It is 
found that the complexity of human motion cannot 
be simply defined as a combination of several degrees 
of freedom, which deviates from the real needs of 
rehabilitation patients [8–10]. Varela et al. [11] proposed 
a cable-based parallel manipulator system CaTraSys to 
measure the kinematic characteristics of human walking. 
Hu et al. [12] considered the rotation of human waist and 
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estimated the human walking speed using a wearable 
accelerometer. Martín et al. [13] detected and identified 
six postural transitions using an inertial sensor located 
at the human waist. The cross-section average method 
is widely used in the time alignment processing for data 
series to reduce the impact of movement variability in 
the human body, which eliminates the inherent change 
characteristics of the data and ignores the drift of the 
center point to a certain extent [14].

The collected information on human motion is 
essentially a series of discrete position points, which 
needs further trajectory planning. The trajectory 
planning problem in 3-D space contains point-to-
point trajectory planning with determined initial and 
end points, and multi-point trajectory planning by 
interpolating or approximating a set of via-points [15–
18]. In point-to-point trajectory planning, polynomial, 
cycloid, and trigonometric function curves are 
commonly used to define trajectories [19]. Each segment 
can be optimized separately to obtain specific kinematic 
characteristics. Multi-point trajectory planning is a 
global optimization problem [20–23]. The approaches 
mainly include polynomial functions of proper degree 
and B-spline functions. Gosselin [24] presented an 
approach for dynamic trajectory planning of 3-DOF 
spatial cable-suspended parallel robots using periodic 
functions, which can guarantee that cable tensions 
remain positive throughout the trajectory. Jiang et al. [25] 
conducted point-to-point dynamic trajectory planning 
for a 6-DOF cable-suspended parallel robot, which can 
generate the trajectory beyond the static workspace of 
the robot. Li et al. [26] presented an approach for smooth 
trajectory planning of a 4-DOF SCARA using quintic 
B-splines to achieve C4-continuity. Abbasnejad et al. [27] 
designed a 4-4 planar cable-driven parallel robot for gait 
rehabilitation and optimized the gait trajectory with the 
particle swarm algorithm.

In summary, the current research on human motion 
models is mostly related to the gait characteristics in 
normal walking, running or abnormal walking, and the 
research on motion characteristics in waist twisting is 
relatively limited. In addition, due to the interaction 
between rehabilitation robots and the human body, the 
motion trajectory needs to ensure compliance based 
on the safety and comfort of patients. Therefore, the 
mentioned trajectory planning method needs further 
study.

In this paper, an approach for smooth trajectory 
planning for a cable-driven parallel waist rehabilitation 
robot (CDPWRR) based on the rehabilitation evaluation 
factors is proposed. Considering the impact of movement 
variability, the feature points at the center of the human 
pelvis are obtained after collecting and processing waist 

motion data. The prototype of the CDPWRR is built, 
and the feasibility of the proposed method is verified by 
numerical analysis and experiments. This paper is arranged 
as follows. In Section  2, the waist motion data of several 
male adults in waist twisting are collected, and the waist 
feature points are obtained. In Section 3, the waist training 
trajectories are generated by the quintic polynomial, 
cycloid and quintic B-spline functions, respectively. 
In Section  4, the rehabilitation evaluation factors are 
introduced, and the smooth trajectory planning for waist 
training on the CDPWRR is conducted. Subsequently, the 
feasibility and effectiveness of the proposed method are 
verified on the physical prototype. Conclusions are drawn 
in Section 5.

2  Acquisition of Waist Motion Feature Points
20 male adults are chosen as the volunteers, and the Nokov 
optical motion capture system mainly composed of 8 
infrared cameras is used to capture the motion data of the 
human waist [28]. 4 markers are evenly placed at the waist 
of volunteers, which are located at the front, back, left and 
right directions, respectively. The joints of upper and lower 
limbs are used as auxiliary points. Before the experiment, 
volunteers need to perform the slow counterclockwise 
rotation movement of the waist with the maximum range. 
The principle of waist motion measurement is shown in 
Figure 1.

After the post-processing in Cortex, the data of waist 
twisting have variability, which is similar to the data 
of human gait. After segmenting the original data and 
fitting them with Fourier functions, the rationality of the 
characteristic parameters such as the number of collected 
points, the fitting residuals and the deviations of key 
fitting parameters are judged. The unreasonable data are 
eliminated through various rationality judgments, and 
the key parameters are averaged to obtain the final fitting 
results. The fitting functions in X and Y directions can be 
expressed as:

Figure 1 Principle of waist motion measurement
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where ax and ay are the coordinates of the center point 
of the fitting trajectory, respectively. a′

x and a′

y are the 
amplitudes in X and Y directions, respectively. ω is the 
fitting frequency.

Take the data collected from Volunteer 1 as an 
example. Due to the different number of points collected 

(1)fx = ax + a′xsin(ωi),

(2)fy = ay + a′ysin
(

ωi + π

/

2
)

,

in each waist twisting cycle, the key fitting parameters 
are obtained by fitting the data segment of each waist 
twisting cycle separately. After distinguishing the 
number of data points of each data segment, the fitting 
results of key parameters in X and Y directions are shown 
in Tables  1 and 2, respectively. According to normal 
distribution guidelines, the 3σ values of key parameters 
are obtained after removing the maximum and minimum 
values. In Table 1, the data in the  10th segment is judged 
as an abnormal segment, and the fitting data are averaged 

Table 1 Key fitting parameters of each waist twisting cycle in X direction

Waist twisting cycles Key fitting parameters R-squares Removal conditions

a0 a1 b1 ω a
′

x

1st 7.6832 38.4680 − 4.8989 0.0536 38.7787 0.9806 Excessive fitting residual

2nd 8.2234 44.8662 0.5078 0.0446 44.8691 0.9935

3rd 9.3725 38.0859 − 6.5433 0.0501 38.6439 0.9963

4th 6.2964 35.6410 − 2.1783 0.0477 35.7075 0.9821 Excessive fitting residual

5th 9.3321 30.8377 − 2.6001 0.0553 30.9472 0.9967

6th 8.9843 30.2105 1.8983 0.0510 30.2701 0.9950

7th 6.6655 33.2023 − 2.3185 0.0453 33.2832 0.9992

8th (min) 4.6415 31.8730 − 10.8424 0.0476 33.6667 0.9888 Excessive fitting residual

9th 6.5133 30.2323 − 0.9434 0.0568 30.2470 0.9962

10th (max) 13.9039 29.7146 − 10.1172 0.0473 31.3897 0.9932 >3σ

11th 8.3610 36.1557 3.4668 0.0484 36.3216 0.9943

12th 9.7264 28.8197 5.8161 0.0542 29.4007 0.9885 Excessive fitting residual

13th 11.2816 34.8355 − 6.7973 0.0487 35.4925 0.9969

14th 8.2762 39.7236 − 4.3227 0.0486 39.9581 0.9939

15th 9.8185 33.7732 − 3.2430 0.0556 33.9285 0.9996

Table 2 Key fitting parameters of each waist twisting cycle in Y direction

Waist twisting cycles Key fitting parameters R-squares

a0 a1 b1 ω a
′

x

1st 10.0903 40.5181 − 45.6060 0.0502 61.0051 0.9967

2nd 9.7610 45.2876 1.4728 0.0531 45.3116 0.9977

3rd 1.6601 56.3211 7.5311 0.0497 56.8224 0.9992

4th 3.5996 58.8380 7.3858 0.0507 59.2998 0.9976

5th 10.7859 57.8365 1.6622 0.0487 57.8603 0.9978

6th 9.6217 54.5511 0.4017 0.0501 54.5526 0.9997

7th 13.1768 56.8928 − 7.5860 0.0485 57.3963 0.9987

8th (min) 11.6342 57.4316 13.8960 0.0506 59.0888 0.9986

9th 14.2717 57.2698 − 2.0050 0.0527 57.3049 0.9926

10th (max) 16.0207 61.1319 − 2.9088 0.0484 61.2011 0.9986

11th 14.2903 54.8039 − 18.0752 0.0474 57.7077 0.9901

12th 16.1964 55.7053 3.0875 0.0503 55.7908 0.9959

13th 13.1907 46.6916 6.4250 0.0564 47.1316 0.9990
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after removing it. Finally, the accurate fitting result of the 
waist trajectory is obtained.

Figure 2 shows the comparison of the fitting results of 
the waist motion in the horizontal plane before and after 
the rationality judgement. It can be seen from Figure  2 
that the results obtained after removing the abnormal 
data are closer to the real situation. By judging the ration-
ality of the data, the problems of different amounts of 
data points and fitting frequency in each cycle are solved, 
and the drift of the center point is fully considered to a 
certain extent.

Based on this, the fitting results of the waist motion tra-
jectory in the horizontal plane are obtained. The center 
point of the human waist in a standing state, and the 
center point of the human waist at the front, back, left 
and right endpoints in the waist twisting are selected as 
feature points, which are noted as A1(0,0,0), A2(a′

x,0,h1 ), 
A3(0,a′

y,h2 ), A4(−a
′

x,0,h1 ) and A5(0,−a
′

y,h2 ), respectively.

3  Generation of Waist Training Trajectory
The feature points obtained in Section  2 are represented 
in Figure  3. The projection of the waist motion path of 
seven feature points with determined coordinates in the 
horizontal plane is composed of two line segments and 
an ellipse. Points A1 and A7 are the start and end points 
of the trajectory, respectively. Points A1 and A7, A2 and A6 
are coincident, respectively. Points A2(6), A3, A4 and A5 are 
the endpoints of the ellipse. The set of all passing points 
is symmetric about A1A2, and the sequence of each point 
is A1(0,0,0), A2(a′

x,0,h1 ), A3(0,a′

y,h2 ), A4(−a
′

x,0,h1 ), A5(0,−a
′

y

,h2 ), A6(a′

x,0,h1 ), A7(0,0,0). a′

x and a′

y denote the endpoint 
values on the short axis and long axis of the ellipse, respec-
tively. h1 and h2 denote the Z-axis coordinates at the cor-
responding endpoints, respectively. The fitting data of 
Volunteer 2 with acceptable dispersion and relatively large 
amplitude of waist twisting are selected as the feature 
points in trajectory planning. At this time, the values of 
a
′

x and a′

y are 78 mm and 102.5 mm, respectively. And the 
length H of human lower limbs is 1100 mm. According to 
the selected feature points, the motion path of the center of 
the human waist is shown in Figure 3.

The trajectory of the center of human waist can be 
expressed as:

(3)X =











a′x
t1
t, 0 ≤ t ≤ t1,

a′x · sin
�

ω(t − t1)+ π

�

2
�

, t1 < t ≤ t2,

a′x −
a′x
t1
(t − t2), t2 < t ≤ t1 + t2,

Figure 2 Comparison of fitting results in the horizontal plane

Figure 3 A given waist path defined in Cartesian space
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where a′

x and a′

y are the endpoint values on the short axis 
and long axis of the ellipse, respectively. ω denotes the 
frequency. t1 denotes the time from A1 to A2. The time 
scale factor is defined as kt = 4t1/t2.

3.1  Point-to-Point Waist Training Trajectory Planning
Point-to-point waist training trajectory planning based 
on quintic polynomial functions can ensure continuous 
acceleration, and the displacement can be expressed as:

where t0 , f0 , v0 and a0 denote the initial time, displace-
ment, velocity and acceleration of each trajectory seg-
ment, respectively. tf  , ff  , vf  and af  denote the final time, 
displacement, velocity and acceleration of each trajectory 
segment, respectively.

The formulas of velocity, acceleration and jerk can be 
expressed as:

The time and displacement of each trajectory segment 
are defined as �T = tf − t0 and �f = f f − f0 , respec-
tively. The coefficients in Eqs. (6)–(9) can be expressed as:

When using quintic polynomial functions to plan 
the waist training trajectory in three axes, setting the 
speeds and accelerations in Z-axis at points A2 and A6 

(4)Y =







0, 0 ≤ t ≤ t1,
a′y · sin [ω(t − t1)], t1 < t ≤ t2,

0, t2 < t ≤ t1 + t2,

(5)Z =
√

H2 − X2 − Y 2 −H , 0 < t ≤ t1 + t2,

(6)
f (t) = f0 + k1(t − t0)+ k2(t − t0)

2

+ k3(t − t0)
3 + k4(t − t0)

4 + k5(t − t0)
5,

(7)
ḟ (t) = k1 + 2k2(t − t0)+ 3k3(t − t0)

2

+ 4k4(t − t0)
3 + 5k5(t − t0)

4,

(8)
f̈ (t) = 2k2 + 6k3(t − t0)+ 12k4(t − t0)

2 + 20k5(t − t0)
3,

(9)
...
f (t) = 6k3 + 24k4(t − t0)+ 60k5(t − t0)

2.

(10)



























































k1 = v0,

k2=
a0

2
,

k3=
20�f −

�

12v0 + 8vf
�

�T −
�

3a0 − af
�

�T 2

2�T 3
,

k4 =
−30�f +

�

16v0 + 14vf
�

�T +
�

3a0 − 2af
�

�T 2

2�T 4
,

k5 =
12�f − 6

�

v0 + vf
�

�T −
�

a0 − af
�

�T 2

2�T 5
.

as 0 for subsection planning is not consistent with the 
real situations. Therefore, the trajectory segment from 
A1 to A3, the segment from A3 to A4, the segment from 
A4 to A5 and the segment from A5 to A7 are planned, 
respectively. At this time, the planned waist training 
trajectory does not pass through points A2(6). By setting 
the constraint conditions at points A2(6), the training 
trajectory can pass through points A2(6). The displace-
ments, velocities, accelerations and jerks of the training 
trajectory planned by quintic polynomial functions in 
X, Y and Z directions can be optimized by choosing the 
total time T and time scale factor kt.

Point-to-point waist training trajectory planning 
based on cycloid functions can ensure continuous 
acceleration, and its displacement can be expressed as:

where t0 and p0 denote the initial time and displacement 
of each trajectory segment, respectively. tf  and ff  denote 
the final time and displacement of each trajectory seg-
ment, respectively.

The time and displacement of each trajectory seg-
ment are defined as �T = tf − t0 and �p = pf − p0 , 
respectively. Thus Eq. (11) can be rewritten as:

The formulas of velocity, acceleration and jerk can be 
expressed as:

The waist training trajectory does not pass through 
points A2(6) when using cycloid functions to plan the 
waist training trajectory in three axes, which is similar 
to the result using quintic polynomial functions. 
Similarly, by setting the constraint conditions at points 
A2(6), the training trajectory can pass through points 
A2(6). The displacements, velocities, accelerations and 
jerks of the training trajectory planned by cycloid 
functions in X, Y and Z directions can be optimized by 
choosing the total time T and time scale factor kt.

(11)

p(t) =
(

pf − p0
)

(

t − t0

tf − t0
−

1

2π
sin

2π(t − t0)

tf − t0

)

+ p0,

(12)

p(t) = �p

(

t − t0

�T
−

1

2π
sin

2π(t − t0)

�T

)

+ p0.

(13)ṗ(t) =
�p

�T

(

1− cos
2π(t − t0)

�T

)

,

(14)p̈(t) =
2π�p

�T 2
sin

2π(t − t0)

�T
,

(15)...
p(t) =

4π2�p

�T 3
cos

2π(t − t0)

�T
.
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3.2  Multipoint Waist Training Trajectory Planning
Multipoint waist training trajectory planning based 
on quintic B-spline functions can ensure continuous 
change rate of acceleration [29], and the general form 
of B-spline functions can be expressed as:

where Pi denotes the set of control points of B-spline 
functions, and the number of control points is m+ 1 . 
Bk
i (u) denotes the basis function of degree k defined for 

the knot vector U =
{

u0, · · · ,unknot
}

 . The knot vector U  
is a monotone non-decreasing sequence of real numbers, 
and the number of knots is nknot + 1 . nknot = m+ k + 1.

The i-th B-spline basis function of degree k can be 
expressed as:

where define 0/0 = 0.
According to the properties of B-spline functions, the 

r-order derivative can be expressed as:

where

Pi(i = 0, · · · ,m) and Bk
i (u) need to be determined first 

when using quintic B-spline functions to plan the waist 
training trajectory. Qs(s = 0, · · · , n) and T are set as the 
via-points and the total time, respectively. τs(s = 0, · · · , n) 
represents the time nodes of the via-points after normal-
izing. Generally, for B-spline functions with k order (k is 

(16)S(u) =

m
∑

i=0

PiB
k
i (u),

B0
i (u)=

{

1, ifui ≤ u ≤ ui+1,

0, otherwise,

(17)

Bk
i (u)=

u− ui

ui+k − ui
Bk−1
i (u)+

ui+k+1 − u

ui+k+1 − ui+1

Bk−1
i+1 (u),

(18)S(r)(u) =

m
∑

i=0

PiB
k(r)
i (u),

(19)



































































B
k(r)
i (u) =

k!

(k − r)!

r
�

j=0

ar,jB
k−r
i+j ,

a0,0= 1,

ar,0 =
ar−1,0

ui+k−r+1 − ui
,

ar,j =
ar−1,j − ar−1,j−1

ui+k+j−r+1 − ui+j
, j = 1, . . . , r − 1,

ar,r =
−ar−1,r−1

ui+k+1 − ui+r
.

odd), the knot vector U =
{

u0, · · · ,unknot
}

 can be written 
as:

where nknot + 1 = n+ 1+ 2k , and the number of vis-
points is n+ 1 . τ0 = 0 , τn = 1.

Thus the equation of the via-points of the waist training 
trajectory can be expressed as:

The position equations of the via-points can be expressed 
as:

To obtain the constraints about velocity and acceleration, 
Eq. (18) can be rewritten as:

Eq. (23) can be expanded as:

Therefore, the constraints about velocity and acceleration 
can be expressed as:

(20)U =







τ0, ..., τ0
� �� �

k+1

, τ1, . . . , τn−1, τn, . . . , τn
� �� �

k+1







,

(21)S(τs) = Qs.

(22)



































Qs =

�

Bk
0(τs),B

k
1(τs), . . . ,B

k
m−1(τs),B

k
m(τs)

�













P0
P1
...

Pm−1

Pm













,

s = 0, . . . , n.

(23)S(r)(τs) =

m
∑

i=0

PiB
k(r)
i (τs).

(24)

S(r)(τs) =
�

B
k(r)
0 (τs),B

k(r)
1 (τs), . . . ,B

k(r)
m−1(τs),B

k(r)
m (τs)

�













P0
P1
...

Pm−1

Pm













.

(25)

vs =
�

B
k(1)
0 (τs),B

k(1)
1 (τs), . . . ,B

k(1)
m−1(τs),B

k(1)
m (τs)

�













P0
P1
...

Pm−1

Pm













,

(26)

as =
�

B
k(2)
0 (τs),B

k(2)
1 (τs), . . . ,B

k(2)
m−1(τs),B

k(2)
m (τs)

�













P0
P1
...

Pm−1

Pm













.
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According to Eqs. (21)–(26), the constraints of via-points 
can be rewritten as:

where

The characteristics of the planned waist training 
trajectory can be optimized by adjusting the distribution 
of τs in Eq. (20). Points A1–A7 are set as via-points in 
multipoint waist training trajectory planning based on 
quintic B-spline functions. Virtual via-points are set near 
the initial and end points, respectively. The knot vector of 
the quintic B-spline functions in Eq. (20) can be rewritten 
as:

where τ1 = 0.125ka , τ2 = 0.25kb , τ3 = 0.375 , τ4 = 0.5 , 
τ5 = 0.625 , τ6 = 1− 0.25kb , τ7 = 1− 0.125ka . ka and 
kb are two node parameters of the quintic B-spline 
functions. 0 < ka ≤ 1 , 0.5 ≤ kb ≤ 1.5.

(27)AP = c,

(28)

A =



































Bk
0(τ0) Bk

1(τ0) · · · Bk
m(τ0)

B
k(1)
0 (τ0) B

k(1)
1 (τ0) · · · B

k(1)
m (τ0)

B
k(2)
0 (τ0) B

k(2)
1 (τ0) · · · B

k(2)
m (τ0)

Bk
0(τ1) Bk

1(τ1) · · · Bk
m(τ1)

...
...

. . .
...

Bk
0(τn−1) Bk

1(τn−1) · · · Bk
m(τn−1)

B
k(2)
0 (τn) B

k(2)
1 (τn) · · · B

k(2)
m (τn)

B
k(1)
0 (τn) B

k(1)
1 (τn) · · · B

k(1)
m (τn)

Bk
0(τn) Bk

1(τn) · · · Bk
m(τn)



































(n+5)×(m+1)

,

(29)P = [P0,P1, . . . ,Pm−1,Pm]
T,

(30)c = [Q0, v0, a0,Q1, . . . ,Qn−1, an, vn,Qn]
T.

(31)U = {0, 0, 0, 0, 0, 0, τ1, . . . , τ7, 1, 1, 1, 1, 1, 1},

3.3  Numerical Analysis
In this section, numerical analysis is performed to dem-
onstrate the effectiveness of the proposed trajectory plan-
ning methods. The total time T and the time scale factor 
kt are set to 40 s and 1, respectively. The displacements, 
velocities, accelerations and jerks of the waist training 
trajectory in X direction planned by quintic polynomial 
functions are shown in Figure  4. The displacements, 
velocities, accelerations and jerks of the waist training 
trajectory in Y direction planned by cycloid functions are 
shown in Figure  5. When ka = kb = 1 , the nodes in the 
knot vector is uniformly distributed. The displacements, 
velocities, accelerations and jerks of the waist training 
trajectory in Z direction planned by quintic B-spline 
functions are shown in Figure 6.

Actually, in X, Y and Z directions, the displacement and 
velocity curves of the waist training trajectories at points 
A2(6) after point-to-point waist training trajectory plan-
ning based on quintic polynomial and cycloid functions 
realize the smooth transition. The accelerations and jerks 
at the turning points are significantly reduced, avoiding 
the vibration and impact problems caused by the sud-
den change to a certain extent, and preventing second-
ary injury in rehabilitation training. Point-to-point waist 
training trajectory planning based on quintic polynomial 
and cycloid functions ensures that the velocities and 
accelerations at both ends of the waist training trajec-
tories start from zero. The compliances of velocities are 
guaranteed, and the accelerations and jerks are greatly 
reduced. However, the jerks at both ends of the waist 
training trajectories cannot be guaranteed to start from 
zero. The waist training trajectories do not pass through 
points A2(6) using point-to-point waist training trajec-
tory planning based on quintic polynomial and cycloid 
functions.

Figure 4 Displacements, velocities, accelerations and jerks of the waist training trajectory in X direction after quintic polynomial planning
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In X, Y and Z directions, the displacement, veloc-
ity, acceleration and jerk curves of the waist training 
trajectory at points A2(6) after multipoint waist train-
ing trajectory planning based on quintic B-spline func-
tions realize the smooth transition. Compared with the 
results of point-to-point waist training trajectory plan-
ning, multipoint waist training trajectory planning based 
on quintic B-spline functions ensures that the accelera-
tions and jerks at both ends of the waist training trajec-
tories start from zero. The compliances of accelerations 
and jerks are guaranteed, greatly reducing the vibration 
and impact problems caused by the sudden change at the 
turning point, and avoiding the secondary injury in reha-
bilitation training. The waist training trajectory passes 
through points A2(6) using multipoint waist training tra-
jectory planning based on quintic B-spline functions. The 
waist training trajectories generated by quintic polyno-
mial, cycloid and quintic B-spline functions are shown in 
Figure 7.

4  Smooth Trajectory Planning Considering 
Rehabilitation Evaluation Factors

4.1  Smooth Trajectory Planning for the CDPWRR 
As mentioned above, the acceleration and jerk curves of 
the waist training trajectory planned by quintic B-spline 
functions are smooth without mutation compared with 
the results of point-to-point waist training trajectory 
planning. Based on this, the smooth trajectory planning 
for waist training considering the influence of human 
lower limbs is conducted. According to Eq. (31), the 
planned waist training trajectory can be determined by 
the two node parameters ka and kb of the quintic B-spline 
functions, and the total time T.

To realize the equivalent waist movement, a CDPWRR 
is built to complete the rehabilitation training. The 
rehabilitation robot needs to complete the training 
trajectory based on ensuring safety. When planning the 
waist training trajectory, the constraints of human lower 
limbs on the CDPWRR cannot be ignored. In Section 3, 
the length H of human lower limbs is set as 1100 mm. 

Figure 5 Displacements, velocities, accelerations and jerks of the waist training trajectory in Y direction after cycloid planning

Figure 6 Displacements, velocities, accelerations and jerks of the waist training trajectory in Z direction after quintic B-spline planning
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However, in the actual process of waist twisting, there 
exists bending in human lower limbs. The actual length 
H0 of the human lower limbs is defined as:

where H1 and H2 are the lengths of the upper and lower 
parts of human lower limbs, respectively. δ is the joint 
angle of human lower limbs.

Based on the above analysis, the actual length H0 of 
human lower limbs should be kept in a certain range 
to make the joint angle of human lower limbs in a 
reasonable range, ensuring the safety of humans in 
the process of rehabilitation training. Therefore, the 
evaluation factor of joint comfort is introduced as one 
of the rehabilitation evaluation factors, as shown in Eq. 
(34):

Similarly, the actual rotation angle α of human waist 
should be kept in a reasonable range. The evaluation 
factor of waist comfort is introduced as one of the 
rehabilitation evaluation factors, as shown in Eq. (35):

In addition, smooth jerk curves without mutation 
can reduce the impact on human body and ensure the 
safety in rehabilitation training. The maximum value of 
jerks in rehabilitation training is set as the evaluation 
factor of compliance. Then the evaluation factor of 

(32)H0 = H1 +H2,

(33)cos δ =
H2
1 +H2

2 −H2

2H1H2

,

(34)hmax(ka, kb) = max
0≤τ≤1

|h(τ )|.

(35)αmax(ka, kb) = max
0≤τ≤1

|α(τ )|.

compliance is introduced as one of the rehabilitation 
evaluation factors, as shown in Eq. (36):

From Eqs. (34)–(36), the variations of the rehabili-
tation evaluation factors hmax , αmax and jmax with two 
node parameters ka and kb can be obtained, as shown in 
Figure 8.

The rehabilitation evaluation factors hmax and 
αmax are taken as constraints, and jmax is taken 
as the optimization objective in order to ensure 
safety and feasibility in rehabilitation training. The 
optimal smooth trajectory planning for waist training 
considering rehabilitation evaluation factors is 
obtained by the following optimization function:

When ka equals to 0.32 and kb is taken as 0.8, the opti-
mal solution of smooth trajectory planning for waist 
training considering rehabilitation evaluation factors 
is obtained, which is 3.1929 mm/s3. The waist training 
trajectories and jerks before and after optimization in 
X, Y and Z directions are shown in Figure 9.

It is clear from Figure  9 that the peak jerks of the 
optimized waist training trajectory the X, Y and Z 
directions decrease to a certain extent. The standard 
deviations of the jerks before and after optimization are 

(36)jmax(ka, kb) = max
0≤τ≤1

∣

∣j(τ )
∣

∣.

(37)

min jmax(ka, kb) = max
0≤τ≤1

∣

∣j(τ )
∣

∣,

s.t. 0 < ka ≤ 1,

0.5 ≤ kb ≤ 1.5,

850 ≤ hmax(ka, kb) ≤ 1250,

αmax(ka, kb) ≤ π

/

8.

Figure 7 Waist trajectory before and after planning
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1.402 and 0.644, respectively. The result after optimi-
zation is less than that before optimization. The reha-
bilitation evaluation factors hmax(ka, kb) and αmax(ka, kb) 
before and after optimization are 1455 mm, 879 mm, 

0.096 rad and 0.094 rad, respectively. According to Eq. 
(37), the rehabilitation evaluation factors of the opti-
mized waist training trajectory are within the reason-
able ranges, ensuring the safety and feasibility of waist 
training.

4.2  Verification on the CDPWRR 
Both numerical analysis and experiments are carried out 
on the CDPWRR to verify the effectiveness and feasibil-
ity of the proposed approach. The 3D model and physical 
prototype of the CDPWRR are shown in Figure 10. The 
standing platform is driven by four cables to promote the 
lower limbs, achieving the equivalent movement of the 
human waist [30].

To ensure safety and reveal a more obvious effect, the 
values of a′

x and a′

y are set as 93 mm combined with the 
actual dimensions and performance of the physical pro-
totype. The total time T is set to 56 s. The initial length 
H0 of human lower limbs is set to 360 mm. In this exam-
ple, the range of rehabilitation evaluation factor hmax is 
set from 300 to 450. We set ka equal to 0.33, and kb is 
taken as 0.86, the optimal solution of smooth trajectory 
planning for waist training considering rehabilitation 
evaluation factors is obtained. The optimized waist train-
ing trajectory for the CDPWRR is shown in Figure  11. 
The theoretical and experimental lengths, and the length 
errors of four cables are shown in Figure 12.

Compared with the theoretical values, the maximum 
length errors of four cables in the experiments are 5.94 
mm, 3.10 mm, 6.18 mm and 5.50 mm, respectively. The 
jerks before and after optimization are 1.8395 mm/s3 and 
1.2315 mm/s3, respectively. The rehabilitation evaluation 
factors hmax(ka, kb) and αmax(ka, kb) of the optimized 
waist training trajectory are 339.7 mm and 0.2802 rad, 
respectively. The values of rehabilitation evaluation 
factors are within the reasonable ranges, which proves 
the feasibility and effectiveness of the proposed trajectory 
planning method.

5  Conclusions

(1) The waist motion data are collected using motion 
capture technology. Aimed at the impact of 
motion variability, the unreasonable data are 
eliminated through rationality judgments, and the 
key parameters are processed to obtain the feature 
points at the center of human pelvis.

(2) The quintic polynomial, cycloid, and quintic 
B-spline functions are used for waist trajectory 
planning, respectively. The results of trajectory 
planning using three methods are compared and 
analyzed. Compared with the results of point-

Figure 8 Variations of hmax , αmax and jmax with ka and kb
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Figure 9 Waist trajectory and jerk curves before and after optimization

Figure 10 3D model and physical prototype of the CDPWRR 
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to-point waist training trajectory planning, the 
acceleration and jerk curves of the waist training 
trajectory planned by quintic B-spline functions are 
smooth without mutation.

(3) In order to complete the waist training trajectory 
on the basis of ensuring safety, three rehabilita-
tion evaluation factors are introduced to conduct 
smooth trajectory planning. The waist trajectory 
with better compliance is obtained based on the 
safety of waist motion.

(4) A CDPWRR is built to implement the equivalent 
waist rehabilitation training. The results of 
numerical analysis and experiments verify the 
feasibility and effectiveness of the proposed smooth 
trajectory planning method for waist training.

Figure 11 The optimized waist training trajectory for the CDPWRR 

Figure 12 The lengths and length errors of four cables
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