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Abstract 

The current research on noncircular hobbing mainly focuses on the linkage model and motion realization. However, 
the intermittent cutting characteristics of hobbing would increase uncertainties in the manufacturing process. In this 
paper, a hobbing machining model with tool-shifting characteristics was proposed to solve the problems of cutting 
force fluctuation and inconsistency of tooth profile envelope accuracy at different positions of the pitch curve in non-
circular gear hobbing. Based on the unit cutting force coefficient method, the undeformed chip volume generated 
by interrupted cutting was used to characterize the fluctuation trend of the hobbing force. The fluctuation character-
istics of the cutting force generated by different hobbing models were compared and analyzed. Using the equivalent 
gear tooth and hob slotting numbers, an analysis model of the tooth profile envelope error of the noncircular gear 
was constructed. Subsequently, the tooth profile envelope errors at different positions of the pitch curve were com-
pared and analyzed based on the constructed model. The transmission structure of the electronic gearbox was con-
structed based on the proposed hobbing model, and the hobbing experiment was conducted based on the self-
developed noncircular gear CNC hobbing system. This paper proposes a hobbing method that can effectively 
suppress the fluctuation of the peak and whole circumference cutting force and reduce the maximum envelope error 
of the whole circumference gear teeth.
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1  Introduction
Noncircular gears have many advantages in solving vari-
able speed ratio transmissions, such as compact struc-
ture, good rigidity, high-speed operation, and long life. 
Their applications include agricultural machinery, auto-
mation equipment, robots, and transmissions [1–4]. 
Presently, the manufacturing of noncircular gears is still 
mainly based on the forming method, which is based 
on tooth profile vector graphics. Research on the tooth 

profile solution of noncircular gears has received exten-
sive attention [5–8], but the tooth-making method, based 
on the principle of generating machining, has not been 
widely used. Due to the variety of noncircular shapes and 
the complexity of tooth profiles, high efficiency, high pre-
cision, high flexibility, and mass manufacturing are still 
barriers to developing noncircular gears.

Generating machining is an efficient gear manufac-
turing method, which realizes the manufacture of non-
circular gears with different pitch curves through the 
linkage relationship of variable speed ratios between 
multiple axes[9, 10]. Litvin et al. studied the generating 
motion process of the rack cutter and the noncircular 
gear and demonstrated the achievability of noncircu-
lar gear hobbing [11]. Tan et  al. deduced the simplest 
mathematical model for noncircular gear hobbing, 
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created the hobbing process using a three-axis linkage 
method, and conducted a graphic simulation [12]. Hu 
et al. studied the realization scheme of noncircular gear 
generation and machining linkage control from the per-
spective of an electronic gearbox. Furthermore, they 
provided a diagram of the general principle of com-
puter number control (CNC) linkage control for non-
circular helical gear hobbing machining [13]. Han et al. 
conducted the realization and experimental research of 
noncircular gear generation processing and used a flex-
ible electronic gearbox to precisely control the trans-
mission ratio linkage [14, 15]. These studies solve the 
basic problems of noncircular gear hobbing: processing 
feasibility, hobbing motion, and motion realization pro-
cess. Presently, scholars’ research on noncircular gear 
hobbing focuses on constructing the hobbing linkage 
model, the hobbing simulation test, and realizing hob-
bing motion.

However, due to the intermittent cutting character-
istics of hobbing, the cutting force fluctuates greatly 
during the manufacturing process. Noncircular gear 
hobbing faces not only the problem of intermittent 
cutting but also differences in pitch curve positions, 
making it more complicated than cylindrical gear hob-
bing. The fluctuating characteristics of the cutting force 
during noncircular gear hobbing are highly signifi-
cant. However, the current research on predicting and 
improving the hobbing force and process of noncircular 
gears is still lacking.

In addition, intermittent cutting causes the tooth pro-
file of noncircular gears to be composed of tiny line seg-
ments formed by multiple cuts, and the theoretical tooth 
profile is the envelope curve of these polylines, which 
causes machining principle error in the hobbing process 
[16]. This error can also be called envelope error. For 
noncircular pitch gears, the motion of the hob relative to 
the noncircular pitch gear has nonlinear characteristics 
due to the difference in the pole diameter and curvature 
radius at different positions of the pitch curve. This will 
cause the hob to have different cutting characteristics for 
the tooth profiles at different positions of the pitch curve, 
resulting in unequal envelope errors.

In this paper, a noncircular gear hobbing model with 
the tool shifting method is proposed, which can realize 
the constant arc length processed by the hob on the non-
circular pitch curve per unit time. The realization of this 
characteristic can make the hob have similar cutting con-
ditions at different pole diameter length positions of the 
noncircular gear and produce relatively similar cutting 
times on the tooth surfaces at different positions. There-
fore, the problems of large fluctuation of cutting force 
and uneven distribution of envelope errors in noncircular 
gear hobbing are improved.

2 � Derivation of the Constant Arc 
Length Incremental Hobbing Model

Noncircular gear hobbing can be regarded as the mesh-
ing transmission process between the worm and the 
noncircular gear, in which the worm rotates to form the 
cutting motion and moves in the direction of the gear 
axis to form the machining of the full tooth width. Con-
sidering the movement of each cutting linkage axis, the 
biggest difference between the noncircular gear and the 
cylindrical gear is that the tool has a linkage movement 
relative to the gear blank in X-axis direction (Figure 1).

Similar to cylindrical gear hobbing, the projection of 
the hob on the end section of the noncircular gear can 
still be regarded as an equivalent rack. Therefore, the spa-
tial meshing motion of the worm and noncircular gear is 
equivalent to the plane meshing motion of the rack and 
the end-section gear and can be regarded as a pure roll-
ing process between the centerline of the rack and the 
noncircular pitch curve (Figure 2).

In the coordinate system S-XOY, the center line of the 
hob-projected rack and the noncircular pitch curve con-
duct pure rolling from point A of the pitch curve to point 
B (Figure 2). The polar diameter corresponding to point 
B is r, the polar angle is φ, and the angle between the 
polar diameter and the tangent is μ. Under the condition 
of no tool shifting, the noncircular gear hobbing model is 
calculated as follows [12, 17]:
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Figure 1  Linkage model for noncircular gear hobbing
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where, mn refers to the normal modulus; β refers to the 
helix angle; T refers to the number of hob heads, and KZ 
and KC are the sign coefficients related to the climb or up 
milling methods and the helical direction of the hob.

According to Eq. (1), the feed motion of the hob in the 
direction of the gear axis will simultaneously generate 
additional motion in the direction of the gear rotation 
C axis and hob movement X axis. This feature is the main 
difference from the additional motion form during cylin-
drical gear hobbing. During the machining process based 
on the hobbing model described in Eq. (1), the distance 
SY between the tangent point between the center line of 
the rack and the pitch curve and the X-axis shown in Fig-
ure 2 is always changing, which leads to the arc length of 
the rack center line rolling on the pitch curve in unit time 
is always varying.

Taking the hobbing of elliptical gears as an example, 
due to the fluctuation of the arc length increment per 
unit time, the hobbing process will produce unequal cut-
ting times at the long and short axes of the ellipse pitch 
curve, which will induce cutting force fluctuation and 
envelope error. The cutting traces of the elliptical gear 
tooth surface obtained based on the solid simulation 
machining method are shown in Figure 3.

The number of cutting times of the hob at the long 
axis of the elliptical gear is considerably more than that 
at the short axis (Figure 3). This is due to the combined 
effect of the characteristics of the noncircular gear pitch 
curve and the adopted hobbing model. Figure  4 shows 
the incremental change of the arc length per unit time 
at different positions of the pitch curve during the cycle 
machining process of the elliptical gear.

As shown in Figure  4, the arc length increment per 
unit time at the long axis is smaller than that at the short 
axis. Furthermore, the smaller the arc length increment, 
the denser the cutting marks. When the unit time is 

defined as the time difference between the two adjacent 
rows of cutting edges in the circumferential direction of 
the hob passing the same position, the value of the arc 
length increment will be closely related to the density of 
the tooth surface cutting marks. If a consistent arc length 
increment per unit time is obtained at different positions 
of the noncircular pitch curve, it can benefit the homog-
enization of the cutting force and the envelope error of 
the noncircular gear.

During noncircular gear hobbing, the hob rotates 
at a constant speed. The realization of the constant arc 
length increment ensures that the displacement gener-
ated by the hob projection rack in Y-axis per unit time 
equals the arc length increment of the noncircular pitch 
curve. That is, the tangent point of the cylindrical sur-
face corresponding to the pitch circle of the hob and the 
noncylindrical surface corresponding to the noncircular 
pitch curve need to remain unchanged relative to the 
hob, the same with the cylindrical gear hobbing process. 
Compared with the introduction of the hobbing model 

Figure 2  Meshing projection of the tooth blank-end face

Figure 3  Simulation results of elliptical gear based on Eq. (1)

Figure 4  Incremental change of the arc length in elliptical gear 
hobbing based on Eq. (1)
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in Figure 2, it can be seen that to achieve a constant arc 
length increment, the cutter axis needs to participate in 
the linkage. On the premise that the machine tool has 
sufficient tool-shifting ability, the tangent point between 
the center line of the rack and the noncircular pitch curve 
is always kept at the same point on the rack during the 
hobbing process. That is, at different positions of hob 
processing, the hob shaft will have a time-varying tool-
shifting motion (Figure 5).

Given a constant arc length increment, hobbing starts 
from point A on the pitch curve, and point B is any point 
on the pitch curve (Figure  5). If a vertical line is drawn 
through point A that is perpendicular to the pitch line of 
the projected rack, the distances from the vertical line to 
the left and right sides of the hob are SAL and SAR, respec-
tively. The SBL and SBR corresponding to point B are 
obtained similarly, and there are numerical relationships 
SAL=SBL and SAR=SBR. The realization of this equal rela-
tionship can be solved by compensating for the distance 
SY described in Figure 2 through the hob shifting move-
ment. The calculation formula of SY is as follows:

Eq. (2) is derived from φ to obtain the following:

Eq. (3) can be understood as the additional moving 
speed of the projection rack in Y-axis by the hob shifting 
motion. Substitute Eq. (3) into Eq. (1) to obtain the link-
age model of hob shifting compensation:

where λ refers to the installation angle of the hob.

3 � Modeling of the Hobbing Process and Evaluation 
of Cutting Force Fluctuations

3.1 � Geometric Information Acquisition of Undeformed 
Chips

The unit cutting force coefficient method is common for 
solving the cutting force in the metal cutting process. The 
method converts the calculation of cutting force into the 
superposition of cutting force per unit area. Additionally, 
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it solves the overall cutting force by solving the cutting 
force vector sum of each micro-element cutting edge. 
The cutting process of the hob cutting edge belongs 
to the inclined edge non-free cutting. The right-angle 
orthogonal cutting theoretical model commonly used in 
the research of metal cutting mechanisms is no longer 
applicable, and the current mathematical model widely 
used to analyze the cutting force of gear hobbing is the 
Kienzle–Victor cutting force empirical formula [18]. This 
formula establishes the link between the cutting force 
and the geometry of the undeformed chip produced by 
the cutting process.

The hobbing process is intermittent cutting, which has 
a certain similarity with the milling process. The devel-
opment of its cutting simulation needs to be based on 
the solid model of the gear blank and the cutting path 
model of the hob. According to the hob design and pro-
cess parameters, the cutting trajectory of a row of cutting 
edges can be constructed. When the hob rotates through 
a row of teeth, the cutting trajectory of the next row of 
teeth can be regarded as the movement of the cutting tra-
jectory corresponding to the previous row of teeth in the 
direction of the hob axis. Assuming that the hob used in 
the simulation is a straight groove zero rake angle hob, 
the axial truncation of the hob in the chip flute can be 
regarded as a standard rack. Considering the rotation of 
the hob and the axial feed motion of the rack, the spatial 
trajectory of a point on the rack can be obtained. Then, a 
solid model of the cutting trajectory can be obtained by 
scanning the rack along the trajectory.

The solid models of the gear blank and cutting path 
are assembled to form a solid model for hobbing cut-
ting simulation. Cutting the tooth blank by the hob 
is divided into the cut-in stroke, the complete cut-in 

stroke, and the cut-out stroke according to the differ-
ent feed positions in Z-axis direction. The solid model 
in the full cut-in stroke is shown in Figure 6.

As shown in Figure  6, in the Cartesian coordinate 
system constructed with the rotation center of the 
gear blank as the coordinate origin, when the hob 
completes an intermittent cutting, the required step-
ping motion is as follows: (1) The step rotation of the 
gear blank in C axis direction; (2) The step movement 
of the cutting trajectory solid in the hob axis YB axis 
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direction; (3) The step movement of the cutting trajec-
tory solid in Z axis direction; (4) The step movement 
of the cutting trajectory entity in X-axis direction. 
Taking the hob rotating through a single row of teeth 
as the step unit, the gear blank and the cutting trajec-
tory solid are moved step by step, and after each step 
movement is completed a solid subtraction operation 
is performed to realize one cutting.

The above process simulates the cutting characteris-
tics of the hob in the full plunge state. At the begin-
ning of the simulation, the gear blank is in a total state; 
however, in the actual hobbing process, the hob adopts 
a step-by-step cut-in method in Z-axis direction. In 
order to obtain the chip model generated by the inter-
rupted cutting when the hob is fully plunged, the two-
cycle hobbing simulation method was adopted. That 
is, based on the hobbing simulation of the first cir-
cle, the gear blank model obtained by the first circle 
simulation is used as a new gear blank, and the second 

circle simulation is conducted. During the second cir-
cle simulation, the overlapping part of the two solids 
can be obtained through the intersection operation, 
which is the undeformed chip corresponding to this 
cutting step. The process is illustrated in Figure 7.

3.2 � Evaluation of the Fluctuating Characteristics 
of the Cutting Force

During the hobbing simulation, the undeformed chip vol-
ume produced by an interrupted cut is the available data. 
In this paper, the positive correlation between the unde-
formed chip volume and the cutting force value is a suffi-
cient condition for analysis. This is because when the hob 
is in the full cut-in state, the length of the chips gener-
ated by each tooth of the integral hob in the direction of 
the gear axis is the same or a small multiple. The factors 
affecting the undeformed chip volume of a certain cut-
ting behavior can be summarized into (a) the increase of 
the average area of each section layer of the chips gener-
ated by each cutter tooth and (b) the increase of the num-
ber of cutter teeth involved in cutting. Between them, 
condition (b) is acting on condition (a), and if condition 
(a) is established, it is acting on the probability of the 
maximum cutting area of a certain section. The empirical 
formula of the Kienzle–Victor cutting force is as follows 
[19]:

where, Fc is the main cutting force (N); A is the cutting 
area(mm2); Ks is the specific cutting force (N/mm2), and 

(5)
{

Fc = A× K s,

K s = Kc/hu,

Figure 5  Hob position feature with constant arc length increment

Figure 6  Model for the simulation of noncircular gear hobbing

Figure 7  Extraction process of undeformed chip geometry
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Kc is the cutting force corresponding to a unit section. 
The nominal thickness and width of the unit section are 
both 1 mm, h is the cutting layer thickness (mm), and u is 
the fixed value coefficient, reflecting the influence of h on 
Ks. The values of Kc and u are determined by the work-
piece material and can be obtained using the experimen-
tal method.

According to Eq. (5), the cutting area corresponding 
to a certain section has a dominant influence on the cur-
rent cutting force, and the influence of the cutting layer 
thickness is insignificant. For example, the constant value 
coefficient u in Eq. (5) is taken as 0.2. When the thickness 
of the cutting layer changes from 0.02 mm to 0.2 mm, 
the influence on the cutting force calculation is only 1.58 
times. In the following, the whole cycle cutting simula-
tion of the oval gear is conducted, and the variation law 
of the chip volume during the simulation process is ana-
lyzed. The important design parameters of oval gear and 
hob are shown in Table 1.

Provided that the hob fully cuts into the oval gear, the 
cutting trajectory solid model and the gear blank are con-
strained by Eqs. (1) and (4) to conduct a two-cycle cutting 
simulation, respectively. Record the volume changes of 
the gear blank generated by each step in the second cir-
cle simulation, and display the change of the chip volume, 
the curvature radius, and the polar radius corresponding 
to each interrupted cutting position on the same graph. 

The simulation results of Eqs. (1) and (4) are shown in 
Figures 8 and 9, respectively.

The analysis in Figure  8 shows that the chip volume 
generated by each interrupted cutting is consistent with 
the changing trend of the curvature radius of each posi-
tion. The undeformed chip volume produced by each 
interrupted cut is proportional to the curvature radius 
of the pitch curve at that position and inversely propor-
tional to the polar radius. The peak cutting force occurs 
at the shortest axis during the cutting cycle.

The analysis in Figure 9 shows that for the constant arc 
length increment model, the maximum position of the 
curvature radius is not the maximum position of the chip 
volume, and the positive correlation between the chip 
volume and the curvature radius is not maintained. The 
maximum and minimum positions of the chip volume 
are located at approximately symmetrical positions on 
both sides of the maximum curvature radius. In addition, 
the positions of the maximum cutting volume and mini-
mum chip volume are located on the cut-in and cut-out 
sides of the hob, respectively. The unevenness of the chip 
volume at different positions of the pitch curve is greatly 
improved, the ratio of the maximum to the minimum 
chip volume is reduced from 19.3 to 6.2 times, and the 
stability of the noncircular gear hobbing process can be 
improved.

4 � Theoretical Envelope Error Modeling 
and Comparative Analysis

4.1 � Geometric Simulation of the Envelope Generated 
by Hob Cutting

The shape of the hob can be regarded as the circumfer-
ential arrangement of the single row of cutter teeth in the 
direction of the hob axis along the direction of the helical 
line. Interrupted cutting is the root cause of the theoreti-
cal error of tooth profile machining. In order to realize 
the equivalent simulation of interrupted cutting, the cut-
ting behavior of the hob is equivalent to that of the rack 

Table 1  Design parameters of the simulation model

Noncircular gear Hob

Number of teeth 30 Thread number 1

Normal modulus (mm) 4 Slots number 8

Helical angle 15° Thread pitch (mm) 12.5788

Pitch curve Oval ellipse Helical angle(°) 2.5473

Eccentricity 0.3 Outer diameter(mm) 100

Helical direction Right Helical direction Right

Figure 8  Variation of the chip volume corresponding to Eq. (1) Figure 9  Variation of the chip volume corresponding to Eq. (4)
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cutter in this paper. The hob flute divides the hob into 
K rows of cutting teeth. Assuming that the current first 
row of teeth is in the cutting state, when the hob rotates 
through an angle of 2π/K, the second row of teeth will 
be in the position of the current first row of teeth. For 
the rack cutter equivalent to the first and second rows of 
teeth of the hob, the translation displacement of the rack 
cutter can be regarded as πm/K.

Based on the constructed digital model of the tool and 
gear blank, the visual enveloping machining of the tooth 
profile can be carried out using the Boolean geomet-
ric operations [20]. Taking the straight tooth elliptical 
gear as an example for simulation, the parameters of the 
elliptical gear are as follows: the teeth number is 21, the 
modulus is 4  mm, and the eccentricity is 0.4. The main 
parameters of the hob are as follows: the heads number is 
1, and the circumferential slots number is 12. According 
to the model shown in Eq. (1), the visual envelope pro-
cessing of the elliptical gear end face tooth profile is car-
ried out. The forming process is as follows.

In the visual forming process of the tooth profile, the 
Boolean geometry operation between the rack cutter and 

the gear blank can be canceled, and the enveloping tra-
jectory of the rack cutter on the entire pitch curve can 
be obtained. The tooth profile envelope trajectory of 
the elliptical gear at the long and short axes generated 
by the envelope process shown in Figure 10 is shown in 
Figure 11.

In order to quantitatively analyze the envelope distribu-
tion of each tooth profile, the concept of forming feature 
points on the tooth profile is introduced. The partially 
enlarged schematic diagram of the envelope process is 
shown in Figure 12.

As shown in Figure  12, the intersection point of the 
rack profile and the gear’s outer contour is point P1, and 
the tooth profile intersection P2–P6 of the two adja-
cent cutting positions of the slotting cutter tooth profile 
forms the meshing part tooth profile. The intersection 
points P7–P10 of the two adjacent cutting positions of 
the tooth tip fillet of the slotting cutter form the tooth 
root. These three types of points are collectively referred 
to as the hobbed tooth profile forming feature points 

Figure 10  Visualized tooth profile shaping of the equivalent rack 
cutter

Figure 11  Envelope trajectory of the rack cutter at the long 
and short axis positions

Figure 12  Definition of feature points on the tooth profile

Figure 13  Number distribution of feature points on the tooth profile
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of noncircular gears. Based on the tooth profile vec-
tor graphics generated by the simulation, the number N 
of the tooth profile forming feature points of each tooth 
slot is statistically extracted. In order to analyze the com-
prehensive relationship between the number of feature 
points at different positions of the pitch curve and the 
polar and curvature radii, the changing trends of these 
three are expressed in a graph, with the polar angle as the 
independent variable (Figure 13).

An analysis of Figure 13 shows that the density of the 
tooth surface envelope is positively correlated with the 
polar radius of the pitch curve. The envelope is dense at 
the position with a large polar radius and sparse at the 
position with a small polar radius. The ratio of the num-
ber of feature points is approximately equal to the ratio 
of the length of the polar radius. The curvature radius at 
different positions of the pitch curve has no obvious rela-
tionship to the density distribution of the envelope. For 
example, the elliptical gear has the same curvature radius 
at polar angles of 0° and 180°, but the envelope distribu-
tion of the tooth surface is quite different.

4.2 � Mathematical Modeling and Fluctuation Analysis 
of Tooth Envelope Error

The tooth profiles of noncircular gears are different, and 
selecting a suitable analysis object when evaluating the 
approximation error from the feature point to the the-
oretical tooth profile is difficult. The modulus of each 
tooth of a noncircular gear is the same. However, it has 
the particularity of variable curvature and polar radii, 
which leads to the distribution of its envelope error 
related to its design parameters and the hobbing link-
age model. For example, for the elliptical gear process 

based on Eq. (1) and shown in Figure 11, although the 
curvature radius and the theoretical tooth shape are the 
same at the long and short axes, there is a big differ-
ence in the density of the tooth surface envelope. In this 
paper, the concept of equivalent gear is used to analyze 
the tooth profile envelope error of noncircular gears.

Here, based on the equivalent circular gear with the 
teeth number zd defined by the curvature radius, the 
equivalent hob slot number Kd, which is jointly defined 
by the pitch curve parameters and the hobbing linkage 
model, is proposed. This method can comprehensively 
consider the common influencing factors of the hob-
bing linkage model, the polar and curvature radii of the 
pitch curve, and the parameters of the hob. The param-
eter definition analysis is shown in Figure 14.

Figure 14 shows that when the hob rotates through a 
row of teeth, the arc length change of the noncircular 
pitch curve is ΔS, and the calculation of zd and Kd is as 
follows:

where, the polar radius corresponding to the position of 
the polar angle φ is r, the curvature radius is ρ, and the 
angle between the polar radius and the tangent is μ. The 
polar radius corresponding to the position of the polar 
angle φ1 is r1, and the angle between the polar radius and 
the tangent is μ1.

Taking the simulated elliptical gear shown in Figure 10 
as an example, the calculation results of the equivalent 
gear tooth and hob slot numbers at each position dur-
ing the hobbing process based on Eq. (1) are shown in 
Figure 15.

Figure  15 shows that, for an elliptical gear, when the 
positions of the long and short axes are the same as 
the number of teeth of the equivalent gear, the equiva-
lent number of tooth slots of the hob is about 2.5 times 

(6)







zd = 2ρ/m,

Kd = πm/�S,

�S = πm/K + r1 cosµ1 − r cosµ,

Figure 14  Equivalent parameter calculation diagram Figure 15  Calculation examples of zd and Kd
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different. This equates to approximately 2.5 times the 
number of cuts per tooth profile at the long axis than at 
the short axis. Simultaneously, the proportional relation-
ship is consistent with the proportional relationship of 
the number of tooth surface feature points obtained by 
the hobbing simulation shown in Figure  13, which can 
illustrate the rationality of the equivalent hob slot num-
ber mentioned in the paper.

The theoretical tooth profile of a noncircular gear is 
a tangent curve of a polyline formed by connecting the 
feature points of each tooth profile end-to-end. The rela-
tionship between the polyline and the theoretical tooth 
profile is shown in Figure 16.

Figure 16 shows that the theoretical tooth profile is tan-
gent to the line segments AB and BC, the polyline ABC is 
the actual tooth profile generated by hobbing, and the tooth 
profile envelope error is defined as the closest distance from 
the feature point to the theoretical tooth profile. In the coor-
dinate system, s-xoy, the tooth profile of a tooth slot is sym-
metrically distributed relative to the y-axis, the point P is 
the vertex of the tooth profile, the point P1 is any point on 
the theoretical tooth profile, and the point P2 is the tangent 
point between the tooth profile normally passing through 
the point P and the base circle. The included angle between 
line oP and y-axis is g1, and the included angle between 
line oP and oP2 is g2, i.e., the pressure angle corresponding 
to point P. The coordinates (x1, y1) of the point P1 can be 
expressed as a function of the pressure angle α1 about this 
point [20]:

(7)



















x1 = rb/ cosα1 sin(invα1 +�θ),

y1 = rb/ cosα1cos(invα1 +�θ),

α1 ∈ [0, g2],

�θ = g1 − invg2.

Let the coordinates of point B be (x0, y0), then the dis-
tance from this point to each point on the theoretical 
tooth profile can be expressed as a function of α1:

where, the minimum value of this function is called the 
envelope error δ from the tooth profile feature point to 
the theoretical tooth profile. Let f ’(α1)=0, then the pres-
sure angle α1 of the closest point from the characteristic 
point on the theoretical tooth profile can be obtained, 
and the approximation error can be solved by Eqs. (7) 
and (8).

To conduct a calculation following the above method, 
take zd=30 and Kd=7 and define the modulus as 4 mm, 
the pitch circle pressure angle as π/9, and the addendum 
height coefficient as 1. Twelve tooth profile feature points 
can be obtained in the meshing part of the unilateral 
tooth profile. Define the rightmost point of the x-axis as 
Point 1 and the leftmost point as Point 12. The coordi-
nates and errors of these points are shown in Figure 17.

(8)f (α1) =

√

(x0 − x1)2 + (y0 − y1)2,

Figure 16  Polyline envelope forming the theoretical tooth profile

Figure 17  Tooth profile feature points and errors of the calculation 
example

Figure 18  The effect of zd change on δ 
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As shown in Figure  17, the envelope error generated 
by hobbing has a decreasing trend from the tooth tip to 
the tooth root, and the maximum envelope error δmax is 
0.00256 mm. The envelope error of the tooth profile at 
different positions of the noncircular gear is related to 
the zd and Kd of the position. In order to determine the 
position and value of the δmax of the noncircular gear, the 
influence of zd and Kd on the δmax is analyzed following 
the control variable method. Based on the parameters 
used in the calculation in Figure 17, let Kd=10, zd=18~25, 
and take the step size as 1; the error of each feature point 
is as shown in Figure 18.

Let zd=20, Kd=9~21, and take the step size as 2; the 
error of each feature point is as shown in Figure 19.

Through the analysis of Figures 18 and 19, the following 
can be summarized. (1) When Kd is constant, the change 
of zd has almost no effect on the number of tooth pro-
file feature points generated by the envelope; however, 
δmax decreases with the increase of zd. (2) Provided that 

zd remains unchanged, the increase of Kd will increase 
the number of tooth profile feature points, and δmax will 
decrease with the increase of Kd.

Following this conclusion, for the elliptical gear, the 
maximum value of the tooth profile envelope error will 
appear near the short axis because zd and Kd are the 
smallest at this position. According to the data shown 
in Figure 15, take zd=19, Kd=9, and δmax=0.00342 mm. 
The tooth slot at the long axis of the elliptical gear is 
taken as the first tooth slot, and the numbers increase 
in the counterclockwise direction. The maximum enve-
lope error of each tooth profile is shown in Figure 20.

As shown in Figure 20, for the elliptical gear analysis 
example selected in this paper, δmax shows an increas-
ing trend from the long axis to the short axis in the case 
of double fluctuations of zd and Kd.

Taking the case of the selected elliptical gear, the cal-
culation of the envelope error is conducted based on 
the constant arc length incremental hobbing model 
shown in Eq. (4). At this time, the Kd value of the entire 
circumference of the elliptical gear is 12. According to 
the change rule that δmax decreases with the increase of 
zd, it can be known that δmax will appear at the position 
where zd is smallest; thus, the maximum envelope error 
of each tooth profile is shown in Figure 21.

Figure 19  The effect of Kd change on δ 

Figure 20  Maximum envelope error of each tooth profile based 
on Eq. (1)

Figure 21  Maximum envelope error of each tooth profile based 
on Eq. (4)

Figure 22  Hobbing experimental platform of the oval gear
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As shown in Figure  21, in the simulation calculation 
of the envelope error based on the model shown in Eq. 
(4), the δmax of the entire circumference tooth profile is 
0.0019 mm, which is 0.00152 mm lower than that before 
the improvement. The maximum envelope error is 
located at the long and short axes of the elliptical gear.

5 � Experimental Analysis
In order to verify the relevant conclusions about the cut-
ting force and envelope error in the hobbing of noncir-
cular gears analyzed above, this section takes oval gears 
as the experimental research object on hobbing. Based 
on Eqs. (1) and (4), the control model of the electronic 
gearbox was built, and processing experiments were 
conducted. The experimental platform is based on the 
YN3610 CNC gear hobbing machine of Nanjing No. 
2 Machine Tool Co., Ltd. and equipped with the gear 
machining CNC system independently developed by the 

CIMS Research Institute, Hefei University of Technology 
[14]. The experimental platform and process are shown 
in Figure 22.

The main design parameters of the hobbed oval gear 
are as follows: the number of teeth is 54, the modulus is 
1 mm, the eccentricity is 0.25, the long axis is 32.7708 
mm, and the short axis is 19.6625 mm. Setting the 
rotating speed of the hob used was 200 r/min, and the 
cutting depth was 0.5 mm, the speed variation charac-
teristics of each axis corresponding to the two hobbing 
models are as follows (Figure 23).

By comparing the speed curves of each axis under the 
two hobbing models as follows: for the C-axis, the two 
models have opposite trends of speed change, and the 
tool shifting method changes the speed change trend 
under the condition of no shifting method; for the 
X-axis, the trend of speed change of the two models is 
similar, but the tool shifting method changes the posi-
tion of the high and low points of the speed under the 
condition of no tool shifting. In the processing experi-
ment based on the hobbing model described in Eq. (1), 
when the processing was near the shortest axis, the 
machine tool produced a lot of abnormal noise and 
vibration. According to the analysis of Figure 8, it can 
be seen that the sudden and large increase of the cut-
ting force near the shortest axis position is the cause of 
this phenomenon. The hobbing condition of the short 
axis position is shown in Figure 24.

In the machining experiments based on the model 
described in Eq. (4), under the same rotational speed and 
cutting depth of the hob, the abnormal noise and large 
vibration that occurred when the hob passed near the 
short axis were not present. The time for the hob to pass 
through the 10 tooth slots near the short axis shown in 
Figure 24 is extended from about 1 s to about 3 s. Under 
the constant rotation speed of the hob, the prolongation 
of the local hobbing time can indicate that the chip vol-
ume generated by each interrupted cut in the hob cutting 
process has been greatly reduced, thereby improving the 
cutting stability and suppressing the peak cutting force.

In addition, through an extension of the time in the 
area near the short axis and the shortening of the time 
in the area near the long axis, it can be reflected from the 
side that the intermittent cutting process of the hob can 
form a denser envelope on the tooth profile surface near 
the short axis. The envelope density of the tooth profile 
near the long axis is thinned, which has a homogeniz-
ing effect on the entire circumference of the tooth profile 
envelope error and suppresses the maximum envelope 
error. The tooth surface roughness of the processed oval 

Figure 23  Speed variation characteristics of each axis under the two 
hobbing models

Figure 24  Oval gear hobbing near the shortest axis
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gears at different positions on the entire circumference is 
relatively consistent and reaches Ra1.6.

6 � Conclusions

(1)	 The time-varying tool-shifting method is adopted 
to improve the inconsistency of the arc length 
increment of the pitch curve per unit time caused 
by the noncircular shape feature. Thus, an incre-
mental hobbing machining model with constant arc 
length per unit time is proposed.

(2)	 Based on the unit cutting force coefficient method, 
a fluctuation analysis of noncircular gear hob-
bing force is conducted, and a simulation strategy 
is proposed to obtain the geometric parameters of 
undeformed chips during noncircular gear hobbing. 
A comparative analysis of the cutting force fluctua-
tions of the hobbing model before and after optimi-
zation is conducted. The constant arc length incre-
mental hobbing model has a significant suppression 
effect on the cutting force fluctuation, especially the 
step fluctuation of the cutting force near the large 
radius of curvature.

(3)	 Based on the equivalent gear teeth and hob slot 
numbers, a mathematical model for analyzing the 
noncircular gear tooth profile envelope error is 
constructed, and the equivalent hob slot number is 
affected by the hobbing model. The control variable 
method is used to study the influence of different 
parameters on the envelope error, and the analysis 
strategy of the maximum envelope error of the non-
circular gear is obtained. The constant arc length 
incremental hobbing model can produce the same 
number of equivalent hob grooves at different posi-
tions of the pitch curve so that the envelope error 
fluctuation is only affected by the change of the cur-
vature radius at different positions, which has a sig-
nificant effect on the homogenization of the entire 
envelope error and the suppression of the maxi-
mum envelope error.
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