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Abstract

Kinematic calibration is a reliable way to improve the accuracy of parallel manipulators, while the error model
dramatically affects the accuracy, reliability, and stability of identification results. In this paper, a comparison study

on kinematic calibration for a 3-DOF parallel manipulator with three error models is presented to investigate the rela-
tive merits of different error modeling methods. The study takes into consideration the inverse-kinematic error model,
which ignores all passive joint errors, the geometric-constraint error model, which is derived by special geometric
constraints of the studied RPR-equivalent parallel manipulator, and the complete-minimal error model, which meets
the complete, minimal, and continuous criteria. This comparison focuses on aspects such as modeling complexity,
identification accuracy, the impact of noise uncertainty, and parameter identifiability. To facilitate a more intuitive
comparison, simulations are conducted to draw conclusions in certain aspects, including accuracy, the influence

of the S joint, identification with noises, and sensitivity indices. The simulations indicate that the complete-minimal
error model exhibits the lowest residual values, and all error models demonstrate stability considering noises. Here-
after, an experiment is conducted on a prototype using a laser tracker, providing further insights into the differences
among the three error models. The results show that the residual errors of this machine tool are significantly improved
according to the identified parameters, and the complete-minimal error model can approach the measurements

by nearly 90% compared to the inverse-kinematic error model. The findings pertaining to the model process, com-
plexity, and limitations are also instructive for other parallel manipulators.
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1 Introduction
During the past decades, many kinds of parallel mecha-
nisms have been designed and widely applied in various
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and meanwhile increases the productivity [9]. However,
the position accuracy is greatly restricted for the in-depth
application with high-speed and heavy-duty conditions
considering the existence of manufacturing and assem-
bling tolerances. Therefore, kinematic calibration plays a
crucial role in improving accuracy performance.

Generally, the calibration procedure for parallel mech-
anisms can be divided into four steps: error modeling,
configuration measuring, parameter identifying, and
error compensating [10]. Therein, the method of estab-
lishing the error model is fundamental to kinematic cali-
bration. Unlike the serial mechanisms, deriving the error
model from the forward kinematic formula in the parallel
mechanisms is not straightforward due to the existence
of passive joints. Considering the structural character-
istics of the parallel mechanisms, there are typically two
approaches to establish the error model. The first method
is based on the closed-loop vector of the mechanism and
utilizes inverse kinematics to establish the mapping rela-
tionship between the parameter errors and the end-effec-
tor’s position. It is fully differentiated to contain related
geometric parameters and is called the inverse-kinematic
error model in this paper. It has been widely applied in
the kinematic calibration of parallel mechanisms, with
numerous applications based on this method [11-13].
One of the most well-known methods is the implicit loop
method proposed by Refs. [14, 15]. This method derives a
closed-loop equation specific to the parallel mechanism,
representing the relationship between the reference coor-
dinate system and the end pose, and then the error model
can be obtained through total differentiation. Addition-
ally, for a parallel mechanism with a specific condition,
the structural characters can also be used to construct the
error model. For example, when identifying the geomet-
ric parameters of the 6-UPS mechanism, the rod length
can be used to establish the mapping model between kin-
ematic parameter errors and the end-effector’s position-
ing error in view of its constant rod length between U
and S pairs [16, 17]. This method is also suitable for some
limited degree-of-freedom (DOF) mechanisms [18—20].
However, for many limited-DOF parallel mechanisms,
the invariant constraint of the link’s length imposes limi-
tations on identifying all geometric parameters, requiring
consideration of additional constraints. Verner et al. [13],
and Huang et al. [21] employed the geometric constraint
that the axes of P and R joints are perpendicular to iden-
tify the parameters of a 3-PRS mechanism.

Meanwhile, the second error modeling method con-
sists of two distinct steps: (1) Deriving the individual
error model based on the forward kinematic of each
serial chain; (2) synthesizing the serial chains’ error
model together through the closed-loop characteristics
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of parallel mechanism [22-30]. Consequently, the error
modeling method used for the serial mechanisms can
be extended to the parallel mechanisms in the first step,
generally including the method based on the homogene-
ous transformation matrix [24], the D-H and its improve-
ment method [22, 25, 26, 31], screw method [27] and the
product of exponential (POE) method [28], etc. How-
ever, unlike the serial mechanisms, parallel mechanisms
exhibit additional motion errors caused by passive joints,
which result from geometric deviations in each serial
chain. Fortunately, the passive joints’ motion errors are
intermediate variables and can be completely expressed
as a function of the kinematic parameter error. Consid-
ering the vacancy of feedback sensors in passive joints,
it is necessary to eliminate the compatibility motion
error in the error model. Recently, three tricks have been
employed to address the compatibility motion of passive
joints. The first approach involves using numerical algo-
rithms [25, 26] to calculate the compatibility movement
value based on inverse kinematics according to the active
joint values and kinematic parameters. However, the
numerical method is highly reliant on the selection of ini-
tial value, which is prone to make mistakes. The second
approach utilizes the closed-loop characteristics of the
mechanism [28] to establish the functional relationship
between the kinematic error parameters and the passive
joints’ motion error. This method generally requires the
inverse operation of the matrix, which causes difficulties
in analyzing the error model’s identifiability and error
propagation characteristics. The last approach employs
project operation to transfer the error of the serial chain
into the orthogonal space of the passive joint vector
space [27], effectively eliminating the compatibility term
associated with passive joints in the model. By combining
all limb error models, the complete error model can be
obtained, which is expressed simply and holds clear phys-
ical meaning. However, there are no excellent analytical
methods for obtaining the orthogonal vector of the pas-
sive joint vector space, and it is often obtained by numer-
ical method, such as the singular value decomposition
(SVD), QR decomposition, and Gram-Schmidt method.
In our previous works [32, 33], an error modeling method
based on the POE formula was presented for the parallel
mechanism. This method is extended to the third trick to
eliminate the errors of passive joints in the whole error
model. The main improvement of the method lies in the
two-level analytical algorithm to eliminate the redundant
parameters in the complete error model. After that, an
error model with characters of completeness and mini-
mality is obtained, which can be suitable for the calibra-
tion of limited DOF parallel mechanisms. Therefore, it is
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referred to as the complete-minimal error model in this
paper.

While the inverse-kinematic error model can be eas-
ily obtained from the closed-loop equation and provides
an analytical expression, it generally does not meet the
requirements of completeness. As discussed by Moor-
ing et al. [10] and Schroer et al. [34], a complete error
model should have sufficient coefficients to represent any
variations of the actual robot structure compared to the
nominal design. Obviously, this model should increase
the accuracy of the end-effector. However, there is lim-
ited research available that demonstrates and highlights
the detailed differences between these two error models.
The modeling complexity, modeling limitation, and cali-
bration accuracy should be comprehensively compared.
In this paper, a 3-DOF parallel mechanism is selected
because it provides a typical case of a high accuracy
requirement with complicated geometric constraints,
which can better present the difference between several
error methods. Kinematic calibration is conducted to
improve the absolute positioning accuracy and evaluate
the advantages and disadvantages of all error models. A
comprehensive derivation process of three error mod-
eling methods is presented to improve the accuracy. As
mentioned above, the inverse error model is deduced
from the closed-vector formula based on certain geo-
metric assumptions, especially for those limited-DOF
parallel mechanisms. In the case of this 3-DOF parallel
manipulator, the primary assumption involves ideal-
ized joints such as spherical or rotational joints and the
third limb’s geometric relationship with the other limbs.
Through a simplified proof based on screw theory, the
manipulator still fulfills the motion characteristic of
1T2R. The analytical processes for each limb does not
differ significantly. Each limb consists of four passive
joints and one actuated joint. The moving platform’s final
posture information is acquired from a numerical algo-
rithm with the compatibility movement of passive joints.
However, the complete-minimal error model does not
rely on specific structural features of the studied parallel
manipulator. It is deduced comprehensively by differen-
tiating the forward kinematics of the limbs based on the
POE formula and integrated by eliminating the influence
of the passive joint’s compatibility motion. To validate the
effectiveness of the models and compare the calibration
results, an experiment for calibration is conducted. Sub-
sequently, a more accurate model for this parallel manip-
ulator is obtained from the evaluation experiments after
calibration.

This paper is organized as follows. In Section 2, the
studied 3-DOF parallel manipulator is proposed, and
the kinematics of the parallel mechanism is analyzed,
respectively. In Section 3, the error models of the studied
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mechanism are established by using the methods men-
tioned above. In Section 4, some extended error models
are proposed to further comparison, and the comparison
in the accuracy, the influence of the S joint, the influence
of noises, and sensitivity are also presented. The calibra-
tion experiment is conducted, and the positioning accu-
racy is evaluated in Section 5. Finally, some conclusions
are drawn in Section 6.

2 Architecture and Kinematics of the Studied
Parallel Manipulator

2.1 Architecture Description

As shown in Figure 1, the studied parallel manipula-
tor is the main part of a five-axis hybrid machine tool
[35], which contains a serial mechanism with two con-
secutively connected revolute joints fixed at the moving
platform. This paper primarily focuses on the accuracy
improvement of the parallel manipulator, and there-
fore, the serial revolute joints remain fixed throughout
the study. The parallel mechanism is an overconstrained
one and consisted of two UPR limbs and one RPU limb,
which offers one translation and two rotation DOFs at
the end. However, the calibration of overconstrained par-
allel mechanism becomes difficult without considering
the effect of elastic deformations. In order to prioritize
the kinematic level calibration, a strategy is employed to
overcome the challenges associated with link deforma-
tion. This involves transferring the original mechanism
to a non-overconstrained one. By making this transfor-
mation, the complexity of dealing with link deformation
is significantly reduced, allowing for a more streamlined
and effective calibration process focused on the kine-
matic aspects of the mechanism. In this case, it poses the
same motion characters and geometric constraints as a
2-SPR/RPS parallel manipulator, which is non-constraint.

Limb 1, 2: UPRE
Limb 3: RPU

Limb 1, 2: SPR
Limb 3: RPS

Figure 1 CAD model of the studied 5-axis hybrid machine tool
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Consequently, the mechanism of 2UPR/RPU is trans-
ferred to a 2SPR/RPS for simplicity. The additional pas-
sive revolution joints can be set along the P joints with
only small displacements.

Hence, the machine tool studied in this paper would
be denoted by 2SPR/RPS, in which the S joints and
R joints are passive ones. Two of its limbs are with the
structure of SPR, and the other is an RPS one. Here, B, R,
and S stand for prismatic, revolute, and spherical joints,
respectively. Moreover, the underlined P means the cor-
responding prismatic joints are actively actuated. It is
important to clarify that the spherical joint contains a U
joint and a revolution joint along the P direction, just like
the blue description in Figure 2. An extra rotation joint is
set to the P joints for each limb compare to the original
mechanism.

As the simplified diagram in Figure 2, the two SPR
limbs in the studied parallel mechanism form a rolling
planar six-bar linkage (closed-loop A;B;B,A,) which can
wholly rotate around the vertical axis from the R joint.
The RPS limb is assembled within a plane perpendicular
to the aforementioned one. The SPR limbs are labeled as
limb 1 and limb 2, while the RPS one is regarded as limb
3. Accordingly, the centers of the joints on the fixed plat-
form are labeled as A; (i=1, 2, 3), and those on the mov-
ing platform are labeled as B;. Then, a spatial coordinate
frame, denoted by {S}, is attached to the fixed platform,
with its origin located at the midpoint of A;A,.

The moving platform is connected to the fixed base by
three limbs, in which each of the first two limbs is com-
posed of a spherical joint, a prismatic joint, and a revolute
joint in succession, and the third limb is constituted by a
revolute joint, a prismatic joint and a spherical joint from
the base to the moving platform. To describe the relative
pose between the moving platform and the fixed base,
two reference frames, denoted by {S} and {M}, are placed
at the base plane and the moving platform, respectively.

prismatic joint

spherical joint (U+R)

revolute joints

revolute joint

spherical joint
(U+R)

Figure 2 Simplified diagram of the equivalent parallel manipulator

prismatic joint >
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The equivalent plane linkage composed of two SPR limbs
at the nominal initial state of the mechanism is symmet-
rical. As illustrated in Figure 2, A4; (i=1, 2, 3) denotes the
centers of U joints of limbs 1 and 2, and R joint of limb 3.
The origin point of {S} is defined at the middle of A;A,.
The y-axis passes through A, and, the z-axis is perpendic-
ular to the plane A;A,A, and the x-axis satisfies the right-
hand rule. Besides, AA;A,A, is an isosceles right triangle
in which A,A, is the hypotenuse. Similarly, the centers of
the R joints of the first two limbs and the S joint of the
third limb are denoted by B,. The origin point of {M} is
defined at the middle of B;B,, y’-axis passes through B,,
the z"-axis is perpendicular to the plane B;B,B; and the
x’-axis satisfies the right-hand rule. Points B;, B, and
B, also form an isosceles right triangle and B,B; is the
hypotenuse. Thus, the positions of A; with respect to {S}
and B, relative to {M} can be represented as:

pa, = [0,—pa, 01", pa, = [0,04,01", pa, = [p4,0,01%,

pp, = [0,—pp,01", pg, = [0, p5,01", pp, = [05,0,0]",
(1)
where p, and py denote the distance from the origin of
{8} to A,, and the origin of {M} to B,, respectively.

It should be noted that based on the mobility criterion
M =6(m—g—1)+ > f, M denotes the degrees of free-
dom (DOF) of the mechanism, # and g denote the num-
bers of joints and links, and ]7 represents the number of
DOF of the jth joint, the DOF of the parallel mechanism
is 3. By analyzing the screw system of the mechanism, the
manipulator is a limited-DOF parallel mechanism with
one translation degree along the z-axis and two rotation
degrees about the x and y axes, which is also treated as
a special one of 1T2R parallel manipulator. For more
detailed information about the parallel mechanism,
please refer to Ref. [35].

2.2 Normal Inverse Kinematics of the Parallel Manipulator
As indicated above, the parallel manipulator has one
translational and two rotational DOFs. Therefore, the
distance p, between {S} and {M} along with the z-axis
and rotation angles a and § about the x and y axes can
be selected as generalized coordinates. Besides, since
the moving platform cannot rotate about the z-axis and
translate along the y-axis, the parasitic motion will only
occur about the movement along the x-axis, and this can
be easily obtained that p,=p,tanf [36]. Thus, the pose of
{M} with respect to {S} can be written as:

Cﬂ SaSﬂ CaSﬂ ztan
T _[Rm t,,,} |0 G =S, 0
m=10 1 - —Sg SuCp CoCp 2 ’
0 0 0 1
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where T, is the transformation matrix of coordinate
frame {M} with respect to {S}. R, and ¢,, represent the
relative rotation matrix and position vector. S,, C,, Sg
and Cp are the abbreviations of sin(a), cos(a), sin(f) and
cos(f3), respectively.

Based on Eq. (2), the position of B; with respect to {S}
can be derived and the link lengths can then be obtained
as

|= \/(RmpB,v +tm— PAi)T(RmPBi +tm—pa,)

®3)
where rp;, = Ry,pp, + ty and ra, = p4, denote the posi-
tion of B; and A; with respect to {S}. According to Eq. (3),
the input of each P joint can be obtained as

li= ”rBi —ra;

qi = li — 4i,0, i=12,3, (4-)

where g, represents the initial link length of limb i.

However, Eq. (3) only determines the values of active
joints. As mentioned above, the SPR limbs and RPS limbs
are regarded as RRRPR and RPRRR chains, respectively,
for kinematic and error modeling analysis. Therefore, it
is necessary to obtain the displacements of the joints.
The initial axis direction of all joints are shown in Fig-
ure 3, where z;, (i=1, 2), z3, denote the direction of the P
joint and the rest represent the R joint. Consequently, the
solutions for the displacements of all the joints are given
as follows (refer to Figure 4).

i1 =—pB,
0i2 = (—1)""!(arccos (e3 ;) — arccos (v3lip)),

0i3 =0, i=1,2
Oia = li — qip,
6;5 = arccos (e b;),

(5)

333

Figure 3 Axis directions of limb 1 and limb 3
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Figure 4 Displacements of the joints in two planes

63,1 = (arccos (e;13) — arccos (e;l30)),
93,2 = 13 - q3,0;

033 =0, (6)
03,4 = arccos (eflg),
035 = —a,

where e,=[1, 0, 0]" and e,=[1, 0, 0]". /; and [, , denote the
direction of /; and the initial direction of corresponding P
joint in each limb respectively.

3 Different Error Modeling Methods of the Studied
Parallel Manipulator

Since the error of the parallel manipulator in this

machine tool is the main error source, its kinematic

parameters should be identified independently.

3.1 Error Modeling by Inverse Kinematics
As mentioned above, geometric constraints are an
important part of error modeling. In this studied 3-DOF
parallel manipulator, the following assumptions, shown
in Figure 5, are made to achieve the closed-loop solution
to the manipulator’s inverse kinematics.

1) The relationships between the three limbs’ R joint
and its P joint are perpendicular, respectively. Addi-
tionally, all R joints are assumed to be parallel,
ensuring that the plane formed by the six-bar link-

Figure 5 Assumption in the inverse kinematic error model
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age (closed-loop A;B;B,A,) remains the same as the
nominal ones.

2) The vertical plane (passing through A;) to the R joint
of limb 3 is also perpendicular to the plane with limb
2 and limb 3.

Based on the above assumptions, the actual motion
of the parallel manipulator can still be 1T2R character.
Meanwhile, the motions of the moving platform can be
determined based on the geometric constraints men-
tioned earlier. In order to meet the strictly geometric
conditions and put the position and orientation error of
fixed frame {S} and platform frame {M} into the model,
the closed-form solution of three limbs’ inverse kin-
ematics can be obtained as:

lili:RmrB,-‘i‘tm_rA,-; l:1, 2; 31
Rum)'1; =0, i=1,2, @)
n'l; =0, i=3,

where n; and n, denote the directions of the R joints
in limb 1 and 2, respectively, which are expressed in
desired platform frame {M’} (considered as the actual
position error respect to frame {M}). n, represents the
direction of the R joint in limb 3 with respect to frame
{S}. my=mny = elT, n3 = eg. l; (i=1, 2, 3) denotes the
length of the corresponding prismatic link and I; rep-
resents its direction. R, and ¢, are the same in Eq. (2).
rg, = Rppp, +1t, and ra, = Rppy, + £, represent the
points B, and A; with respect to fixed frame {S} respec-
tively. R,, t,, R, and £, represent the rotation error matrix
and position error vector in {M} and {S} respectively. In
kinematic calibrations, the poses of the moving platforms
can be directly measured by external measuring devices
and the tool frame is constructed by three SMR points,
and the measuring errors are inevitable. Therefore, the
deviation in the moving platform should be taken into
account and the pose parameters R,, £, Rp, L, R; and t,
can be considered comprehensively.

In the inverse kinematics Eq. (7), the 2nd and 3rd
equations come from the limbs’ geometric constraints
(1) that the R joint is vertical to P joint. By differentia-
tion of Eq. (7), the corresponding error models can be
derived as:

3l + ;81 = 8Rmr3i —I—RmBrBi + 3¢ty — SVAw i=1,2,3,
LSRym) + Rym) T8 =0, i=1,2,
IIsmi+nlsl; =0, i=3,

(8)

where drp, = 3R, pp,+R,d0p,+3tp, 814, = SRypp4,+Rpdp 4+t
and 0m; =0 (i=1, 2, 3).

Both sides of the first equation in Eq. (8) can be mul-
tiplied by liT. So Eq. (8) can be transferred as:
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8; = ITRyrp, + 1T Rydrp, + 1188, — U8rs, i=1,2,3,
IT5R,m; + R,m) T8l =0, i=1,2,
nlsl; =0, i=3.
)

In this paper, the deviation of R,, and ¢,, can be rep-
resented by six parameters {8a, 83, 8y, 8p,, Op,, dp.},
where the rotation matrix is characterized by Z-Y-X
Euler angle. At the same time, the rotation and position
deviation of the base frame and platform frame, repre-
sented by Ry, ¢, and R, t,, respectively, contain twelve
parameters {8a;, 88, 8y, dx, 8y, 8z, da, 6B, 8y,
dx,, 8y, 8z,}.

Consequently, Eq. (9) can be written as:

]q,isq =]d,j6d +]p,i8pi7 (10)

where g = [p,, p,, P, @ 3, 71T denotes the pose variable
of the moving platform. p; = [py4,, pBL.,li]T € R3*1is the
vector of kinematic parameters to be identified in each
limb. d =[xy, ¥}, 2pp A By Vip % Vo Zpp O By yp]T is the
pose variable of frame deviations.

As a consequence, there are about 21 variables that
need to be identified in this error model. The coefficient
matrices [ ; € R2%6,7, € R2*12 and Jpi € R2%3  are
given by:

5 Rars) |
]q,i = A T A , i=1,2,
si —si(Rurg,) Jw — I} Rpuni)™]

_ l;f _lzT (RmrBi)A]W -
]qi - A ) L= 31
’ h; _hi(RmrBi) Tw
(11)
Jai= |:l;r _l;rfA,i I?Rm _l;rRme,i :| , i=1,2,
Yolsi —sfa; SiRm siRuf,
Js= I3, ~Bifai LRw  —LiRufs, } =3,
” _hi _thA,l —h[Rm hiRme,i
(12)
I, = _I?vai —l;FRmevi 1 i=12
P _sinvi —siRmevi s;l; ’ »
T, = _l;FRbVL' —l;rRmeVl' 1 i=3
bt _h,‘Rmvai —h,’RmRmeVi h;R,,l; ’ ’
(13)

where v, =10, -1, 0], v,=[0, -1, 0]T and v;=[0, -1, 0]T.
si= Run)* /1y, hi=nl/li, fa;,=Rpps) Juwp and

fB,i = (Rpri)A]Wb (i=1,2,3).

Considering the different equivalent rotation matri-
ces for various representations of orientation, the
angular velocity should be transferred precisely. In this
paper, Z-Y-X Euler angles («, f3, y) are adopted as repre-
sentation. In the above equation, J,, J,;, and J,,, are the
coefficient matrices defined as:
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1 0 —Sg St Sar |
sw= |0 C, S.Cp||58|=Jn|88]

0 =Sy CuCg dy dy

(1 0 —Sg, ] _Bab- —Sab
wy= |0 Co  Su,Cp, | [ By | =Twp | dBp |»

_0 —Oq, o CBp | _3Vb ] _8)/]9

(1 0 —3Sg, 17 Sty | [ 3oty
swy=1{0 Cay  Sa,C, | | 38y | =Jup | 38y

0 —Sa,  Ca,Cp, ] _8)/1, ] _8yp

(14)

As a result, the overall error model of the parallel
mechanism based on inverse kinematics can be obtained
and written as:

Sq =T, T,0p, (15)
dd
]q,l Sp
where Jq= Jq2 € R6x6, dp = Bpl € R*¢ and
2
Jq3 op3
Jag Jp1 O 0
Jp=1|Jaz O Jp2 O e RO*21,
Jaz O 0 Jn3

Eq. (15) established the relationship between the links’
kinematic errors and the pose of the moving platform. It
is evident that each limb comprises 3 individual param-
eters, resulting in a total of 21 kinematic parameters that
need to be identified for this parallel manipulator.

3.2 Error Modeling by Geometric Constraints

Just shown above, the inverse-kinematic error model
is primarily based on the assumptions of ideal motion
character and disregards the influence of passive joints.
The modeling method is established by the closed-loop
equation, which contains the relationship of the end’s
deviation and parameters’ errors. However, most lim-
ited-DOF parallel mechanisms employ specific geomet-
ric structures to achieve its constrained motion, such as
symmetry, coplanarity, and collinearity. Utilizing these
special geometric features can simplify the error mod-
eling process.

In this studied manipulator, maintaining the 1T2R
motion character strictly relies on the vertical relationship
between the P joint and R joint in each limb, as depicted
in the first limb of Figure 6. Therefore, different from the
inverse-kinematic error model, this constraint is utilized
to model the error relationship through a newly defined
dimensionless parameter. Since each limb of the paral-
lel mechanism contains the part that the R joint is con-
nected to the P joint, the angle between the axis of the P
and R joints is invariable, and the projection between these
two axes can be defined as ¢; (i=1, 2, 3). Just shown in Eq.
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Figure 6 Angle between R joint and P joint in limb 1

(7), the projections are zero according to the assumptions.
However, in this part, the parameters c; are set to non-zero
and should be identified in the error model. It is important
to note that the S joints are still assumed to be ideal, similar
to the inverse-kinematic error model.

Then, a kind of constraint equation for the limbs can be
written as:

T
Yi1 = Run; l; — c;,
T
y3,1 = n3l3 — c3,

=1, 2,
’ (16)

where n; and n, denote the directions of the R joints in
limb 1 and 2 expressed in {Mj}, respectively. n; repre-
sents the direction of the R joint in limb 3 with respect
to {§}. [; = HRmpi + &, —ri||, (i = 1,2,3) represents its
direction.

It should be noted that if there are no kinematic errors,
Eq. (16) should equally be 0. However, due to the exist-
ence of the manufacture and assembly errors, the calcu-
lated y; will not vanish according to the measured pose of
the moving platform. In kinematic calibrations, the poses
of the moving platforms can be directly measured by exter-
nal measuring devices, and the measuring errors are usu-
ally much lower than the geometric errors. Therefore, the
measurement noises are usually not taken into account and
the pose parameters R,, and £,, can be considered precisely.
The calibration problem can be transformed into finding
the optimal values of the involved kinematic parameters to
minimize y; for all measured configurations, which can be
solved by the Newton iteration method.

The gradient of Eq. (16) can be obtained as:

8}’1’,1,}' = l};-Rm,ani + %(Rm,jS/)i - 6]‘,‘) —38¢;,i=1,2
3y3,1) = lg,j&ns + % (Ry,j3p3 — dr3) — 8cs,

(17)
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where 8y;,;=—y;,, and the parameters containing the
subscript j denote the values of the corresponding
parameters in Eq. (7) at the jth measured configuration.

Qi = (Rm,,'ni)T(Ig - li,jl;l;)(i= 1, 2), Q3 = i’l;r (Ig — ll,]lg;) .
Since n; can also be defined as n;=Rot(y, 8;)Rot(z, y,)e;

for i=1, 2 and n;=Rot(y, a;)Rot(z, y;)e,, their deviations
about the errors of rotation angles can be written as:

—55,Cyi —Cp;Sy; Sat; '
dnm; = | 0 Cyl. 56; :]n,avi: i=12
—C,Cy, Sg:Syi '
0 —Cyy
dar
Smz = {—sascys —caism] {syﬂ =, 803.
Cots Cys 75013 V3

(18)

Substituting Eq. (18) into Eq. (8) and transferred the

results in matrix forms, the error models derived from
Eq. (7) can be obtained as:

8yi1; = J1,;0p;
1 1 .
= {——ui,o, —u,'Rm’i,liTiRm,j]ni,—l} Sy, i=1,2,

ll‘,j ll‘,]
8i3; =J13,0P3
1 1
= |:—ru3, lS,j]ﬂs’ —1,0, rung‘,} 8193,
3, 3,
(19)
where u; = (Rm,jni)T(Ig — li,jlgj)’ us = ng(lg — lgyl‘lg).
Sp,=[8r, 8, dp,, dv,, 8¢;)T (i=1, 2) and 8p, = [8ry, Sp;,
8vs, 8¢c;)T represent the errors of kinematic parameters
in the limbs. /; (i=1, 2, 3) denotes the length of the cor-
responding link at zero position. It can be observed that
each limb contains 10 parameters and totally 30 kin-
ematic parameters should be identified for this parallel
mechanism.
Additionally, since the calculated link length should
equal the sum of the input and /, another constraint
equation can be written as:

Yo =bij — Ui +qij), i=1,2,3, (20)

where ¢g;; denotes the input of the P joint at the jth
configuration.
Similarly, the gradient equation can be derived as:

8}’2,;’,}' = lEj(Rmapi —dry) =8, i=1,2,3. (21)

Writing Eq. (21) in matrix forms, the error models
derived from Eq. (20) can be obtained as:
Sy = —l},,—1,1},Rm,j,o,o} Spi=Joidps i=1,2,

dy23) = —lg,j, 0,0, —1,l§,,-Rm,,} 3ps = J3,i,0ps.
(22)
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It should be noted that in this paper, the italicized 0 in
all formulas represents the zero vector of the correspond-
ing dimension, while the number 0 is the scalar.

Thus, by combining Eq. (19) and Eq. (22), the overall
error model of the parallel] mechanism based on special
geometric constraints can be obtained and written as:

dy1,1, Ji1;, O 0
8y2,1 Jo1; O 0 59,
dy1,2, 0 Ji2; O
3y, = = -~ 3py | =Jpj8p,
y} 8}/2'2,}‘ 0 ]2’2‘]_ 0 822 pJj pP
dy1,3, 0 0 J13) 3
dy2,3, 0 0 J23,

3.3 Error Modeling by the POE Formula Considering Whole
Parameters

As previously mentioned, the number of kinematic
parameters in the error model based on inverse kin-
ematic is inevitable incompleteness for its particu-
lar assumptions of geometric constraint. Therefore, in
order to include all kinematic parameters, it is neces-
sary to develop a precise error model that discards those
assumptions and violates the synthesized geometric
constraints. In our previous work [32, 37-39], a general
error modeling approach that satisfies the requirements
of completeness, continuity, and minimality has been
proposed for parallel manipulators on the local POE for-
mula. This method can also be applied to this studied
machine tool.

The core idea of this method is to establish the limb’s
error model through the complete forward kinematic
equation and integrate all limbs together as a whole.
Specifically, those motion errors of passive joints should
be eliminated based on reciprocal screw theory. The
detailed error modeling process of the studied 3-DOF
parallel manipulator is outlined below.

In this section, each limb is considered as a general
serial kinematic chain consisting of four revolute joints
and one prismatic joint. The forward kinematics of each
limb, as illustrated in Figure 7, can be represented as:

8ist(0:) = g exp (Ci,lei,l) " &g €Xp (Ci,sei,s)gi,s’

(24)

where g;,€SE(3), j=0, ..., 5 denotes the initial relative

pose of the moving rigid part and i denotes the number

of limb. @, represents the vector of the limb’s all joint var-

iables as defined in Figure 7. Besides, { denotes the local

screw of corresponding joint. In general, {; denotes the

axis of rotation joint and {, represents the prismatic one.
The concrete expressions are as follows:
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{Ri2} o 3

v
4 51,2 {R13}

{Ry4}

Figure 7 Local POE formulation of the SPR-limb

¢3=1[0,0,1,0,0,0]%, ¢4 = [0,0,0,0,0,1] . (25)

By differentiating the forward kinematics Eq. (24), the
pose error of moving platform frame {M} can be obtained
as:

i = (dgagit)

5
Z Ad <gi,0 exp <£i,10i,1) o 8ij—i Xp (2;’,;‘91}1') )Ai,iBPi,j
j=0
5

+ Z Ad (gi,o exp (2[,19i,1> o 'gi,j—1> £:80i),
=1
l (26)
where y,€R®*! denotes the twist error of the manipula-
tor’s end-effector in the ith limb. ((Sgiyl-ggjl)vai,jSpi,j is
the geometric error of the links, expressed in twist form,
whose 6 X 6 coefficient matrix A;; is given by:

49ij — 5S¢L,/+<Pi,j sz,/

4 — ¢;iSy. —4C,, .
Ay =g+ — 000 " g ; 72
293, 2¢;;
2- (pi:js%,/ - 2C‘Pi,/ 73, n 2(/’1',]' - Bsfﬁi,/' + ¢ij Cfﬂi,/ 74
2%{%/_ if 2(/% i

where Z;; = ad(p;;) € R®*® denotes the adjoint repre-
sentation of p;; € se(3) and ¢;; is its magnitude. The
operators Ad(-) and ad(-) represent the adjoint transfor-
mation of the element in Lie groups and Lie algebras,
respectively (for more details, see Ref. [37]).

Then, the limb’s kinematic error model can be rewrit-
ten in a compact form just like serial robots as:

Syi = FL'AiAiSpt + W, =30, :]piapi +]q180i: (27)
where 3p; = [Spgo, SPEI, ce SPES]T € R3¢ is the error

vector of each component. 0; = [86;1, . ..,80;5]T € R>*!
is the error vector of the joint motion.
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Jpi =TiAjA; e R and J,, = W;E; € R® are the
corresponding error transformation matrices. The rel-
evant coefficient matrices are given by:

r= [16, Ad

6x36
exp (Eiﬁm) T Adexp (Ei,lei,l)“'exP (&,595,5)} € RM,

A; = Blockdiag (Is, Adg,,, -, Adg,, g, ) € R*,

A; = Blockdiag (4;0,A;1,...,A;5) € R¥**3,

v = {Iﬁ,Ad )} € R®*30,

exp (Em@i,l) T AdeXP (gi,lei.l) - exp (E 1404

B, = BlOdeiag (&',1»5;’,2» S ’gi,S) c R30x5’

§;;=Ad(g;o---&j-1)¢3/6) =1,...,5 denotes the spe-
cific position of relative axis at each configuration. The
4th joint in limb 1 or limb 2 and 2nd joint in limb 3 is
prismatic, in other words, the right side of the equation
is {5

From Eq. (27), it is apparent that, in the limbs, the
pose error of the parallel manipulator’s end-effector
comes from two aspects: (1) The kinematic errors p; of
the limb’s constituting links due to manufacturing and
assembling tolerances; (2) The joint variable errors 86;
caused by the actuators’ input repeatability and the pas-
sive joints’ idle motions. Usually, owing to the precisely
controlled by the encoder of actuated joint motions, the
relevant motion error can be reasonably ignored. As a
result, joint variables 80, ,, 66, , and 86, , are equal to
0. Moreover, the error models of the parallel manipu-
lator’s limbs are slightly different from those of their
serial counterparts due to the existence of the passive
joints. Since the displacements of the parallel manipu-
lator’s passive joints are determined by the active ones,
their motion errors do not keep constant but vary at
different configurations. In other words, these error
components could be regarded as intermediate varia-
bles that need to be eliminated in advance before estab-
lishing the system error model for the whole parallel
manipulator.

The reciprocal screw can be used to eliminate the
limb’s passive joints. In this paper, each limb has four
passive moving joints, therefore, two reciprocal twists
exist. The reciprocal relation for all twists can be

assembled in a matrix form as:
J,iR¥, 5 =0, (28)

where € is the inverse operator as
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2 = [?3 {)3} = 27! = Q. The other coefficients are

) — - T
givenby J,; = [£;1,&;,] € R**S,

Wri= [16’ B AdeXP <§i,191,1) exp (E,‘,z@,z) exp (Ei,395,3)}

V,3= {16, ..., Ad c R&<24

exp (Ei,ﬁu) exp (gi,Bei,S) exp (31,39;‘,4)}

Blockdiag (&;1,&,2,&;3,§,4) € R*¥, i=1,2,

N
Il

EV,?) = Blockdiag (€3,1,§3,3,§3A,§3’5) S R24><4.

It should be noted that the matrix J, limits the applica-
tion scope of the method in non-overconstrained paral-
lel mechanisms. Substitution Eq. (28) into Eq. (27), the
whole error model of parallel manipulator with all limbs
are:

Sy = Qj;llr,pgp - IPSP: (29)

where 8y=38y,; =08y,=8y; since the manipulator’s end-
effector is shared by all limbs. 8p = [3p], 8p1, 8p3 |7 € R108x1
represents the system error vector of the whole parallel
manipulator. The coefficient matrices can be given by:

T
T T T 6x6
Jr= gt gty e reS,

Jrp = Blockdiag (J1121p,, T 72 R p, 1321 ;) € RO,

As presented above, all kinematic parameters are con-
sidered in the error model as shown in Eq. (29). Con-
sequently, it can satisfy the complete requirements.
However, not all of the parameters can be identified inde-
pendently. The redundant error parameters should be
further eliminated.

In our previous works [32, 37], an analytical approach
was proposed to identify and eliminate redundant com-
ponents in order to achieve error models that satisfy the
requirements of continuity, completeness and minimal-
ity for the kinematic-parameter identification. The core
principle is constructing row space and null space of
identification matrix J,;, taking simultaneously the vari-
ety configurations into account.

Due to the complexity in dealing with unmeasurable
motion variables of passive joints, the elimination of
redundant parameters is conducted in two stages. Firstly,
the kinematics errors in each limb should be eliminated
as a serial robot.

c R6X24, i=
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In the first item of Eq. (27), A; and A; are nonsingular.
Consequently, the linear correlation of columns in I'; can
determine the redundant parameters.

1,2,

Then, the null space of I'; can be constructed in a matrix
form as:

[—U;; O - 0
U;, Uy :
riiu=0=1U,; = 0 17 0 )
:ﬁi,S
L0 e 0 Us |

(30)
According to the joint types in SPR and RPS, the relevant
zero space matrix of Ei,j are given as:

U= [ o } , revolute joints,
Vij @i 6x2 (31)
.. — | @i 0 . Lo
ij = , prismatic joints.
0 I3]g

Consequently, Eq. (27) can be operated by an orthogonal
partitioning matrix N; = [U f‘, U;]as:

Byi = erleTAlAlgpz + 'IliEiBOi

T - (32)
=TI U;u; A;Adp, +V,;=Z50;.
The projection operation J, £ can be applied to Eq. (32).
As a result, it changes the linear correlation of column
vectors in I;U,. Another separating algorithm should be
exerted. Based on the reciprocal relation of Eq. (28), the
null space of the reduced identification matrix J, £2I;U; can
be obtained as:

] @TUU[E =],,2TE =], 2¥,,5; =0,
(33)
where E; = [§;,0T]T e R36x4, such that I''E; =¥, 5,
since ¥, only consists of the first m; blocks of I as
defined in Eq. (28).
Then, the second stage of separate operation to eliminate
the redundant parameters in the reduced error model as:

J,iR28y; = J,: 2 ;UMM U] AA;dp;

_ 34
=] U;V,ViUlAAbp, =J5,5P: (34

where M; = [VLJ-, Vil VLJ_ € R2*4 and V; € R24%20 are
column equivalent and orthogonal complement to U LTE i
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respectively. Simultaneously, 8p; = V;f u lT AiA;3p;,e R*

and Jp, = J, ;2 U;V;€R**],
Finally, a whole error model which meets the complete
and minimal requirements can be given as:

5y = 27,559 =T ,5P, (35)

where 8p = [3p], %P5, 8p1 |7 € RO*L T, = 2] !5 and

Jp = Blockdiag(]pl,]gz,]};g) € R6x60, Eq. (35) illustrates
that the studied parallel manipulator’s independent error
parameters are 60, though the total number of the kin-
ematic parameter is 108. As consequently, this model is
called the complete-minimal error model in this paper.

4 Comprehensive Comparison with Different Error
Models in Simulation

In this section, comprehensive comparisons with those
three error models are conducted by simulations. The
comparisons are specifically including the accuracy, the
influence of S joint, identification with noises, and sensi-
tivity indices. Additionally, some extended error models
based on the inverse-kinematic error model and com-
plete-minimal error model are also proposed for better
illustration. The details are presented below.

4.1 Extended Error Models for Further Comparison
4.1.1 Inverse-Kinematic Error Model with 9 Parameters
In Section 3.1, the error model contains deviations of
base frame and platform frame. In order to present a
better comparison for the influence of those errors in
identification accuracy, an extra error model with nine
parameters is obtained based on the deduction process in
the error model.

The parameters to be identified are p=[p,y, pp, [
Paw Py by Paz Pra 13]T €R™. The final error model is
obtained after ignoring the dd in Eq. (15).

]q,l ]p,l 0 0 8pl 1
Jg2 |3q= {0 Jp2 0 Spy | = 3q =7, T,p,
J43 0 0 J,3||dps

(36)
where J is the same as Eq. (15), 8p = [819}", Spg, SPE]TE]R
91 and Jp = Blockdiag(J ,1,J p2,Jp3) € RO,

4.1.2 Inverse-Kinematic Error Model with 27 Parameters

In Section 3.1, the error model contains the assumption
that the S joints are ideal. In order to investigate the influ-
ence of those errors in identification accuracy, an error
model with 27 parameters is obtained based on the addi-
tion process in the error model in Section 3.1. For each
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limb, two additional position errors are considered into
S joint.

The parameters in each limb to be identified in this
error model are p,=[p,; pp» Ps» LT ER>L. Compared
with original error model in Section 3.1, the only differ-
ences are the matrix of J,, ;:

ll‘RbVi —linRuvi —l,’Rmevi 1 .
Jpi = , i=12,
S,'vai —sinRuvi —sl‘RmeVi sil,'
] L l,‘RbV,‘ —l,‘RbRuV[ —l,’RmeV,‘ 1 i=3
L hiRyv; —h;RyR,v; —h,‘RmeVi hil; ’ -

37)
where R, = exp (ézﬁ) and 6=6, ; which can be found in
Figure 4. s; and h; are the same as in Eq. (13).

4.1.3 POE-Based Error Model with Perfect S Joints

Similarly, the influence of S joints is also taken into con-
sideration in the complete-minimal error model. Usually,
the S joint consists of three revolute joints and four links.
The kinematic equation is

g = exp(py) exp(€1q1) - - - exp(€3q3) exp(Py).  (38)

By full differential of the above formula, the error twist
of the end pose can be obtained as:

de = FDEA;;AAPBP + !IIE.'Bq, (39)

} c ROX24

)

where I' = [IG,Ad

exp@ran * Aexp(Eygn)

D¢ =Blockdiag <I6 — Adexp@lql), oI — Adexp(g3q3)’l6)
Is 0 0 0
Ig I 0 O
24x24 _ | Te 1Ie 24x24
eR , Az = Ie Ie I 0 eR s
Ig I Ig Ig

A = Blockdiag (I, Adexp(py)s - - - » Adexp(py)--exp(ps)) € R24x24

A, = Blockdiag (Ap,, ..., Ap,) € R**%,

Sp = [dp1,...,5p T e R,
6x18

V= [16’Adexp(élql)’Adexp@zqz)}

E = Blockdiag (&,,&,,&;5) € R'®3,

5q = [8q1,3¢2, 8q3]T € R3*L,
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Without considering the error in S joint, the parts of
dp, and 8p; are set to zero. Therefore, Eq. (39) can be
transferred as:

Se = I'Dg sA AsA,sdps + W Edq

= I'Dgsdps + W Edq, (40)
Is — AdeXP(Eun) 0
where Dg s = Is =4 eXP(gzch) 01 R24x12
6 exp(§343)
0 I
_ |16 0 12x12
A= [16 16} eR s
As = Blockdiag (Is, Adexp(p,)- exp(ps)) € R**12,

Aps = Blockdiag (A,,,Ap,) € R24x12

Sps = [opL, opi1T € R12X1,

In Eq. (40), 8pg represents the cumulative error and can
be transferred by link error:

~ _ [A4,,5p, R 12x1
8ps = A1AsApsdps = Ap3py +Apdpy | T |80y ] € e
(41)
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When the projection operation is used to eliminate
the influence of the motion error of the unmeasurable
joint, the corresponding parameter identification matrix
has also been changed while ignoring the S joint’s man-
ufacturing error. Consequently, the null space matrix
of the corresponding identification matrix will be also
changed accordingly. Projecting the constraint rotation
matrix onto the end’s error in Eq. (40), the identity can be
obtained as:

=T __
E . RVE =

0.

=1
= E,,2I'D:sAq

g Ad(eB)g, 0 1
0 0 &3

(42)
Finally, the elimination matrix is

Vs = A

£,0 _
f)l gd(e“)gz O | = A Zs. ()

&3

4.2 Identification Methods for the Three Error Models

As indicated above, the identification process for kin-
ematic parameters based on the inverse-kinematic
error model should be performed initially, as shown in
Figure 8. Similar to the traditional identification pro-
cess about obtaining the actual values of the kinematics

( Start )

Nominal kinematic

»la
1 )

Parameters p,

A\ 4

Actuation inputs ¢;

Initial Nominal

of moving platform g, ,

end pose

Actual measurement of
moving Platform g, ,

»
>

Y

Y

Pose errors of the Forward kinematics with
moving platform dey, current parameters g, x

No Update the kinematic
parameters py=p;+opy

i

Yes

Storage the current
kinematic parameters

End

Figure 8 Flow chart of the identification process based on the inverse-kine

Identification based on
inverse-kinematic error model

matic error model
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parameters, the least square method is used in the cal-
culation [37]. Meanwhile, all the extended error models
are derived from the original one in Section 3.1 share the
same identification method.

1 -1,
w=(1,00) T pdew (a4)

Secondly, the identification process based on the geo-
metric-constraint error model is shown in Figure 9. The
identification algorithm is also used by the least square
method above. The detailed equation is

Sp = (I';I'p)_ll',fﬁy. (45)

Thirdly, the identification process of kinematic
parameters based on the complete-minimal error
model is illustrated in Figure 10. The actual poses of the
parallel manipulator’s end-effector are given by external
measurement, and the pose deviations from the end of
measurement to the end of calculation define as:

5 = (log (Eueatuk)) - (46)

Start
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Then, combine all deviations together as:
8y1 J, pl
Vm

p = ;paﬁ (4:7)

Jpm

In the reduced error model, the redundant components
have been eliminated, so the dimension of the independ-
ent error vector 8p is less than the number of the parallel
manipulator’s kinematic parameters. Therefore, an extra
update criteria for the manipulator’s kinematic parameters
is introduced by letting the redundant errors always be
zero. Then, we have:

5p; = VIUT Adp, = dp; = U7 AT INM; [g”i],
(48)
where 3p; is the independent error component in the
limb i, which can be extracted from the system one &p;
as in Eq. (34). M; and N are the orthogonal partitioning
matrices which are updated according to the current kin-
ematic parameters.
To keep the calculation more stable, the total least
squares (TLS) method is used to identify the kinematics
parameters. The iterative formulation is given as:

Nominal kinematic

Parameters pn

A\ 4

»la
<

Actuation inputs ¢;

Actual measurement of
moving platform g, ,

Nominal values of
geometric constraints y;

Relative parameters
110,120,030, R ,121,112,113

»
»

Y

A\ 4

Errors of the geometric
constraints dy;

Values of geometric
constraints y;

T

Yes

A

Update the kinematic
parameters p=p;+opx

Storage the current
kinematic parameters

End

Figure 9 Flow chart of the identification process based on the geometric-constraint error model
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( Start )
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Nominal kinematic

A\ 4
A

Actuation inputs ¢;

A\ 4

Parameters p,

Initial nominal pose of
moving platform g,

|

Nominal inverse
kinematics ¢,

&

<

\ 4

Nominal pose of the
moving platform g, ,

Actual measurement of
moving Platform g,

>
>

\ 4

Pose errors of the
moving platform de,

Forward kinematics with
current parameters g,

Yes

A

No Update the kinematic

parameters p=p;-+p;

Storage the current
kinematic parameters

\ 4

End

Identification based on
complete-minimal error model

Figure 10 Flow chart of the identification process based on the complete-minimal error model

1 k
P =p + o, (49)
where p, represents the estimation of the kinematic
parameter at the iteration k and 8p* is the corresponding

kinematic error vector according to Eq. (48).

4.3 Comparisons for All Error Models in Simulation

4.3.1 Accuracy

In this part, a comprehensive comparison of accuracy
after identification is conducted. Firstly, in order to
obtain measurement data, simulations are performed
using the forward kinematic method with random devia-
tions of whole geometric parameters. The deviations are
random normal distribution within [—0.005, 0.005] m,
rad. Secondly, the measurements are exerted for all error
models proposed above to perform identification. Lastly,
the residual position errors and orientation errors are
calculated for comparison. The results are presented in

Figure 11. Meanwhile, the mean residual errors are listed
in Table 1. In this table, the Inv-9 represents the inverse-
kinematic error model with nine parameters, so as the
Inv-21 and Inv-27. The G-C represents the geometric-
constraint error model. The perfect S model represents
the POE-based error model with the perfect S joint. The
C-M represents the complete-minimal error model.

As observed in Figure 11, both the C-M and the per-
fect S model exhibit superior position and orientation
accuracy compared to other error models. However,
when comparing the mean errors between those two
error models, it becomes apparent that the C-M model
is closer to the true values and has a significant advan-
tage over the perfect S model with a two-order mag-
nitude difference. Furthermore, the inverse-kinematic
error models considering deviation of base frame and
platform frame have the same accuracy so as the G-C
model. However, the G-C model offers a more stable
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Figure 11 Accuracy comparison after calibration in simulation: (a)
Residual position errors, (b) Residual orientation errors

Table 1 Mean position and orientation errors with different error
models after calibration

Position (m) Orientation (rad)
Before 0.0127 0.0333
Inv-9 0.0121 0.0287
Inv-21 0.0029 00014
Inv-27 0.0029 0.0014
G-C 0.0027 0.0047
Perfect S 1.010x107° 2853%x10™°
M 2012x1077 9048x 1078

residual deviation. The improvement of accuracy before
and after identification based on the Inv-9 model is rel-
atively small, highlighting the significance of consider-
ing the deviation of the base frame. Generally, the error
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model with more geometric parameters can greatly
improve the accuracy relative to the inverse-kinematic
error models.

4.3.2 Influence of S Joint

In this part, the influence of the S joint in the error
model is verified through two simulations. The first
simulation involves comparing the C-M model
and the perfect S model, while the second simula-
tion compares the Inv-7, Inv-21, and Inv-27 models.
Additionally, to further evaluate the models, a set of
measurements with random noises is also automatically
generated for comparison. The noises follow a random
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Figure 12 Influence of S joint in the complete-minimal error model:
(@) Residual position errors without noise, (b) Residual orientation
errors with random noises
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Figure 13 Influence of S joint in the inverse-kinematic error model:
(a) Residual position errors without noise, (b) Residual orientation
errors with random noises

normal distribution within [—0.0002, 0.0002] m, rad.
The results are presented in Figures 12 and 13.

In Figure 12, the perfect S assumption in the complete-
minimal error model introduces errors of approximately
1.5x10~* m. Similarly, this characteristic is also evident
in Figure 13. However, the residual error caused by the
perfect S assumption would be at a small level relative to
the measurement noise. Compare with the two images in
Figure 13, the small noises in measurement can be eas-
ily disregarded, especially considering the larger residual
errors.

4.3.3 Influence of Noise Uncertainty

To further investigate the impact of noise uncertainty
and compare the stability of the different error mod-
els, two additional sets of random noises are applied to
the measurement data for identification. The first set

Page 16 of 25

0.016 T

0.014 - 1

0.012F

g
=
T
.

—Inv-9 —Inv-21 - - -Inv-27

0.008 - 1

0.006

Residual Position Error (m)

0.004

0.002

0 : .
0 50 100 150
Configuration Number
(a)
0.04 T T
—Inv-9 —Inv-21 - - -Inv-27

0.035 H
E 003}] I
g
£0.025
=
2
= 0.02F
2
=}
a~
= 0.015F .
= 4
S \
& oo fi[i

0.005 - 1

0 . .
0 50 100 150
Configuration Number
(b

Figure 14 Accuracy comparison for inverse-kinematic error
models consider different uncertain noises: (@) With random
noise of the magnitude of 0.002 m, rad, (b) With random noise
of the magnitude of 0.02 m, rad

follows a random normal distribution within [—0.002,
0.002] m, rad, while the second set follows a distribu-
tion with [-0.02, 0.02] m, rad. The results are pre-
sented in Figures 14 and 15. Meanwhile, all the mean
residual errors of different error models are summa-
rized in Table 2.

Based on the analysis of Figures 13 and 14, it can
be concluded that the inverse-kinematic error models
exhibit stable performance in identifying the geometric
error model. The simulations with different noise levels
get a unanimous conclusion that the parameters error
in the S joint wouldn't affect the accuracy very much.
This conclusion is also reinforced by the observations
made in Figures 12 and 15. In addition to accuracy, it
is noteworthy that all the error models demonstrate
good stability during the identification. This indicates
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that the models are robust and capable of maintaining
consistent performance even in the presence of noise or
uncertainties.

4.3.4 Sensitivity Analysis
In order to illustrate the reason for accuracy improve-
ment, the sensitivity analysis is proposed to present the
in-depth relationship between the parameter deviation
with end-effector’s error. Sensitivity indices in Refs. [40,
41] are utilized for comparison.

Firstly, the relationship between the parameter devia-
tions and the end’s deviation is
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k
sef = JEop, J§ = [’ “"], (50)

Th
where Bellg and dp represent the end’s deviation the param-
eter deviations, respectively. J ]g is the Jacobian matrix. J lﬁb
and J I{, are the orientation part and position part, whose
specific expressions can be found in Ref. [40].

It contains the position part and the orientation
part in the Jacobian matrix. The sensitivity analysis
presents the proportion of the influence of a specific
geometric parameter to the end in the workspace. It is
a statistical index. Consequently, the single value and
the total value of parameters are

k _ k2 gk 2, 1k 2
ij - \/]Pj,x +]Pj,y +]Pj,z )

k kK 2, 5k %2 gk 2
/'L@j=\/]q>}.'x +]<Dj.y +]¢‘/’,z’

Ip; = (Zl‘f%)/” Ho; = <Z“l§>/>/n‘ (52)
k=1 k=1

Compared to the other two error models, the sensi-
tivity indices for the G-C error model are disregarded
for the unintuitiveness of some virtual parameters.

Based on Egs. (51) and (52), the results are presented
in Figures 16, 17, 18, 19. It is important to note that
the sensitivity index is defined in a workspace of cubic
input space.

From the analysis of Figures 16 and 17, the maximum
sensitivity index for the end-effector’s position error to
the kinematic parameter is 1.65, and the transformation
deviations of g;5, (i=1, 2, 3) have the greatest impact,
as well as the orientation error. This is due to the fact
that errors in the position and orientation of the joint
frames in the moving platform directly affect the whole
mechanism. On the other hand, the rest kinematic
parameter has a relatively even impact on the accu-
racy of the end. It is worth noting that the inverse error
model ignores many parameters in coordinate trans-
formation, while the complete-minimal error model,
which includes complete kinematic parameters, can
greatly improve accuracy. Meanwhile, Figure 16 reveals
that the parameters in the S joint have little influence
on the end, whereas deviations in the platform have a
substantial impact.

Meanwhile, according to Figures 18 and 19, the ori-
entation errors of base frame and platform frame have
no efforts on the position accuracy of the end-effector.
Correspondingly, the position errors of the platform
have no efforts on the orientation accuracy of the end-
effector. Therefore, the deviations of three lengths of
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Table 2 Position accuracy before and after kinematic calibration
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Without noise

With random noise between [-0.0002, 0.0002]

Position (m) Orientation (rad) Position (m) Orientation (rad)
Before 00127 0.0333 00128 00333
Inv-9 0.0121 0.0287 00122 0.0285
Inv-21 0.0029 00014 0.0029 00014
Inv-27 0.0029 0.0014 0.0029 00014
G-C 0.0027 0.0047 0.0027 0.0047
Perfect S 1.010x107° 2.853%x107° 9.700%x107° 1.033x107*
C-M 2012x1077 9.048x1078 9.740%x107 1.059x107

With random noise between [-0.02, 0.02]

With random noise between [-0.2, 0.2]

Position (m) Orientation (rad) Position (m) Orientation (rad)
Before 0.0135 0.0330 0.0273 0.0363
Inv-9 0.0129 0.0129 0.0249 0.0270
Inv-21 0.0029 0.0029 0.0098 0.0017
Inv-27 0.0029 0.0029 0.0098 0.0017
G-C 0.0027 0.0027 0.0192 0.0042
Perfect S 9.962x107* 9.458x107* 0.0098 0.0098
C-M 9.459x107* 9.495x107* 0.0098 0.0095
1.4 T
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errors in the complete-minimal error model

Figure 18 Sensitivity of the end’s position error to the geometrical
errors in the inverse-kinematic error model

the actuator play the most important role in both posi-
tion and orientation accuracy. The position of R joint in
limb 3 has the relative large influence either.

4.3.5 Remarks
Based on the foregoing simulations, the following
remarks are provided:

1) In general, the best accuracy is achieved when using
an error model with complete parameters. The
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improvement in accuracy is significant, with at least a
twofold increase compared to the traditional inverse-
kinematic error model.

2) The stability of identification for all error models
remains good even when subjected to different levels
of measurement noises, even when the error magni-
tude reaches tens of millimeters.

3) The influence of the S joint should be considered
from two perspectives. When high accuracy require-
ments are essential, the S joint should not be disre-
garded, as its error can lead to a significant decrease
in end accuracy compared to the error model with
complete parameters. However, for those applica-
tion scenarios with slightly lower accuracy require-
ments, the ideal S joint may be a better choice for its
easily modeling process. Furthermore, the presence
of measurement noise reduces the impact of the S
joint’s error.

4) The error model with more parameters exhibits a
more balanced sensitivity to end’s error. This charac-
teristic accounts for the limited influence of S joint
in the error model. The impact of ignored parameters
can be effectively mitigated by the inclusion of other
parameters, resulting in an averaging effect.

In terms of the number of modeling equations,

matrices and variables involved, the geometric-con-

straint error model is relatively simpler. However,
the application of the geometric error model should
be evaluated on a case-by-case basis, particularly
for mechanisms with special geometric characters.

Conversely, the complete-minimal error model is

the most complex one. Therefore, it can be serve as

a general method that can be an easily extended to

other parallel mechanism.

5

=
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Figure 20 Experiment setup

5 Calibration Experiment

In this section, a calibration experiment is conducted
to validate the effectiveness of the proposed calibration
method and evaluate the positioning accuracy of the
studied parallel manipulator, shown as the prototype in
Figure 20. Kinematic calibrations using the inverse-kine-
matic error model, the geometric-constraint error model,
and the complete-minimal error model are exerted suc-
cessively. A comprehensive comparison of the calibration
results obtained through those three methods is then
conducted.

5.1 Experiment Conditions and Measurement Method

The experiment setup is depicted in Figure 20. A laser
tracker (Leica AT901-LR) and a six-dimensional meas-
uring accessory (T-Mac) are used to measure the pose
of {T}. The corresponding parameters of measurement
uncertainty is +10 pm+5 pm/m in three-dimensional
space with 2.5 mXx5 mx10 m volume. In Figure 20,
four points denoted by P, (i=1—4) at the corners of the
first joint are measured by the spherically mounted ret-
roreflectors (SMR) to establish frame {S}. T-Mac is con-
nected to the end of the spindle with its z axis coinciding
with the spindle axis to ensure the spindle axis’s direc-
tion can be accurately measured. Besides, {LT} is the
measuring-coordinate system of the laser tracker, and all
data are measured with respect to this frame during the
experiment.

In this paper, the parallel part is adopted to explore the
merits of different error models. Therefore, the serial part
should be locked to avoid influencing the movement of
the parallel mechanism. Since the pose of the moving
platform cannot be measured directly, a virtual frame {M}
is established to ensure that the identified parameters are
not too far from their nominal values. In this paper, {M}
is established by a constant transformation from {7}, and
the transformation parameter is determined based on the
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nominal values of the machine tool when all the actua-
tors are at their zero positions. Because of the same num-
ber of independent parameters, the calibration results
would not be affected by the transformation compared to
the error model in Section 3. To obtain sufficient data for
parameter identification, a total of 100 randomly selected
configurations within the workspace of the parallel
mechanism are measured. Among these configurations,
70 of them are used for identification, while the remain-
ing configurations are reserved for evaluation.

5.2 Identification of the Parameters and Evaluation
of the Results

In Section 4.2, the identification process is conducted
using the three error models proposed in this paper.
The process of the iterative computation for the paral-
lel manipulator is illustrated in Figures 8, 9, 10 for each
method. The different results of mean residual position
and orientation errors are presented in Figure 21 based
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Figure 21 Comparison of the mean residual errors
during the iterative process: (a) Mean position residuals, (b) Mean
orientation residuals
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on the inverse-kinematic error model and the complete-
minimal error model.

From the results, it can be observed that both the resid-
ual position and orientation errors converge to stable
values after about eight iterations. The complete-mini-
mal error model presents better performance in descent
velocity. The residual position and orientation errors
have been reduced to about 0.0581 mm and 8.88x107°
rad, respectively. In contrast, the corresponding errors
are approximately 0.336 mm and 3.314x 10™* rad based
on the inverse kinematic error model. These results indi-
cate that the complete-minimal error model provides
better identification accuracy. In order to explore the in-
depth reason, the kinematic parameters based on those
two methods are discussed below.

The G-C error model has different optimization objec-
tive and can be analyzed separately in terms of the itera-
tion process. The ordinate in Figure 22 represents the
defined dimensionless parameter of each limb. The three
limbs can be identified individually. There are about six
steps to reach the stable values, which have the same
convergence speed as the C-M error model. After iden-
tification using the experimental measurements, the geo-
metric parameters of the G-C model are presented in
Table 3.

The nominal and identified parameters are both listed
in Table 4 based on the inverse-kinematic error model.
Those kinematic parameters mainly contain the position
deviation of S or R joints, the initial length deviation of
P joints, and coordination system deviations between the
fixed one and the moving one. The magnitude of posi-
tion error obtained from measurements is about 10 mm,
and the maximum length error reaches 5.8 mm in limb
1. Considering the measurement method for the moving
platform, the relatively large errors presented by #, seem
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Figure 22 Mean values of geometric constraint during the iterative
process
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Limb Values r; (m) I;(m) p; (m) Y; (rad) G
#1 Nominal [ 0.0000 0.7900 [0.0000 [ 0.0000 0.0000
—0.4000 —0.2500 | 0.0000
| 00000 | | 0.0000
Identified [ 00000 ] 0.7917 [ 0.0000 [ —0.0067 0.0041
—0.4001 —0.2502 —0.0033
0.0000 0.0000 i
#2 Nominal 0.0000 ] 0.7900 [0.0000 ] [ 0.0000 0.0000
—0.4000 0.2500 | 0.0000
| 00000 | | 00000 |
Identified 0.0000 ] 0.7859 [0.0000 ] [ —0.0018 0.0016
—0.4000 0.2502 0.0002
| 00000 | | 0.0000 | i
#3 Nominal [ 00000 ] 0.7200 [0.2500 ] [ 0.0000 0.0000
—0.4000 0.0000 | 0.0000
0.0000 0.0000
Identified 0.0000 ] 0.7171 [ 02536 [ —0.0054 —-0.0024
—0.4000 —0.0004 | 00035
| 00000 | | 00000
Table 4 Identified kinematic parameters based on Inv-21
Values ay By ¥, (rad) t, (m) a, B, v, (rad) v; (rad)
Nominal 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000
Identified —0.0012 —0.0003 0.0005 —0.0109
0.0092 0.0007 —0.1375 0.0091
—0.0296 —0.0009 —0.1410 0.0070
Limb Values Pai(m) pg;i (M) I; (m)
#1 Nominal 0.4000 0.2500 0.7920
Identified 0.3981 0.2505 0.7868
#2 Nominal 04000 0.2500 0.7860
Identified 04013 0.2505 0.7877
#3 Nominal 04000 0.2500 0.7090
Identified 04010 0.2505 0.7122

to be reasonable. Consequently, the initial mean position

error is 12.6 mm.

Furthermore, the total kinematic parameters identi-

fied based on the complete-minimal error model are
presented in Table 5, where the corresponding nominal
parameters are also listed for comparison. After com-
paring the identified values with nominal values, small
orientation and position deviations exist in S joints for
all limbs, which is different from the method based on
the inverse-kinematic error model. Additionally, the

redundant parameters must be eliminated to settle the
rank-deficient problem in the identification matrix for
identification stability. Otherwise, the error model with
108 parameters cannot be identified successively.

Then, to evaluate the identification results, another
30 evaluative configurations are chosen for further veri-
fication. The deviations between the predicted pose and
the measurements can be found in Figure 23. Those fig-
ures dedicate that the calibration method based on the
complete-minimal error model presents a better result
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Table 5 Identified kinematic parameters based on the C-M model
Limb 1 Limb 2 Limb 3
Nominal Identified Nominal Identified Nominal Identified
pio [ 15708 T [ 15480 T [ 15708 [ —1.5707 7 [1.5708 ] [ —1.2092
0 0.0109 0 0.0024 0 1.2092
0 0.0089 0 —0.0038 0 1.2092
0 —0.0140 0 0.0101 0 —0.1841
—03142 —-03179 —03142 0.3139 0 0.1841
03142 | 03093 | | 03142 | 03139 | . o | | —0.1182
P 0 [ 0.0000 ] 0 [ 0.0000 7 [1.57087 [1.5714
—1.5708 —1.5830 15708 1.5671 0 0.0000
0 0.0000 0 0.0000 0 0.0000
0 0.0026 0 —0.0041 0 0.0024
0 0.0011 0 —0.0024 0 0.0058
. o | | —0.0037 | | o0 ] | —0.0046 | | o | | 0.0000
P> [ —1.5708 [ —1.57741 [1.5708 ] [ 1.5701 7 [o [ 0.0029 1
0 —0.0002 0 0.0000 0 —0.0004
0 0.0001 0 0.0000 0 0.0000
0 0.0648 0 0.0095 0 0.0024
0 0.0031 0 —0.0036 0 0.0045
|l 0 | | —0.0033 | |l 0 | | —0.0051 | 1 0 | —0.0046 |
pi3 [0 [ 0.0424 T [0 [ 00432 T [ —1.5708 7 [ —1.5708
0 —0.0006 0 —0.0001 0 0.0000
0 0.0000 0 0.0000 0 0.0000
0 —0.0354 0 —0.0075 0 —0.0095
0 0.0004 0 0.0091 0 —0.0042
K | —0.0002 | K | —0.0011 | . o | | —00101 |
pis [1.5708 [ 15742 1 [ —1.57081 [ —1.5678 o0 1 [ 0.0000 T
0 0.0000 0 0.0000 —1.5708 —1.5685
0 0.0000 0 0.0000 0 0.0000
0 —0.0354 0 0.0075 0 —0.0088
0 —0.0002 0 —0.0065 0 —0.0182
| O | —0.0004 | .l 0 | | 0.0050 | .l 0 | | —0.0055 |
pis [ —1.2092 [ —1.3147 ] 1.2092 [ 1.0925 T [ 1.2092 T [ 1.2148 T
1.2092 13141 —1.2092 —1.1242 1.2092 1.2247
1.2092 1.1665 1.2092 1.2709 —1.2092 —1.2103
—0.1841 —0.1851 0.1841 0.1968 —0.1841 —0.2059
0.1841 0.1628 —0.1841 —0.1891 0.1841 0.1447
| —0.1182 | —0.1334 | | —0.1182 | | —0.1153 | | 01182 | | 01487 |

than the method based on the inverse-kinematic error
model, just like the iteration process. Both the position
and orientation accuracy have a significant improve-
ment after calibration, which can verify effectiveness of
the complete-minimal calibration method. The mean
positioning and orientation accuracy of the parallel
mechanism can reach about 0.0508 mm and 8.77 x 10~°
rad based on the complete-minimal error model, and
simultaneously, the accuracy based on the inverse-kin-
ematic error model is about 0.376 mm and 4.33x10™*
rad. The improvement of the position and orientation
accuracy is probably about 86.5% and 87.7%.
Meanwhile, the position and orientation errors of
evaluation configurations are presented in Figure 23.
The results demonstrate that the 30 parameters’
error model based on special geometric constraints
can improve the accuracy by releasing some strict

constraints. However, its accuracy is still inferior to the
complete-minimal error model with 60 parameters. If
more geometric parameters are considered in the error
model, the final accuracy can be close to the complete
one. This further confirms the effectiveness and effi-
ciency of the complete-minimal error model. On the
other hand, error modeling based on inverse kinematic
usually cannot consider complete kinematic parame-
ters, and this modeling method for specific institutions
with specific analysis is inconvenient and error-prone.

5.3 Further Conclusions Obtained by Experiment
1) In practice, the complete-minimal error model can
approach the measurements by nearly 90% com-
pared with the inverse-kinematic error model. The
complete-minimal error model should be chosen for
those applications with high accuracy requirements.
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Figure 23 Position and orientation errors of the evaluative
configurations for proposed error models: (a) Position errors, (b)
Orientation errors

2) Both the complete-minimal error model and geomet-
ric-constraint error model exhibit fast convergence
in the iterative process. In contrast, the inverse-kin-
ematic error model has no advantage in both calibra-
tion accuracy and identification speed.

3) The deviations of the base frame and platform frame
are significant for all three error modeling methods.
Combining the influence analysis in simulation, the
error model must contain those errors for identifica-
tion. Thus, the measurement method can be diversi-
fied for calibration, even for a large offset.

4) Comparing the mean values between the calibra-
tion points and evaluation points, the accuracy has
slightly deteriorated for all error models. Conse-
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quently, the calibration results cannot be treated as
final accuracy. However, more configurations can
reduce the differences between them.

6 Conclusions

In this paper, kinematic parameters for a 3-DOF 2SPR-
RPS parallel manipulator are calibrated successively.
The calibration of the parallel mechanism is con-
structed using three different methods: (1) Error mod-
eling based on inverse kinematics; (2) error modeling
based on special geometric constraints; (3) error mod-
eling based on the POE method meeting the character-
istics of completeness, continuity, and minimality. The
detailed derivations of the error models are presented
and simulations are conducted to compare the disad-
vantages and advantages.

The simulations show that: (1) The complete-mini-
mal error model parameters exhibit the best accuracy
among the three methods. (2) All error models dem-
onstrate good identification stability when subjected
to different levels of measurement noise. (3) The influ-
ence of the S joint should be considered based on the
specific accuracy requirements of the application. For
high accuracy requirements, the S joint should not
be ignored, while for those application scenarios with
slightly lower accuracy requirements, the ideal S joint
may be a better choice due to its simpler modeling pro-
cess. (4) Error model with more parameters exhibit a
more balanced sensitivity toward the end’s error. (5)
Compared with the number of modeling equations and
matrices and variables to be sought, the geometric-con-
straint error model stands out as the simplest one.

Additionally, experiments on a prototype of the par-
allel mechanism are conducted. The results show that
the complete-minimal error model presents better per-
formance in both position and orientation accuracy.
Comparisons between the Inv-21 model and the C-M
model on mean position and orientation residual after
identification are from 0.336 mm to 0.0581 mm and
from 3.36 x 10™* rad to 8.88 x 10~* rad. After modifying
the kinematic parameters by identified ones, the mean
position and orientation errors of the moving platform
can be reached at about 0.0508 mm and 8.77 x 10™° rad
using the complete-minimal error model, which indi-
cated the effectiveness and efficiency of the complete-
minimal error model method comparing to traditional
inverse-kinematic error model. It turns out that an
error model which contains all geometric parameters is
necessary and worthy for accuracy improvement in the
kinematic calibration of the parallel manipulators.
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