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Abstract 

The existence of the relative radial and axial movements of a revolute joint’s journal and bearing is widely known. The 
three-dimensional (3D) revolute joint model considers relative radial and axial clearances; therefore, the freedoms 
of motion and contact scenarios are more realistic than those of the two-dimensional model. This paper proposes 
a wear model that integrates the modeling of a 3D revolute clearance joint and the contact force and wear depth 
calculations. Time-varying contact stiffness is first considered in the contact force model. Also, a cycle-update wear 
depth calculation strategy is presented. A digital image correlation (DIC) non-contact measurement and a cylindricity 
test are conducted. The measurement results are compared with the numerical simulation, and the proposed model’s 
correctness and the wear depth calculation strategy are verified. The results show that the wear amount distribution 
on the bearing’s inner surface is uneven in the axial and radial directions due to the journal’s stochastic oscillations. 
The maximum wear depth locates where at the bearing’s edges the motion direction of the follower shifts. These find-
ings help to seek the revolute joints’ wear-prone parts and enhance their durability and reliability through improved 
design.
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1 Introduction
The linkage mechanism is widely applied in the industrial 
and aerospace fields, e.g., in robotic arms, excavators, 
and satellite antenna systems [1]. The revolute joints, 
which are composed of the journal and bearing between 
the linkages, are one of the mechanism’s weak and vul-
nerable components [2, 3]. Degradations and failures in 

these revolute joints may lead to a decrease in accuracy, 
movement instability, vibrations, and noises [4]. Joint 
clearance is a main factor that influences the revolute 
joints’ performance [5–8]. Existing works [9–15] have 
demonstrated that there are radial and axial clearances 
[i.e., three-dimensional (3D) clearance] in revolute joints 
between the journal and the bearing. Thus, this paper 
focuses on the 3D revolute joint with 3D clearance in a 
linkage mechanism.

Many researchers have investigated the dynamic char-
acteristics of 3D revolute joints in mechanical systems. 
The mechanical systems’ dynamic responses show sig-
nificant nonlinearity and a loss of motion accuracy 
due to the presence of 3D clearances [16]. Flores et  al. 
[9] pointed out that the motion in a 3D revolute joint 
is divided into 4 possible contact scenarios, namely 
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non-contact, single-point contact, line contact and two-
point contact on different sides. Tian et al. [10] extended 
Flores et  al.’s work as they considered the effects of rod 
flexibility and joint lubrication. Liu et  al. [11] discussed 
the effects of multiple 3D clearances on the dynamic 
behavior and adjusted the motion accuracy of the rigid-
flexible coupled multibody system via a feedback control 
scheme. However, the influences of wear on the sys-
tem dynamic performance in 3D revolute joints are still 
unknown.

Wear is a common failure mode in mechanical sys-
tems [17]. It is generally catalyzed by lubrication condi-
tions, applied load, and material properties. Revolute 
joint wear involves the intercoupling of the parts’ various 
motion states at the system level [18]. The clearance in 
the 3D revolute joint continues to expand and the profile 
of the contact surface between the journal and the bear-
ing is strongly subject to wearing [12, 19]. The mechani-
cal system’s dynamic performance is then deteriorated by 
shocks and vibrations. In turn, the wearing procedure is 
accelerated under the spatial motion of the journal in the 
revolute joint [20].

Arhcard’s wear model is widely applied in wear cal-
culation, which correlates the wear volume with some 
physical and geometrical properties of the contact 
pairs, such as contact force, sliding distance, and hard-
ness [21]. Based on this model, Flores [17] considered 
the contact pairs’ profile variation and established 
a numerical wear model to quantify and predict the 
wear depth in a revolute joint. Mukrus et  al. [22, 23] 
studied the influence of joint clearance and wear in a 
slider-crank mechanism. Their results showed that the 
joint wear increased the joint contact force and accel-
erated the wear progress. Zhao et  al. [24] investigated 
the effects of flexibility and clearance size on joint 
wear. They found that rod flexibility weakened the wear 
behavior while joint clearance aggravated the wear 
behavior. Bai et al. [25] and Xiang et al. [26] combined 
the dynamic analysis and wear procedure by using iter-
ative approaches in mechanical systems. The results 
demonstrated that progressive deformation on the con-
tact surface may arise due to wear. The contact stiff-
ness changed with the curvature radius as an essential 
parameter in contact force calculation [27]. Yang [28] 
investigated the time-varying contact stiffness between 
the journal and bearing in joints based on fractal geom-
etry. Sun et al. [29] proposed a contact stiffness calcu-
lation model of joint surfaces that considered critical 
deformation change. Further considering the defor-
mation in contact areas, Xu et  al. [18] built a revolute 
joint wear model with a discretized profile to carry 
out the numerical computation. However, the existing 
works did not unveil the effects of time-varying contact 

stiffness in studying revolute joints’ wear behavior. 
Studying these effects may improve the understand-
ing of the wear behavior and the wear prediction in the 
future.

To validate the dynamic performances in the numeri-
cal model, experiments are conducted on testing mecha-
nisms. Most of the experimental methods fall into two 
categories: contact measurement and non-contact meas-
urement. The accelerator measuring approach is a com-
monly used contact measurement. Xu et  al. [18] and 
Wang et al. [30] employed accelerators to obtain motion 
signals in their slider-crank mechanisms. Notably, these 
accelerators were installed on several limited testing 
points and they may pose extra masses on the operative 
bodies. The digital image correlation (DIC) method is a 
typical non-contact measurement approach that utilizes 
industrial cameras to photograph the objects with preset 
speckles, and then analyzes the obtained pictures’ rel-
evance as relative to the original pictures [31–33]. Com-
pared with the accelerator measuring approach, the DIC 
method has the advantage of obtaining displacement and 
vibration information in the full field instead of at just 
several points. It is widely adopted in scenarios such as 
motion tracking, stress-strain measurement, and has 
good versatility and high measurement accuracy. In this 
study, the motion information of linkages is measured via 
the DIC method and then compared with the numerical 
calculation results to verify the proposed model.

Hence, a wear model integrating the modeling of a 3D 
revolute clearance joint, and the contact force and wear 
depth calculations is proposed in this paper. A contact 
force calculation formula is improved by taking into 
account the time-varying and nonlinear contact stiffness. 
A cycle-update wear depth calculation strategy is pre-
sented based on Archard’s wear model [24]. To capture 
the connecting rods’ motion state, the DIC method is 
applied in the experimental part. This study on the wear 
process in a revolute joint with radial and axial clearances 
will provide an appropriate way for the manufacturer 
to improve the joint structure’s design. It will further 
enhance the revolute joints’ durability and reliability.

This paper aims to investigate the effects of wear on 
the dynamic characteristics of a 3D revolute clearance 
joint and predict the distribution of wear on the bear-
ing’s inner surface. Section  1 introduces the current 
researches on the effects of clearance and wear on the 
dynamic characteristics of the 3D revolute joint. Then, 
Section  2 describes the features of the 3D clearance 
joint and establishes a contact force model considering 
time-varying contact stiffness. Section  3 studies a four-
bar mechanism with a 3D revolute clearance joint while 
a numerical example and the simulation results are dis-
cussed. To verify the correctness of the wear model and 
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numerical calculations, a wear test along with the DIC 
measurement and a cylindricity test is carried out in Sec-
tion 4. Finally, conclusions are given in Section 5.

2  Numerical Model of the 3D Revolute Joint 
with Clearance

Revolute joints are widely applied in industrial produc-
tion, aerospace devices, and other mechanical products. 
They have high requirements for motion accuracy and 
reliability [15]. Early researches usually idealized the 
revolute joint’s structure without clearance between the 
journal and the bearing for force and movement trans-
mission [3]. However, this assumption ignores the clear-
ance caused by assembly tolerance, manufacturing error, 
wear, etc. Given this, many literatures have studied the 
wear behavior of the revolute joints that have clearances, 
but most of them are confined to 2D planar mechanisms, 
and the influence of the journal’s axial movement on the 
wear behavior is not fully considered [2, 5, 7, 21, 23, 26, 
30, 34–51].

Due to the 3D clearance [9], the journal in the revolute 
joint has both radial and axial freedoms of motion. The 
centric lines of the journal and the bearing are not always 
parallel, thus creating considerable complexity and 
uncertainty to the joint’s wear behavior. In this section, 
the geometrical characteristics of the 3D clearance joint 
are described in Section 2.1 and its dynamic mathemati-
cal expression is established in Section 2.2.

2.1  Geometrical Description for the 3D Revolute Joint
In this section, a 3D revolute clearance joint model 
is developed in reference to the model reported in 
Ref.  [18]. Radial and axial clearances are considered in 
our model. The global coordinate sglobal

b
 of discretized 

points on the bearing inner surface is obtained by Eq. 
(3), which can be applied in dynamic analysis. Figure 1 
shows the discretizing procedure of the bearing inner 

surface. Figure 2 presents the contact force vectors and 
the profile-updating process considering wear.

The revolute joint consists of 2 parts: the journal and 
bearing. The bearing provides position constraints for 
the journal’s movement. According to the relative posi-
tion of the journal and the bearing, the movement state 
is divided into four modes [9]: single-point contact, 
two-point contact, line contact, and free flight. In most 
cases, the journal and the bearing are in contact with 
each other, and thus friction and wear will occur. The 
wear is the main source of shock, vibration, noise, and 
failure in the life cycle of mechanical equipment. There-
fore, establishing the constraint equation of motion is 
a prerequisite when studying the motion feature of the 
joint structure under the effects of wear and clearance.

Figure 1 presents a schematic of a 3D revolute clear-
ance joint in one-side contact mode. The journal is a 
rigid body, and the revolute joint is not lubricated. In 
this study, we assume that the bearing in the 3D revo-
lute joint is soft and deformable, while the journal is 
hard and non-deformable [18]. When contact and col-
lision occur in a 3D revolute clearance joint, the con-
tact surface’s profile on the bearing changes, while the 
journal surface’s profile does not. For a detailed inves-
tigation of the wear depth and distribution, the inner 
surface of the bearing is discretized into Nl layers and 
Nd points per layer. Nl represents the number of dis-
cretized layers and Nd represents the number of discre-
tized points per layer. The layers and points are spaced 
at equal intervals on the bearing inner surface.

The red dots represent the contact points on the inner 
surface, while the black dots represent the non-contact 
points. Dk is a point on the bearing’s inner surface, and 
Pk is the perpendicular foot of segments PkDk  and JaJb . 
The normal vector of the contact force at point Dk is 
expressed as:
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Figure 1 Schematic diagram of the discretized contact surface 
in a 3D revolute joint
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where rDk is the vector line connecting the origin of the 
coordinates O and point Dk, rPk is the vector line con-
necting the origin of the coordinates O and point Pk, and 
N is the total number of discretized points on the bear-
ing’s inner surface (N = Nl × Nd). Thus, tk is derived by 
rotating nk by 90° in the clockwise direction.

As shown in Figure 2, the first circular layer of the bear-
ing’s inner surface is discretized into Nd points, beginning 
at the negative x-axis and rotating clockwise at θ intervals. 
xOy is the global reference coordinates, while ξ1O1η1 and 
ξ2O2η2 are the local reference coordinates of body 1 and 
body 2, respectively. The contact force and contact points 
are also depicted in Figure 2. Considering the wear depth, 
the local coordinates of these discrete points referring to 
point D are calculated as:

where Cb denotes the coordinates of the bearing’s geo-
metrical center point, Rb is the initial radius of the bear-
ing’s inner surface, h(t) is the wear depth of each discrete 
point, and wb is the width of the bearing. The global 
coordinate vector of discrete points sglobalb  is obtained by 
translating and rotating transformations from the local 
coordinate vector sglobalb :

where T represents the translation matrix, and Rx, Ry, 
and Rz represent the conversion matrix rotating around 
the x, y, and z axes, respectively. These matrices are 
expressed as:

Since the clearance in revolute joints is very small com-
pared to the geometrical size of multibody systems, the 
penetration depth is approximately considered as [20]:

(1)nk =
rDk − rPk

�rDk − rPk�
, k = 1, 2, · · · ,N ,

(2)
s
local
b

= Cb +









−(Rb + h(t)) · cos

�

(m− 1) · 360◦

Nd

�

(Rb + h(t)) · sin

�

m · 360◦

Nd

�

wb/2− (n− 1) · wb/(Nl − 1)









,m = 1, 2, · · · ,Nd; n = 1, 2, · · · ,Nl ,

(3)
[

s
global
b
1

]

= T · Rx · Rz · Ry · T
−1 ·

[

s
local
b
1

]

,

(4)

T =







1 0 0 xD

0 1 0 yD

0 0 1 zD

0 0 0 1






Rx =






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
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




′

where e is the distance between the centroids of the jour-
nal and the bearing in the xoy plane and c is the initial 
joint clearance.

2.2  Normal and Tangential Contact Force Models
This section presents the normal and tangential contact 
force models. An improved normal contact force model 
that considers time-varying contact stiffness is proposed 
in Eqs. (8)–(10). The contact forces and moments on 
bearing and journal are derived in Eqs. (15)–(17).

The contact force model plays an essential role in 
dynamic analysis for multibody systems. The continuous 
contact force model treats the penetration depth as an 
index to measure the degree of the contact area’s defor-
mation and calculate the value of the contact force [52]. 

The size and location of the penetration depth under var-
ious contact modes are different. It has a corresponding 
impact on the multibody system’s dynamic responses.

Hertz’s pioneer work focused on the impact process 
of two elastic bodies, but Hertz Law does not take into 
account energy dissipation [53]. Considering energy dis-
sipation, the Lankarani–Nikravesh (L–N) model [53] is 
widely used to calculate the contact force in multibody 
systems. This model is written as:

(5)δ = e − c,

(6)Fn = Kδ
n
max

[

1+
3
(

1− c
2
e

)

δ̇

4δ̇(−)

]

,

where K is contact stiffness; δ is the relative penetration 
depth; δmax is the maximum penetration depth; 

.
δ is the 

relative velocity of penetration; .δ
(−) is the initial velocity 
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of penetration; n is the exponent value, which is set to 
1.5 for most metal contacts [18]; and ce is the restitution 
coefficient, which is set to 0.9 in this study. The contact 
stiffness K is calculated as follows:

In the above equation, Em is the Yang’s modulus; νm is 
the Poisson’s ratio; subscripts j and b indicate the journal 
and bearing, respectively; Rj is journal radius; and Rb is 
the radius of the bearing’s inner surface.

(7)
K =

4

3π
(

hj + hb
)

(

RjRb

Rb − Rj

)
1
2

,

hm =
1− v2m
πEm

(m = j, b).

In this study, a modified L–N contact force model is 
proposed to calculate the normal contact force in the 
3D revolute joint. The main difference from the original 
contact force model is the use of a time-varying contact 
stiffness K(t) that considers the wear depth on the bear-
ing’s inner surface; the original model includes a con-
stant generalized contact stiffness K that considers the 
initial radius values of the journal and bearing. In the 
modified L–N contact force model, contact force in the 
normal direction is calculated as follows:

The continuously updating contact stiffness K(t) is 
calculated as follows:

where Rb(t) is the latest update of the contact region’s 
radius on the inner surface of bearing considering wear 
depth, which can be calculated as:

(8)Fn = K (t)δ
n
max

[

1+
3
(

1− c
2
e

)

δ̇

4δ̇(−)

]

.

(9)
K (t) =

4
3π

(

hj + hb
)

(

RjRb(t)
Rb − Rj

)
1
2
,

hm =
1− v2m
πEm

(

m = j, b
)

,

(10)Rb(t) = Rb + h(t),

where Rb denotes the initial radius of the bearing’s inner 
surface, and h(t) denotes the wear depth at contact area 
at time t, which is calculated using Eq. (20).

The tangential contact force is calculated as follows:

where μ is the friction coefficient of the contact surfaces.
The tangential contact force in revolute joints is gen-

erally calculated using Coulomb’s friction law. However, 
this law does not consider the relative tangential slip 
velocity, and the calculation using this law may become 
complex owing to its obvious nonlinear properties dur-
ing the switch between sticking and sliding conditions 
[26]. To prevent sudden changes in the tangential friction 
force, the relationship between the friction coefficient 
and the relative tangential velocity is modified as follows:

(11)Ft = µFn,

(12)µ =















µd , |V | > Vd ,

µssin

�

π

2

|V |

Vs

�

, |V | < Vs,

µs+µd

2
+ 1

2

�

(µs − µd)cos

�

π
|V |−Vs

Vd−Vs

��

, Vs ≤ |V | ≤ Vd ,

where V is the tangential relative velocity, Vd is the 
switching velocity between static and sliding friction con-
ditions, Vs is the switching velocity between the stick and 
slip conditions, and μd and μs represent the sliding and 
static friction coefficients, respectively.

The contact force on the bearing at point Dk is calcu-
lated as follows:

Similarly, the contact force on the journal is calcu-
lated as follows:

Note that the contact forces at those points in the 
non-contact mode are zero vectors because their pen-
etration depths are equal to zero. Therefore, the result-
ant force on the bearing is:

(13)

F
k
b =







Fx
bk

F
y
bk

Fz
bk







T

= f nbknk + f tbk tk , f
n
bk = Fk

n , f
t
bk = Fk

t .

(14)

F
k
j =









Fx
jk

F
y
jk

Fz
jk









T

= f njknk + f tjk tk , f
n
jk = −Fk

n , f
t
jk = −Fk

t .

(15)Fb =

N
∑

k=1

F
k
b ,F j = −Fb.
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The moments generated due to the contact force and 
gravity are expressed as follows:

where Fk
b
 and Fk

j  are calculated using Eq. (13) and Eq. 
(14), respectively; rk

b
 denotes the vector from the kth 

discrete point to its rotating point on rigid body b; rkj  
denotes the vector from the perpendicular foot on the 
journal of the kth discrete point to its rotating point on 
rigid body j; rbG and r jG denote the vectors from the 
centroid of rigid bodies b and j to their rotating points, 
respectively; and Gb and Gj denote the gravities of rigid 
bodies b and j, respectively.

2.3  Wear Model
Generally, the joint wear in multibody systems is based 
on Archard’s model [38], which is expressed as:

where Vw is the wear volume, s is the relative sliding dis-
tance, kw is the wear coefficient, and Fn is the contact 
force in the normal direction calculated by Eq. (8).

Because this model is applied for iteration, its differ-
ential form is used:

where h is the wear depth, and P is the contact pressure.
Furthermore, because the variables in this model are 

discrete, when using the recursion approach, the differ-
ence form is applied in the wear analysis as follows:

where h(t) is the wear depth at time t, h(t−1) is the wear 
depth at the previous step, Fn is the normal contact force 
calculated by Eq. (8), ∆s(t) is the incremental value of the 
sliding distance, and A(t) is the contact area derived from 
the numbers of discrete contact points in each computa-
tional recursion.

(16)Tb =

N
∑

k=1

F
k

b
× r

k

b
+ Gb × rbG ,

(17)T j =

N
∑

k=1

F
k
j × r

k
j + Gj × r jG ,

(18)
Vw

s
= kwFn,

(19)
dh

ds
= kwP,

(20)h(t) = h(t − 1)+ kw ·
Fn ·�s(t)

A(t)
,

2.4  Integrated Method of Dynamic Analysis and Wear 
Process

Mechanical system’s dynamic characteristics and the 
wear of the revolute clearance joint couple with each 
other and create effects mutually over time [6]. This sec-
tion integrates the dynamic calculation process of the 
mechanical system with the wear calculation process, 
calculates the force and motion parameters in each calcu-
lation cycle, and then updates the bearing contact surface 
profile for the next cycle after obtaining the wear distri-
bution. Due to the discretization of the bearing’s internal 
surface, some contact force curves with “pseudo high fre-
quency” may be generated during calculation [18].

Figure  3 depicts an integrated approach of dynamics 
and wear. Firstly, according to the geometric information 
and material parameters of each the mechanical system’s 
parts, the geometric model (including initial parameters 
q0 , 

.
q0 ) is established for kinematics and dynamics analy-

sis. The discretization process of the contact surface of 
the bearing in the revolute clearance joint was introduced 
in Section 2.1, in which the geometric characteristics of 
the journal and the bearing are regarded as the initial 
state.

Then, the differential equation of system motion is 
established according to the force condition. Because 
the system’s linkages are all taken as rigid structures, the 
motion parameters of markers such as the centroid and 
the geometric center can be reckoned through the posi-
tions of several key points when calculating displacement 
information. Specifically, the ode15s function is used in 
the MATLAB software to solve high-order equations 
of motion, and the solving step size is self-adaptive and 
continuously adjusted [18]. The position q at time t is the 
output to the next step.

Based on the position q, the force conditions of the 
journal and the bearing of the revolute clearance joint 
are obtained considering a time-varying contact stiffness 
K(t). With the relative position of the bearing and jour-
nal, the search algorithm checks the regional contact area 
and distribution. The relative slip distance, penetration 
depth, contact area, and other key parameters are substi-
tuted into Archard’s model to calculate the wear amount 
of the contact part in a time segment. In this part, normal 
contact force Fn and tangential contact force Ft are also 
exported.

At last, based on the initial geometry and position char-
acteristics of the revolute clearance joint, the geometric 
contour of the bearing’s inner surface is updated for the 
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next calculation cycle by integrating the wear informa-
tion of each contact part of the bearing’s inner surface. 
It is a cycle-update wear depth calculation strategy put 
forward in literature [54]. After several calculation cycles, 
the wear distribution data of the bearing inner surface of 
the revolute clearance joint and the curves of kinematics 
and dynamic parameters with the time spent in each cal-
culation cycle are output.

3  Numerical Example and Result Analysis
In this section, the nonlinear dynamic behavior of a spa-
tial four-bar mechanism with a 3D revolute joint are 
investigated. The four-bar mechanism with a 3D revolute 
joint that considers wear is modelled in Section 3.1. Then, 

the wear depth distribution and its effects on the system’s 
dynamic performances are discussed in Section 3.2.

3.1  A Four‑bar Mechanism with a 3D Revolute Joint 
that Considers Wear

This section aims to develop the dynamic equations of 
a four-bar mechanism [55], which is a typical structure 
with a 3D revolute joint in studying the system’s dynamic 
response. The geometrically schematic diagram (see Fig-
ure 4) and detailed parameters (see Tables 1 and 2) about 
the four-bar mechanism are presented as follows. Then, 
dynamic equations are formulated to calculate contact 
forces and position information in Eq. (27).

START

Discretise the inner surface of
bearing into Nl layers and Nd

points per layer

Derive the constraint
matrix and its Jacobian

matrix δmax > 0?
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Update the profile of bearing inner surface:
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matrix QA

Derive the mass matrixM

t tend?

Solve the dynamic equations:
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END

No
t = t + t
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Dynamic analysis Contact force calculation

Wear depth calculation
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Calculate wear depth h(t)

Calculate the time-varying
contact stiffness K(t)

Figure 3 Flowchart for wear prediction and analysis procedures in multibody systems with a 3D revolute joint
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The geometric features of the spatial four-bar mech-
anism model are shown in Figure  4, including ground 
support, crank, coupler, and follower. The ground sup-
port is fixed entirely in the global coordinates. The 
driving moment is applied to the crank with a constant 
revolving speed of 120  r/min. The joints between the 
ground and crank (joint A), crank and coupler (joint B), 
and follower and ground (joint D) are considered ideal, 
i.e., clearance and friction are ignored. Particularly, a 
perfect ball joint is applied in joint D to allow the bear-
ing in joint C to move in spatial directions. In contrast, 
joint C is considered an imperfect joint, i.e., clearance 
and friction are considered. Table  1 presents the geo-
metrical parameters of the spatial four-bar mechanism 
[55], and Table  2 presents the mechanical properties 
and parameters considered in the dynamic analysis 
[18].

The generalized coordinates q of the multibody system 
are expressed as follows:

where (x1, y1, 0), (x2, y2, 0), and (x3, y3, z3) denote the 
global coordinate values of the mass center in the crank 
(O1), coupler (O2), and follower (O3), respectively. θ1 and 
θ2 are the rotation angles of the crank and coupler rela-
tive to the x-direction, respectively. Meanwhile, θ3x, θ3y, 
and θ3z are the angles of discrete points on the follower 
rotating around the positive x, y, and z axes at point D, 
respectively.

(21)q =
[

x1, y1, θ1, x2, y2, θ2, x3, y3, z3, θ3x, θ3y, θ3z
]T
,

ζ3

Crank
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Ground

Ideal cylindrical joint

3D cylindrical joint with 

clearance and wear

Ideal spherical joint
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ξ1

η2

ξ2

η3

θ1

ξ3

θ2

B

D

O1

O2

O3

A (O)

ω

C

Figure 4 Geometric features of the four-bar mechanism model

Table 1 Inertial and geometrical properties of the four-bar 
mechanism model

Part 
name

Length 
(m)

Mass 
(kg)

Moment of inertia (kg·m2)

Crank 0.10 0.46 I1=0.0019

Coupler 0.40 1.45 I2 = 0.0927

Follower 0.30 1.50




I3x = 0.0317

I3y = 0.0004

I3z = 0.0317





Ground 0.30 – –

Table 2 Parameters considered in the dynamic analysis and wear prediction of the 3D joint with clearance

Parameter Value

Journal diameter 15 mm

Bearing diameter 16 mm

Length of journal and bearing 17 mm, 15 mm

Initial radial and axial clearance of joint 0.5 mm, 1 mm

Stick–slip switching velocity vs and static–sliding friction switching velocity vd 1 mm/s, 10 mm/s

Young’s modulus and Poisson’s ratio of journal material (steel) 207 GPa, 0.29

Young’s modulus and Poisson’s ratio of bearing material (brass) 100 GPa, 0.39

Coefficient of restitution 0.9

Static and sliding coefficient of frictions 0.2, 0.1

Coefficient of wear 5.05×10−10  m3/N·m

Number of layers of the discrete points on the bearing’s inner surface 20

Number of the discrete points per layer on the bearing’s inner surface 200

Crank rotation speed 120 r/min (counter-clock-
wise)

Integration method for solving dynamic equations ode15s function
in MATLAB

Baumgarte stability control parameters α = 1000, β = 1000
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The constraint equations involving the multibody sys-
tem’s kinematic and dynamic constraints are expressed 
as:

where L1, L2, L3, and L4 are the length of the crank, cou-
pler, follower, and equivalent rod on the ground, respec-
tively. θ10 is the initial value of θ1, and ω is the rotation 
velocity of the crank in the counter-clockwise direction.

The vector γ in the dynamic equations is calculated as 
follows:

where Φq is the derivative of the Jacobian matrix with 
respect to q, Φtt is the second derivative of Φ with respect 
to t, and Φqt is the derivative of Φq with respect to t.

To avoid constraint violations in the numerical cal-
culations, the Baumgarte stabilization approach [56] is 
applied in the dynamic equations. Therefore, the vector 
γ was modified as:

where α and β are the Baumgarte stabilization coeffi-
cients used as feedback control variables of the constraint 
violations in positions and velocities, respectively. They 
are experiential variables and generally determined by 
tens of trials.

(22)Φ =



























x1 −
L1
2
cosθ1

y1 −
L1
2
sinθ1

x2 − 2x1 −
L2
2
cosθ2

y2 − 2y1 −
L2
2
sinθ2

x3 − L4 −
L3
2
sinθ3z

y3 −
L3
2
cosθ3z · cosθ3x

z3 −
L3
2
cosθ3z · sinθ3x

θ1 − θ10 − ωt



























= 0,

(23)γ = −
(

Φqq̇
)

q
q̇ −Φtt − 2Φqt q̇,

(24)γ ∗ = γ − 2α
(

Φqq̇ +Φt

)

− β
2 ·Φ ,

The mass and inertia moments matrix of the four-bar 
mechanism is expressed as follows:

where m1, m2, and m3 are the masses of the crank, cou-
pler, and follower, respectively; I1 and I2 are the inertia 
moments of the crank and coupler with respect to the 
z-axis, respectively; I3x, I3y, and I3z are the corresponding 
inertia moments of the follower in the x, y, and z direc-
tions, respectively.

The generalized force vector QA is expressed as:

where g is the gravitational acceleration, and the other 
terms involving force and moment are calculated using 
Eqs. (13) to (17).

(25)
M = diag

[

m1 m1 I1 m2 m2 I2 m3 m3 m3 I3x I3y I3z

]

,

(26)
Q

A =

[

0 −m1g 0 Fx
j −m2g + F

y
j Tj Fx

b −m3g + F
y
b Fz

b Tx
b T

y
b Tz

b

]

,

Figure 5 Magnitude of the contact force on the bearing

Figure 6 Wear depth of discrete points in the first layer at different 
angular positions
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Figure 7 Wear depth distribution on the bearing’s inner surface
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The standard dynamic equation for a spatial multibody 
system is:

In the above equation, M is the system mass and inertia 
moment matrix, Φq is the Jacobian matrix of the kinematic 
constraints, q̈ is the acceleration vector, QA is the general-
ized force vector, γ* is a modified vector obtained using the 
Baumgarte stabilization approach, and λ is the Lagrange 
multipliers vector, which is expressed as follows:

where i is the number of constraint equations. In the 
four-bar mechanism model developed in this study, i is 
set as 8 because the amount of constraint equations in 
Eq. (22) is 8.

3.2  Results and Discussion
The simulation results in the four-bar mechanism are 
presented in this section. Specifically, the effects of the 
time-varying contact stiffness K(t) and the wear depth 
distribution on the bearing are discussed. Figure 5 shows 
the magnitudes of contact forces in Xu’s work [18] and 
the proposed model. Figure  6 shows the wear depth of 
discrete points in the first layer on different angular posi-
tions. Figure  7 shows the profiles of the bearing inner 
surface before and after wear (for 1×106 cycles).

The occurrence of wear in 3D revolute joints in 
multibody systems is a continuous, gradual, and long-
term process [24, 38, 57, 58]. In this study, the profile 
of the bearing’s inner surface is discretized into a cer-
tain number of independent nodes to simplify calculat-
ing the contact force. Further, these nodes are used to 
determine the contact area, calculate the depth of wear, 
and then update the contact profile.

In the L–N model, the generalized contact stiff-
ness K is calculated using the initial radius values of 
the journal and bearing in a revolute joint. However, 
in the selected four-bar mechanism, the profile of the 
bearing’s inner surface changes continuously due to 
wear. Accordingly, a time-varying contact stiffness K(t) 
is adopted involving the wear depth on the bearing’s 
inner surface. Compared with Xu’s work [18] using 
constant contact stiffness K in Figure 5, the magnitude 
of the contact force in the proposed model shows the 
same trend at the start of a rotation period, but fluc-
tuates more significantly in the end. The radius of the 
inner bearing surface increases after wear, leading to 
a larger clearance in the 3D revolute joint. As a result, 
strong shockwaves and vibrations are generated. Thus, 

(27)
(

M ΦT
q

Φq 0

)(

q̈

�

)

=

(

Q
A

γ ∗

)

.

(28)� =
[

�1 �2 · · · �i

]T
,

the variation of the curvature radius of the worn sur-
face in a revolute joint should be considered.

Figure 6 shows the wear depth of discrete points in the 
first layer on the bearing’s inner surface at different angu-
lar positions from 1×104 to 1×106 wear cycles. When 
the number of wear cycles increases, the wear depth on 
the bearing and the wear speed tend to increase. The 
wear depth at different angular positions varies widely 
and reaches its maximum at around 280°. There are two 
peaks in each wear depth curve, which is consistent with 
the results obtained in previous studies [24, 26, 38]. The 
direction of the contact force and the location of the con-
tact area determines this phenomenon.

Figure 7 shows the profiles of the bearing’s inner sur-
face before and after wear (for 1×106 cycles). The wear 
region is emphasized with a deformation scale factor 
to clearly show the relative wear depth. The closed 
lines in Figure 7 represent the angular positions of the 
discretized points from the first to the last layer. These 
profile lines have non-uniform shapes and are almost 
ellipses. A similar wear depth distribution in a 2D 
slider-crank mechanism was derived in a wear experi-
ment conducted by Ref.  [18]. Nevertheless, the meas-
urement of the wear depth covers only one layer. Note 
that the closed curves of the first and last layers do not 
coincide completely. The results show that the two 
sides’ wear depth on the bearing’s inner surface is sig-
nificantly different in the angular position owing to the 
translational and rotational motion between the cen-
tral axes of the journal and bearing. This phenomenon 
is evident in 3D revolute joints, but does not occur in 
2D revolute joints. The wear volume obtained in the 
2D revolute joint represents the average value in the 
axial direction. Thus, the axial joint clearance’s influ-
ence should be considered when studying the wear 
behaviour in multibody systems.

In summary, the change of the curvature radius of the 
bearing’s inner surface that wear causes leads to a time-
varying contact stiffness, which significantly influences 
the contact force in the dynamic analysis. Besides, the 

White-luminescence light

Image acquisition
computer

Four-bar
mechanism

Binocular camera

Speed
controller

Figure 8 Test rig for dynamic performance measurement using DIC 
method
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maximum wear depth locates at a specific region on the 
bearing edge.

4  Experimental Validation
In this section, the DIC measurement and cylindricity 
test are carried out to validate the effectiveness of the 
proposed model and the numerical algorithm. Com-
pared with the accelerator measuring approach, the DIC 
method has the advantage of obtaining displacement 
and vibration information in the full field instead of at 
just several points. In Section 4.1, the test rig and meas-
urement approaches are detailed and presented. Then, 
the experimental results are analyzed and discussed in 
Section 4.2.

4.1  Test Rig and Implement Procedure
To obtain the motion of the tested mechanism (see Fig-
ure 8), the DIC measurement method is adopted in this 
section. The measuring procedure is shown in Figure 9. 
The cylindricity of the inner surface of the worn bear-
ing is measured in a cylindricity measuring machine (see 
Figure 10). The main experimental parameters are listed 
in Table 3. These parameters are in accordance with the 
simulation parameters in Section 3.1.

The test object is a four-bar mechanism with a 3D rev-
olute joint. The spherical joint’s function is to allow the 
journal in the revolute joint structure to produce a 3D 
motion in the bearing. This is the main feature that is dif-
ferent from the planar linkage mechanism, which makes 
the 3D movement of the revolute clearance joint more 
significant and is in line with the movement character-
istics of mechanical equipment after wear. Similarly, Yan 
et al. [12] designed a special four-bar mechanism where 
the centric lines of the bearing and the journal were non-
coincident and kept a preset angle in the initial state. 
However, the misalignment between the journal and the 
bearing is artificially manufactured and does not conform 
to the reality of the mechanism’s movement process.

The four-bar test apparatus is composed of a low-car-
bon steel base, three aluminum-alloy supports, a driving 
motor, a reduction gearbox, a coupling, a crank, a con-
necting rod, a follower, a revolute clearance joint, and a 
spherical joint. The driving motor is a 120 W AC asyn-
chronous motor with a speed controller. During the 
test, the crank’s rotation speed is constantly 120 r/min. 
The crank support and the connector between the crank 
and the connecting rod adopt double rolling bearings to 
decrease the linkage’s swinging amplitude, with lubricant 
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assessment for speckle quality

Step 3: Image acquisition from
binocular CCD camera

Specimen
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Specimen

White light sources
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Step 4: Post-process the obtained
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Dynamic performance measurement using DIC method

Figure 9 Procedure of dynamic performance measurement using 
the DIC method

Before wear

After wear

Cylindricity
measuring machine

Testing bearing

Figure 10 Cylindricity and contour measurement for bearing

Table 3 Experimental parameters in dynamic performance and 
contour measurement

Device Parameter Value

DIC device Crank rotation speed 120 r/
min

Camera frame rate 50 fps

Displacement measuring accuracy 3 μm

Cylindricity 
measuring 
machine

Roundness measurement accuracy 0.03 μm

Number of layers along the axial direction 13

Number of the measuring points per layer 18000
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to reduce shock and vibration. The spherical joint is also 
lubricated to reduce resistance during the swinging of 
the follower. Note that the revolute joint is not lubricated 
to maintain dry contact, thus accelerating the process of 
wear. The bearing is fixed upon the connecting rod by the 
end cover through bolts to facilitate the replacement of 
sample bearings.

The DIC device is composed of a camera, light source, 
computer, speckle, image acquisition software, and other 
parts (seen in Figure 8). The binocular camera measures 
the out-of-plane displacement. The light source is white 
luminescence to supplement the illumination intensity 
on the speckle’s measurement surface to enhance the 
image’s definition and contrast ratio. Image acquisition 
software is developed by ACQTEC Co., Ltd., which can 
be used for image acquisition and post-processing anal-
ysis. The speckle size and speckle density guarantee the 
best measurement quality for combining the specimen, 
camera, and lens. Compared with the accelerator meas-
uring approach, the DIC device obtains displacement and 
vibration information in the full field instead of at just 
several points. Implementing the digital image correla-
tion method is shown in Figure 9.

The experiment’s parameters are shown in Table 3. The 
material properties are the same as those in the simula-
tion study. The undergoing cycle numbers of wear are 
4×105 and 1.2×106 times under normal temperature. The 
numbers of revolution cycles are calculated by operating 
time and rotation speed in the four-bar mechanism. Con-
sidering that the wear coefficient is very small and a long-
term test is needed to obtain a significant wear amount, 
more wear cycles are adopted here compared with the 
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Figure 12 Velocity of follower centroid in simulation and DIC 
measurement: (a) in x-direction, (b) in y-direction, (c) in z-direction
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simulation study. Alcohol is used to clean the testing 
bearing in an ultrasonic cleaner before measuring.

The cylindricity measuring machine  Talyrond® 565H 
(manufactured by Taylor Hobson), which provides high-
precision surface measurement and analysis, is used to 
measure the cylindricity and the inner contour of the 
worn bearing, with a roundness measurement accuracy 
of 0.03 μm. With the help of this machine, a continuous 
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Figure 13 Wear depth distribution on the bearing’s inner surface 
in contour measurement: (a) Definition of angular direction 
on bearing, (b) After 4×105 wear cycles, (c) After 1.2×106 wear cycles
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Figure 14 Wear depth distribution for worn bearing: (a) Contour 
plot of bearing’s inner surface after 4×105 wear cycles, (b) Wear depth 
curves after 4×105 wear cycles, (c) Contour plot of bearing’s inner 
surface after 1.2×106 wear cycles, (d) Wear depth curves after 1.2×106 
wear cycles
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dotting test occurs layer by layer along the axial direc-
tion at an interval of 1 mm, with a total of 13 testing lay-
ers. Figure 10 shows the cylindricity measuring machine 
and testing bearing before and after wear. The cylindric-
ity values of the bearing’s inner surface before wear, after 
4×105 wear cycles, and after 1.2×106 wear cycles and are 
5.02 μm, 33.34 μm, and 46.57 μm, respectively. Addition-
ally, an uneven wear region is significantly observed on 
the inner surface of the worn bearing, which indicates the 
spatial movement and frequent contact have occurred in 
the revolute joint.

4.2  Test Results and Discussion
The test results in the four-bar mechanism are presented 
in this section. Specifically, the mechanism’s dynamic 
performance and the wear depth distribution on the 
bearing are discussed. Figure 11 shows the out-of-plane 
displacement curves of the journal before and after wear. 
Figure  12 shows the comparison of follower centroid’s 
velocity between simulation and experiment results. Fig-
ure 13 shows the wear depth distribution on the bearing’s 
inner surface in the contour measurement after different 
wear cycles. Figure  14 further displays the wear region 
location with contour plots.

Due to the axial clearance, the journal of a revolute 
joint exhibits spatial motion trajectories rather than 
planar ones. This phenomenon is verified in Figure  11, 
where the out-of-plane displacement of the journal does 
not equal zero, but varies periodically. Meanwhile, the 
maximum values of the out-of-plane displacement in the 
bearing before and after wear are approximately 5.5 mm 
and 7 mm, which is quite larger than the initial 1 mm 
axial clearance. This indicates that the two joints on the 
crank do not move ideally in-plane even though neces-
sary methods have already been taken to prevent the 
out-of-plane movement here. The out-of-plane displace-
ment of the other linkages could influence the revolute 
join’s motion. Note that the amplitude of the out-of-plane 
displacement curve after wear is much higher than that 
of before wear. This is attributed to the progressively 
enlarged contact profile as well as the revolute joint’s 
clearance after wear. Under the influence of the enlarged 
clearance, shocks and vibrations in the 3D revolute joint 
would appear more frequently and significantly.

A comparison of the follower centroid’s velocity after 
wear between simulation and experiment results is 
shown in Figure 12. Velocity curves of the follower cen-
troid in three directions (i.e., x, y, and z directions) are 
presented in Figure  12(a), (b), and (c), respectively. It is 
found that the simulation results are well in line with 
the experiment results measured by DIC method. Nota-
bly, the velocity curves have significant burrs when they 

reach extremum points. It demonstrates the existence 
of contacts and impacts at these moments, which could 
accelerate the wear procedure.

Figure  13 depicts the wear depth distribution on the 
inner surface of a 16-mm-diameter bearing in contour 
measurement for 4×105 and 1.2×106 crank rotation 
cycles. The definition of the angular direction from 0 to 
360° on the bearing is illustrated in Figure 13(a). It shows 
that the 0° direction on the bearing is parallel to the 
ground and pointing to the crank when the follower is 
vertical to the ground. Meanwhile, two possible contact 
regions on the bearing at the time of the follower motion 
shift are pointed out. Because the contour measurement 
is carried out layer by layer at an interval of 1 mm along 
the axial direction, the testing result for each bearing in 
Figure  13 has 13 profile layers. The first and last layers 
are drawn using a continuous line, while the 2nd to 12th 
layers are drawn using a dotted line. These wear depth 
curves are exaggerated for a clear illustration.

From the curves of wear depth on the bearing sur-
face, it is obviously apparent that when the wearing 
procedure undergoes 4×105 cycles, the maximum wear 
depth locates around 90° direction near the first layer; 
when the wearing procedure undergoes 1.2×106 cycles, 
the maximum wear depth locates around 90° and 310° 
directions near the first layer and the last layer, respec-
tively. In those areas with significant wear depth, more 
contacts and impacts would take place. The maximum 
wear depth’s location can be explained by the two pos-
sible contact regions on the bearing at the time of the fol-
lower motion shift. Note that the wear depth distribution 
curves in circumstances with 4×105 and 1.2×106 cycles 
are not entirely coincident. Also, the final wear depth dis-
tribution in the testing result is similar to the simulation 
result. They compose the evidence of the journal’s spatial 
movement in the 3D revolute joint.

To intuitively present the wear depth distribution on 
the bearing inner surface, further analysis for the testing 
result is conducted. From the curves of wear depth on 
the bearing’s inner surface in Figure 14, the wear depth 
is found near the two bearing edges (namely near the 1st 
and 13th layers) and tends to be larger than other regions. 
Moreover, the wear depth distribution in each layer is 
non-uniform with significant peaks at specific angular 
locations. The contour plots draw a detailed wear depth 
distribution on the bearing inner surface. Early wear 
(4×105 cycles) mainly takes place on one side of the bear-
ing, while later period wear (1.2×106 cycles) takes place 
on both sides of the bearing. Additionally, the connecting 
line for the two wear region centers is not parallel to the 
bearing’s centric line, indicating that a contact mode shift 
appears in different wear stages.
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In general, the experimental results demonstrate the 
irregular distribution of wear depth in the 3D revolute 
joint. The wear depth notably is more significant in some 
specific regions. The location of the maximum wear 
depth is in line with the simulation results. The measured 
performance (including out-of-plane displacement) indi-
cates that wear deteriorates the mechanism’s dynamic 
behaviors.

5  Conclusions
This study proposes an approach to integrate the 
dynamic equation of the 3D revolute clearance joint 
with the calculation of wear depth. An improved con-
tact force calculation formula based on the L–N model 
is proposed, which takes the time-varying and nonlinear 
contact stiffness into account. To validate the proposed 
model, the DIC measurement and cylindricity test are 
conducted and the measurement results are compared to 
the numerical simulation. These simulation and experi-
ment analysis have the following demonstrations:

(1) The nonlinear contact stiffness brings about sig-
nificant spikes in the contact force calculation. The 
proposed model that considers time-varying stiff-
ness is more realistic than existing models.

(2) The out-of-plane motion of the journal in the rev-
olute joint is observed in DIC measurement. The 
cylindricity values of bearing inner surface before 
wear, after 4×105 wear cycles, and after 1.2×106 
wear cycles and are 5.02 μm, 33.34 μm, and 46.57 
μm, respectively. These results indicate that the 
geometrical profile of the bearing in the revolute 
joint is significantly changed after wear.

(3) The maximum wear depth locates around 90° and 
310° directions after 1.2×106 wear cycles near the 
first layer and the last layer, respectively. The loca-
tion of the maximum wear depth can be explained 
by the two possible contact regions on the bearing 
at the time of follower motion shifts.

(4) The wear amount distribution on the bearing’s 
inner surface is uneven in the axial and radial direc-
tions. The wear depth near the two bearing edges 
tends to be larger than in other regions.

This study theoretically presents an effective method 
in wear prediction in the 3D revolute joint that consid-
ers time-varying contact stiffness. This work also helps to 
understand the wear-prone parts of the revolute joint and 
enhance its durability and reliability through an improved 
design. The future work will focus on the effects of other 
factors (i.e., different clearance sizes, lubrication, rotation 

speed, load condition, etc.) on the dynamic performance 
of mechanical systems.
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