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Abstract 

Micro-grinding with a spherical grinding head has been deemed an indispensable method in high-risk surgeries, 
such as neurosurgery and spine surgery, where bone grinding has long been plagued by the technical bottleneck 
of mechanical stress-induced crack damage. In response to this challenge, the ultrasound-assisted biological bone 
micro-grinding novel process with a spherical grinding head has been proposed by researchers. Force modeling 
is a prerequisite for process parameter determination in orthopedic surgery, and the difficulty in establishing 
and accurately predicting bone micro-grinding force prediction models is due to the geometric distribution of abra-
sive grains and the dynamic changes in geometry and kinematics during the cutting process. In addressing these 
critical needs and technical problems, the shape and protrusion heights of the wear particle of the spherical grind-
ing head were first studied, and the gradual rule of the contact arc length under the action of high-speed rotating 
ultrasonic vibration was proposed. Second, the mathematical model of the maximum thickness of undeformed 
chips under ultrasonic vibration of the spherical grinding head was established. Results showed that ultrasonic 
vibration can reduce the maximum thickness of undeformed chips and increase the range of ductile and bone meal 
removals, revealing the mechanism of reducing grinding force. Further, the dynamic grinding behavior of different 
layers of abrasive particles under different instantaneous interaction states was studied. Finally, a prediction model 
of micro-grinding force was established in accordance with the relationship between grinding force and cutting 
depth, revealing the mechanism of micro-grinding force transfer under ultrasonic vibration. The theoretical model’s 
average deviations are 10.37% in x-axis direction, 6.85% in y-axis direction, and 7.81% in z-axis direction compared 
with the experimental results. This study provides theoretical guidance and technical support for clinical bone 
micro-grinding.
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1 Introduction
With the development of medical engineering tech-
nology, micro-trauma and rehabilitation have become 
one of the development directions of surgery [1, 2], and 
micro-grinding of bone materials has become a hot topic 
of scholars [3–6]. Micro-scale grinding mainly refers to 
the direct mechanical removal process using a micro-
abrasive tool with a processing feature size of less than 
50 μm [7]. It has the advantages of high processing preci-
sion and suitability for processing hard and brittle mate-
rials [8–11]. Therefore, it is increasingly applied in bone 
surgery to achieve the removal of bone tissue. However, 
a major challenge in orthopedics is the bottleneck caused 
by crack damage caused by mechanical stress during 
grinding. Controlling the cracks within the self-healing 
range of the bone and ensuring that the bone is not dam-
aged become crucial to avoid any form of secondary 
damage to the bone material and shorten the patient’s 
recovery time [12–14]. Therefore, before the actual pro-
cessing, predicting the grinding force during the process-
ing is necessary.

The grinding force of bone materials is mainly stud-
ied from two aspects: cutting parameters and grinding 
mechanism. Zhu et  al. [15] and Babbar et  al. [16] stud-
ied the rule of influence of cutting parameters on grind-
ing force. Experiments showed that the grinding force of 
bone material increased with the increase in workpiece 
moving speed and grinding depth, and the grinding 
force can be effectively reduced by increasing the rota-
tion speed of grinding wheel and increasing the particle 
size. Zhang et  al. [17] analyzed the degree of influence 
of grinding parameters on tangential force and nor-
mal force, and found that the component force in both 
directions can increase with the increase in feed speed 
and cutting depth. Meanwhile, the increase in rotational 
speed was conducive to the reduction in grinding force. 
Speed has the greatest influence on tangential force, fol-
lowed by cutting depth and feed speed, whereas normal 
force is cutting depth > speed > feed speed. Yang et  al. 
[18] established a semi-empirical heat flux model for 
toughness micro-grinding of hard brittle bone materials 
by using the grinding force measured during the grinding 
of bone materials with a spherical grinding head under 
high-speed rotation. They pointed out that the removal 
methods of bone materials in the grinding process are 
mainly divided into ductile removal, powder removal, 
and brittle fracture removal. In terms of establishing a 
grinding force model on the basis of a grinding mecha-
nism, Zou et al. [19] used a single abrasive particle as the 
research object and successfully established a grinding 
force model of ball-end grinding tools through the appli-
cation of specific grinding energy and material removal 
rate. Then, a 3D grinding force prediction model was 

fitted by cutting test. Tian et al. [20] regarded the abrasive 
grain as a conical table perpendicular to the workpiece 
surface and calculated the cutting depth in the cutting 
force model. Assuming that the cutting depth is greater 
than the minimum non-deformation cutting depth, tan-
gential force and normal force were determined by mer-
chant shear theory. Then, the cutting force and cutting 
temperature models of micro-grinding were established 
on the basis of which finite element analysis was car-
ried out to simulate the changing trend of grinding force 
under different cutting depths or directions.

A large number of studies showed that ultrasonic-
vibration-assisted grinding (UVAG) can remarkably 
reduce grinding force compared with conventional grind-
ing (CG) [21–23]. At present, the research on grinding 
force modeling of UVAG mainly focuses on two typical 
machining modes for cylindrical grinding heads: ultra-
sonic-vibration-assisted end grinding (UVAEG) [24–27] 
and ultrasonic-vibration-assisted side grinding (UVASG) 
[28–30]. Li et  al. [31] studied the conical grinding head 
and successfully established a theoretical model of nor-
mal grinding force. However, most of these studies do not 
take into account the protrusion height of abrasive par-
ticles and the random distribution of abrasive particles, 
which can have a significant effect on the behavior of 
grinding forces. Therefore, future studies should address 
these factors to gain a more complete understanding of 
grinding force analysis in orthopedics.

However, compared with cylindrical grinding heads, 
spherical grinding heads have several advantages in bone 
grinding. First, the spherical face enables multi direc-
tional cutting, which better adapts to complex bone 
shapes, especially when dealing with curved surfaces or 
special requirements. Therefore, the machining accuracy 
is higher. In addition, the small vibration caused by ultra-
sonic waves of the spherical grinding head plays a crucial 
role in the grinding process. These vibrations can effec-
tively prevent the adhesion and clogging of the grinding 
surface, thereby reducing the change in cutting force 
and the accumulation of friction heat [32]. As a result, 
the stability and efficiency of grinding are significantly 
improved. The cutting force is evenly distributed when it 
is in contact with the workpiece because the surface of 
the spherical grinding head is circular, thus improving 
the cutting stability. This feature helps extend the service 
life of the grinding head. In summary, the micro-grinding 
technique using a spherical grinding head has proven to 
be particularly suitable for high-risk procedures, such as 
neurosurgery and spinal surgery, where precision, adapt-
ability and stability are key factors.

The effectiveness of UVAG with a spherical grind-
ing head for bone material processing has been exper-
imentally verified by Yang et  al. [33]. However, the 
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underlying principle behind this improvement remains 
unclear. Establishing the mechanism and force model 
of ultrasonic-vibration-assisted biologic bone material 
removal using a spherical grinding head, specifically 
tailored to match the requirements of actual bone sur-
gery, is urgently needed.

The accuracy of predicting the grinding force model 
was improved to reveal the material removal mecha-
nism of ultrasonic vibration assisted micro-grinding of 
biological bone, and the mechanism of grinding force 
transfer and reduction. First, the geometric charac-
teristics of single particle and spherical grinding head 
were analyzed, and the average value of the protrusion 
height based on Rayleigh distribution was obtained. 
The maximum undeformed chip thickness model of 
spherical grinding head under ultrasonic vibration was 
established on the basis of the changing rule of contact 
arc length at different diameters of spherical grinding 
head. Through kinematic analysis, the instantaneous 
interaction stage of abrasive particles was determined, 
and the mechanism of bone material removal in ductile 
domain, bone meal, and brittle domain removal stages 
was revealed. Then, in accordance with the relationship 
between the grinding force and cutting depth of single 
diamond in different layers, a dynamic grinding force 
prediction model of different layers of abrasive particles 
in different instantaneous interaction states was estab-
lished. Finally, the total grinding force in the effective 
grinding zone was obtained by superimposing the over-
all micro-cutting force vector of all the effective grind-
ing particles. The grinding force prediction model of x, 
y and z axes was obtained by calculus. The modeling 
process is shown in Figure 1. This study could provide 
theoretical basis for accurately predicting the grinding 
force of bone surgery and inhibiting mechanical stress 
crack damage.

2  Material Removal Mechanism
The geometry and kinematics under ultrasonic-vibration-
assisted micro-grinding were modeled and simulated 
by Matlab to reveal the material removal mechanism of 
ultrasonic assisted micro-grinding of biological bone 
with a spherical grinding head. The effects of vibration 
direction, grinding tool rotation, vibration parameters 
and grinding parameters on the geometry and kinematics 
of abrasive particles were analyzed.

2.1  Geometric Analysis
UVAG is a complex process containing a large number 
of diamond abrasive grains. Individual diamond abrasive 
grains were first analyzed to simplify the modeling pro-
cess, and then the following assumptions and simplifica-
tions were given when modeling the cutting forces:

1. The diamond abrasive particles are assumed to be 
rigid octahedrons, with each particle forming a pyr-
amid by having four neighboring triangles with a 
common vertex. During the cut, only one pyramid 
of each octahedral particle is engaged, whereas the 
other remains buried in the matrix and plating, as 
depicted in Figures 2(a) and (b).

2. The angle between the opposite edges of the dia-
mond abrasive particles is denoted as 2θ (2θ=90°) 
[29], and the wear of the diamond abrasive particles 
is not taken into consideration.

3. Throughout the grinding process, the ultrasonic 
amplitude (A) and frequency (f) are maintained con-
stant.

4. This study focuses solely on the cutting force in the 
stable grinding stage, because the raw cutting force 
signal exhibits instability during the grinding process, 
especially with strong fluctuations during the cut-in 
and cut-out stages.

Figure 1 Illustrations of modeling procedures
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2.1.1  Spherical Grinding Head Surface Topography Modeling
The shape of abrasive particles plays an important role in 
the grinding process and profoundly affects the predic-
tion of grinding force [34]. Therefore, determining the 
shape of abrasive particles is necessary.

The abrasive grains of the diamond spherical grinding 
head employed in this study exhibit a random distribu-
tion on the spherical surface, with uneven protrusion 
heights [35–37]. This characteristic exerts a significant 
effect on the trajectory of the abrasive grains and their 
depth of penetration into the workpiece, ultimately 
influencing the grinding force. Consequently, when 
observing the diamond abrasive grains of the spherical 
grinding head through scanning electron microscopy 
(SEM), their shape closely resembles the octahedron 
depicted in Figure 2(c). On the basis of the analysis of 
the abrasive grain shape, size, and position, a model for 

the random surface morphology of the spherical grind-
ing head was established, as depicted in Figures  2(d) 
and (e).

A probability density function is required to character-
ize the random protruding heights of diamond particles 
to facilitate a more comprehensive analysis of the interac-
tion between diamond particles and the workpiece [38–
40]. Wu et al. [38] indicated that the height of protrusion 
of diamond particles on the surface of the abrasive tool 
follows the Rayleigh distribution.

In the probability density function, β represents a 
parameter, and δgi denotes the random protrusion height 
of the diamond particles.

(1)f
(

δgi
)

=

{

(

δgi
/

β2
)

e
−

(

δ2gi
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2β2
)

, δgi ≥ 0,

0 , δgi < 0,

Figure 2 Surface morphology of a spherical grinding head based on random abrasive grain geometry features
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where O is the center of the abrasive tool; Ra is the aver-
age radius used to calculate the spherical abrasive head; 
R0 is the radius of the spherical abrasive head base, and 
δga is the average protruding height of diamond abrasive 
grains, as shown in Figure 1(f ). According to the proba-
bilistic statistical method, δga can be obtained from the 
expectation and variance of the Rayleigh function as 
follows:

Substituting Eq. (1) into Eq. (2) gives the following:

The total volume of all diamond particles removed 
should be equal to the volume removed by the grind-
ing process [41], and it can be expressed as follows:

where ae is the grinding width, mm; vω is the feed rate, 
mm/s; Ce is the number of active diamond grains per 
square millimeter (Ce=5 in this paper); vs is the cutting 
speed of individual diamond grains, mm/s; and lc is the 
geometric contact arc length between the abrasive and 
the workpiece, lc = πae.

Thus, δga can be obtained as follows:

After the random protrusion heights of the abra-
sive grains were averaged, the diamond grains on the 
abrasive head, which were initially randomly distrib-
uted, assumed uniform heights, as illustrated in Fig-
ures  2(f )–(g). This simplification results in a more 
straightforward representation of the grinding behav-
ior arising from the random protrusion heights. The 
approach adopted in the present study aligns more 
closely with the actual grinding situation than those 
in the studies conducted by Yao et al. [24] and Zhang 
et al. [42, 43], where the assumption of uniform distri-
bution of abrasive grains was employed.

(2)Ra = R0 + δga,
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2.1.2  Mechanism of Change in Actual Contact Radius
The actual grinding depth Dp under the action of ultra-
sonic vibration of the spherical grinding head is as 
follows:

where ap is the grinding depth without ultrasonication, 
µm.

As shown in Figure 5(a), the number of abrasive layers 
without ultrasound can be expressed as follows:

The number of abrasive layers when adding ultrasound 
Le_U is obtained as follows:

where L is the distance between adjacent abrasive grains 
on the surface of the spherical grinding head, µm. It is 
taken as 25% of the average grain size [18, 44] .

The angle αi(m) corresponding to the different layers of 
abrasive grains from the bottom of the grinding head to 
the position parallel to the machined surface is as follows:

Considering the grinding surface is in a simple har-
monic motion trajectory when ultrasound is added, the 
value of m takes the range of 1–Le .

The radii Ri(m) corresponding to different αi(m) are as 
follows:

where Ri (m) is the radius of rotation of the different lay-
ers of abrasive grains, mm.

2.2  Kinematic Analysis
2.2.1  Kinematic Analysis of Different Layers of Abrasive 

UVAG
The motion characteristics of UVAG with a spherical 
grinding head were analyzed to elucidate the removal 
mechanism between the grinding head and the biological 
bone material. The motion of the diamond abrasive grains 
comprises three main components: high-speed rotation 
of the spindle, ultrasonic vibration of the spindle, and the 
horizontal feeding motion of the 3D displaced working 
platform, as illustrated in Figure 3(a). Initially, the motion 

(7)Dp = ap + A sin
(

2πft
)

,
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(
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R
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·
Ra

L
.
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(
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·
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,

(10)αi(m) = m ·
L

Ra
.

(11)Ri(m) = Ra · sin [ai(m)],
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trajectory of a single diamond abrasive grain was inves-
tigated, as shown in Figure  3(b). The motion trajectory 
of a single diamond abrasive grain with multiple cycles is 
depicted in Figure 3(c). Additionally, the motion trajecto-
ries at different contact radius positions of the spherical 
grinding head were examined, as illustrated in Figure 3(d). 
Consequently, the kinematic equations governing the 
motion of different layers of diamond grains on the surface 
of UVAG with a spherical grinding head can be expressed 
as follows:

where Ri(m) is the rotational radius of different layers 
of abrasive grains in the spherical grinding head, mm; 
ω = 2πn

/

60 rotational angular velocity, rad/s; n is the 
spindle rotational speed, r/min; f is the ultrasonic fre-
quency, Hz; A is the ultrasonic amplitude, taking the 
range of values: 2–8 µm; vω is the feed speed, mm/s; and 
t is the grinding time, s. The grinding time is the time 
required for grinding process.

The velocity analysis of single abrasive grains at different 
contact radius locations can be performed as follows:

(12)







x(t) = Ri(m) cosωt + vωt,
y(t) = Ri(m) sinωt,
z(t) = A cos

�

2πft
�

.

2.2.2  Asymptotic Contact Arc Length
An arbitrary ai(m) in the absence of ultrasonic vibra-
tions corresponds to an asymptotic geometric contact arc 
length of half a rotation period as follows:

Any ai(m) in the absence of ultrasonic vibrations cor-
responds to an asymptotic motion contact arc length of 
half a rotation period as follows:

The asymptotic kinematic contact arc length for half 
a rotation cycle under ultrasonic vibration is given as 
follows:

(13)







vx = −ωRi(m) sinωt + vω,
vy = ωRi(m) cosωt,
vz = −2πfA sin

�

2πft
�

.

(14)lc_si(m) = πRi(m).

(15)lc_ci(m) =

∫ 30
n

0

√

v2x + v2ydt.

(16)lc_ui(m) =

∫ 30
n

0

√

v2x + v2y + v2zdt.

Figure 3 Motion trajectory of diamond abrasive grains on the surface of spherical grinding head under the action of ultrasonic vibration
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As shown in Figure  4, under the action of ultrasonic 
vibration, the relationship between any ai (m) correspond-
ing to the continuous contact arc length not only depends 
on the rotation radius Ri (m) of different layers of abrasive 
particles, but also is affected by the amplitude A, spindle 
speed n, and feed speed vω. The contact arc length of the 
spherical grinding head increases gradually from the bot-
tom end of the grinding head to the unprocessed surface 
of biological bone under the action of rotating ultrasonic 
vibration. The contact arc length of each layer increases 
with the increase in amplitude. In addition, the larger the 
amplitude is, the more uniform the change of contact arc 
length from the bottom to the unmachined surface under 
ultrasonic vibration. Moreover, and the smaller the ampli-
tude is, the more obvious the gradual difference of contact 
arc length from the bottom to the unmachined surface 
under ultrasonic vibration.

2.2.3  Asymptotic Modeling of Maximum Undeformed Chip 
Thickness

The brittle domain removal range of the spherical grinding 
head is determined by the feed distance S, and the predic-
tive model for lateral grinding of cylindrical grinding heads 
relies on the maximum undeformed chip thickness to 
establish the brittle domain removal range [42]. Under the 
same machining conditions, the feed distance S remains 
constant for different layers of the spherical grinding head. 
It is equal to the maximum undeformed chip thickness 
of each layer multiplied by the number of static effective 
abrasive grains in the corresponding layer. As a result, the 
maximum undeformed chip thickness varies among dif-
ferent layers of the spherical grinding head under the same 
machining conditions, as depicted in Figure 5(d).

In the absence of ultrasound, the maximum undeformed 
chip thickness corresponding to each layer can be deter-
mined as follows:

Under the effect of ultrasonic vibration, the maximum 
undeformed chip thickness of a spherical grinding head 
can be obtained as follows:

From a macroscopic perspective, the final material 
removal remains the same for grinding without ultra-
sonic vibration and grinding under the effect of ultra-
sonic vibration [45], i.e., VCG = VUG . Consequently, the 
equation becomes:

The contact arc length of a single abrasive grain under 
the action of ultrasonic vibration can be expressed as 
follows:

The maximum undeformed chip thickness correspond-
ing to any ai(m) under ultrasonic vibration is modeled as 
follows:

The Matlab simulation results show that the maxi-
mum undeformed chip thickness of different layers 
of the spherical grinding head within the range of dif-
ferent processing parameters selected in the experi-
ment in Table  1 is less than the maximum processing 
characteristic size of micro-grinding at 50 µm, so this 
study is micro-grinding. The gradient rule of the maxi-
mum undeformed chip thickness of different layers of 
the spherical grinding head under different processing 

(17)hu_ci(m) =
L

vs
vω =

30Lvω

πnRi(m)
.

(18)VCG =
1

3
· h2u_ci(m) · tan θ · lc_ci(m).

(19)VUG =
1

3
· h2u_ui(m) · tan θ · lc_ui(m).

(20)hu_ui(m) =
30 · L · vω

πnRi(m)
·

[

lc_ci(m)

lc_ui(m)

]
1
/2
.

Figure 4 Asymptotic law of contact arc length of spherical grinding head motion under the action of ultrasonic vibration
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parameters selected in the experiment in Table  1 is 
shown in Figure 6. With the increase in amplitude, the 
maximum undeformed chip thickness of each layer 
decreases under the action of ultrasonic wave. In addi-
tion, the larger the amplitude is, the more uniform the 
change of the maximum undeformed chip thickness 
from the bottom layer to the unmachined surface under 
ultrasonic vibration. The smaller the amplitude is, the 
more obvious the gradient difference of the maximum 
undeformed chip thickness from the bottom layer to 
the unmachined surface under ultrasonic vibration. 

In addition, the maximum undeformed cutting thick-
ness decreases with the increase in Ri(m), and the maxi-
mum undeformed chip thickness appears in the layer 
closest to the bottom layer of the spherical grinding 
head. Ultrasonic vibration can reduce the maximum 
thickness of undeformed chips and is more conducive 
to the removal of biological bone in ductile area.

2.3  Determination Mechanism of Contact Stages
2.3.1  Critical Depth of Cut
The Bifano’s model [46], widely employed in evaluating 
the ductile to brittle transition during grinding processes 
of brittle materials [47, 48], can be effectively utilized for 
biological bone, which is known to be a hard and brittle 
material [18]. By employing this model, the critical depth 
of cut h2 for the bone powder removal stage and the brit-
tle domain removal stage can be determined as follows:

where E, Hv_u , and Kid are the modulus of elasticity, the 
Vickers hardness, and the dynamic fracture toughness of 
the bone material under the effect of ultrasonic vibration, 

(21)h2 = 0.15

(

E

Hv_u

)(

Kid

Hv_u

)2

,

Figure 5 Model of maximum undeformed cutting thickness of different layers of spherical grinding head under ultrasonic vibrations

Table 1 Machining parameters

Experiment 
No.

Grinding process parameters Numerical value

1 Spherical grinding head radius 
Ra(mm)

1.5, 2, 2.5, 3, 3.5

2 Spindle speed n(r/min) 16500, 18000, 19500, 
21000, 22500

3 Feed rate vω(mm/min) 90, 120, 150, 180, 210

4 Grinding depth ap(mm) 0.015

5 Amplitude A(µm) 2–8
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respectively, as shown in Table  2. Due to the presence 
of ultrasonic vibration, the surface hardness of the bone 
material decreased by 33% with Kid = 0.33Kic [49], which 
is the static fracture toughness, and Hv_u = 0.7Hv [50], 
which is the Vickers hardness of the bone material.

The critical depth of cut h1 for the ductile domain 
removal stage and bone meal removal stage is given by:

where τ is the coefficient of the ductility phase, which is 
0.25 in the present study [42, 51].

2.3.2  Turning Angle and Time Corresponding to the Critical 
Depth of Cut

The depth of cut is gradually increased from zero to a 
maximum value and then decreased to zero within a 
single rotation cycle, being symmetric about the x-axis, 
as depicted in Figure  7(c). As shown in Figure  7(a), the 
material is initially removed by plastic flow and fur-
ther removed by plastic flow and microcrack expan-
sion, resulting in the formation of bone dust, as shown 
in Figure 7(b). Subsequently, the material is removed by 
brittle fracture, as shown in Figure  7(d). In the ductile 
domain removal stage, the grinding time is 2t1, the feed 

(22)h1 = τh2,

distance is x1, and the rotation angle is 2ϕ1 . In the bone 
powder removal stage, the grinding time is 2(t2–t1), the 
feed distance is x2, and the rotation angle is 2(ϕ2 − ϕ1) . 
In the brittle domain removal stage, the grinding time is 
2(t3–t2), the feed distance is S, and the rotation angle is 
2(ϕ3 − ϕ2) . The specific derivation is as follows:

2.3.3  Asymptotic Contact Arc Lengths at Different Stages
The cutting lengths of the different layers of single diamond 
grains during the grinding process can be analyzed by con-
sidering only half of the rotational cycle, because the grind-
ing process of the spherical grinding head is symmetrical 
to the x-axis. This phenomenon facilitates the calculation 
as follows:

(23)







































































































































x1 = vω · t1 =
h1

sin ϕ1
,

x2 = vω · t2 =
h2

sin ϕ2
,

x3 = S = vω · t3,

t1 sin

�

2πnt1

60

�

=
h1

vω
,

t2 sin

�

2πnt2

60

�

=
h2

vω
,

t3 sin

�

2πnt3

60

�

=
x3

vω
,

t3 =
30

πn
arcsin(1),

ϕ1 =
2πn

60
t1,

ϕ2 =
2πn

60
t2,

ϕ3 =
2πn

60
t3 =

π

2
.

Figure 6 Asymptotic law of maximum undeformed chip thickness with ultrasonic amplitude in different layers of a spherical grinding head 
under ultrasonic vibrations

Table 2 Basic mechanical properties of dense bone from fresh 
bovine femur [59–64]

Mechanical property Numerical 
value

Modulus of elasticity E(GPa) 17.9

Poisson’s ratio v 0.33

Vickers hardness Hv(HV) 47

Fracture toughness Kic(MPa·m(1/2)) 3.5
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2.4  Average Depth of Cut
2.4.1  Ductile Domain Removal Phase
The removal volume and average depth of cut for differ-
ent layers of single abrasive grains in the ductile domain 
removal stage when 0 < hu1 < h1 can be determined. 
Obtaining the average depth of cut is essential because 
the depth of cut hu1 of a single diamond abrasive grain 
varies continuously with time during the ductile phase. 
As illustrated in Figure 8(a), the material removal volume 
V1(m) of different layers of single diamond abrasive grain 

(24)







































l1(m) =

� t1

0

�

v2x + v2y + v2zdt,

l2(m) =

� t2

t1

�

v2x + v2y + v2zdt,

l3(m) =

� t3

t2

�

v2x + v2y + v2zdt.

Figure 7 Instantaneous interaction phases and material removal modes of single diamond grains of a spherical grinding head under the action 
of ultrasonic vibrations

Figure 8 Removal volume and average depth of cut in the ductile 
domain removal phase
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during the removal phase of the ductile domain can be 
regarded as the volume of a triangular cone, with the fol-
lowing expression:

The length l1(m) represents the trajectory of a single 
diamond abrasive grain of different layers in the ductile 
mode during half of a rotation cycle.

The equivalent material removal volume of different 
layers of single diamond abrasive grain in the ductile 
domain removal stage can be idealized as a tri-prism with 
the same cross-sectional area, as shown in Figure  8(b), 
where the length of the ductile domain trajectory is l′

1(m) 
and the height is h1a during time 0–t1. Therefore, the 
equivalent volume V1a (m) is given as follows:

when l1(m) = l′
1(m) , the average depth of cut h1a(m) in 

the removal stage of the ductile domain can be obtained 
from the equation V1(m) = V1a(m) as follows:

2.4.2  Bone Meal Removal Phase
During the bone meal removal stage, when h1 < hu2 < h2, 
the material removal volume V2(m) of different layers of 
single diamond abrasive grains can be obtained using the 
following expression, as shown in Figure 9(a):

The length of the trajectory of the bone powder 
removal stage at time t1–t2 is l2 (m). Assuming that the 
equivalent material removal volume of different layers of 
single diamond abrasive grains is shaped as a triangular 
prism with the same cross-sectional area, as shown in 
Figure 9(b), the equivalent volume V2a (m) is given by the 
following expression:

(25)

V1(m) =
l1(m)

3

(

1

2
2h1 tan θh1

)

=
l1(m)

3

(

h21 tan θ
)

.

(26)V1a(m) = l′1(m)h21a(m) tan θ ,

(27)h1a(m) =

√
3

3
h1.

(28)

V2(m) =
l1(m)+ l2(m)

3

(

1

2
2h2 tan θh2

)

−
l1(m)

3

(

h
2
1 tan θ

)

=
l1(m)+ l2(m)

3

(

h
2
2 tan θ

)

−
l1(m)

3

(

h
2
1 tan θ

)

.

It is obtained from V2(m) = V2a(m) as follows:
When l2(m) = l′

2(m) , the average depth of cut h2a(m) in 
the bone meal removal phase can be obtained from the 
equation V2(m) = V2a(m) as follows:

(29)V2a(m) = l2(m)h22a(m) tan θ .

Figure 9 Removal volume and average depth of cut in bone meal 
removal phase

Figure 10 Removal volume and average depth of cut in brittle 
domain removal phase
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2.4.3  Brittle Domain Removal Phase
As shown in Figure  10(a), the material removal volume 
V3(m) of different layers of single diamond abrasive grain in 
the brittle domain removal stage, when h2 < hu3 < S, can be 
determined using the following expression:

The length of the trajectory of the brittle domain 
removal stage at time t2–t3 is l3 (m). Assuming that the 
equivalent material removal volume of different layers of 
a single diamond abrasive grain is shaped as a triangular 
prism with the same cross-sectional area, as shown in 
Figure 10(b), the equivalent volume V3a (m) can be calcu-
lated as follows:

when l3(m) = l′
3(m) , the average depth of cut h3a(m) in 

the brittle domain removal phase can be obtained from 
the equation V3(m) = V3a(m) as follows:

where h3 = S.

3  Grinding Force Model
The predictive force model can reveal the transfer and 
reduction mechanism of biological bone micro-grind-
ing force in different removal stages of bone material 
under ultrasonic vibration of a spherical grinding head. 
In accordance with the dynamic grinding behavior of 
biological bone tissue material removal under ultra-
sonic vibration-assisted micro-grinding in Section 2, the 
critical cutting depth was derived, and the relationship 
between grinding force and cutting depth of single dia-
mond in different layers was given. The dynamic grinding 
force models of different removal stages were calculated 
in accordance with the different instantaneous interac-
tions of effective abrasive particles in each layer. Finally, 
the grinding force prediction model of x, y, and z axes, 
which accords with the actual grinding direction of bone 
surgery, was obtained by calculus.

(30)h2a(m) =

√

[l1(m)+ l2(m)]h22 − l1(m)h21
3l2(m)

.

(31)

V3(m) =
1

3
[l1(m)+ l2(m)

+l3(m)]h
2
3 tan θ −

1

3
[l1(m)

+l2(m)]h
2
2 tan θ .

(32)V3a(m) = l3(m)h23a(m) tan θ ,

(33)

h3a(m) =

√

[l1(m)+ l2(m)+ l3(m)]h23 − [l1(m)+ l2(m)]h22
3l3(m)

,

3.1  Grinding Forces at Different Removal Stages
3.1.1  Grinding Force Model for Ductile Removal Stage
The bone material is in the state of ductile domain 
removal, where the material removal primarily depends 
on the extrusion and shear effects between the abrasive 
and the workpiece, and microcracks rarely occur. The 
relationship between the cutting depth h1 of a single 
diamond abrasive grain and the cutting force Fn1 can be 
expressed as follows [52, 53]:

Therefore, from the above equation, the relationship 
between the average normal cutting force Fn1 (m) and the 
average depth of cut h1a (m) of different layers of single 
abrasive grains in the removal stage of the ductile domain 
can be expressed as follows:

During the ductile domain removal stage, as the depth of 
cut is increased, the plastic deformation of the workpiece is 
initiated at the yield criterion point, and the friction force 
Ft1(m) in the tangential direction mainly affects the differ-
ent layers of single diamond particles, with the expression 
as follows:

where μ1 is the coefficient of friction.
The friction coefficient of diamond particles can be 

approximated as the ratio of the projected area in the cut-
ting and tangential directions [54], as illustrated below:

As shown in Figure 11, St1(m) and Sn1(m) are the tangen-
tial and normal projected areas of diamond particles in the 
removal stage of the ductile domain, respectively, which 
can be expressed as

(34)h1 =

(

1

2 tan θ
√
tan2 θ + 2

·
Fn1

Hv

)
1
/2
.

(35)Fn1(m) = 2Hv_uh
2
1a(m) tan θ

√

(

tan2 θ + 2
)

.

(36)Ft1(m) = µ1Fn1(m),

(37)µ1 =
St1(m)

Sn1(m)
.

Figure 11 Tangential and normal projected areas of diamond 
particles in the removal stage of ductile domains
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As a result, the average tangential cutting force Ft1(m) 

for various layers of single abrasive grains during the duc-
tile domain removal stage can be expressed in the following 
manner:

3.1.2  Grinding Force Model for Bone Meal Removal Stage
As depicted in Figure  9, the equivalent removal volume 
V2a of diamond particles can also be expressed in terms of 
the removal volume V2b observed during the initial crack 
extension stage by the diamond abrasive grains and the 
mechanism of bone material removal, taking into account 
the interference effect as follows:

where Cl(m) is the lateral crack length, and Ch(m) is the 
lateral crack depth, which can be obtained from Eqs. (46) 
and (47).

The average normal grinding forces for different layers 
of individual diamond abrasive grains at V2b(m) = V2a(m) 
during the bone meal removal stage are as follows:

The tangential force in the bone meal removal phase can 
be expressed as

where σs is the compressive yield stress in the contact 
region [47], which is defined as follows:

where C is a dimensionless constant, and it is 1.5 for hard 
and brittle materials [55].

(38)

{

St1(m) = 1

2
· 2h1a(m) tan (θ)h1a(m) = h2

1a(m) tan θ ,

Sn1(m) =

[√
2h1a(m) tan (θ)

]2

= 2h2
1a(m) tan2 θ .

(39)Ft1(m) = Hv_uh
2
1a(m)

(

2+ tan
2 θ

)
1
/2
.

(40)V2b(m) =
1

2
· 2 · Cl(m) · Ch(m) · l2(m) = C2

2 · cot
3
/4 θ ·

E
7
/8

H
3
/2

v_u · K
1
/2

id ·
(

1− v2
)
1
/4

· F
9
/8

n2 · l2(m),

(41)

Fn2(m) =







h
2
2a
(m) · tan θ ·H

3
/2

v_u · K

1
/2

id
·
�

1− v2
�
1
/4

C
2
2
· cot

3
/4 θ · E

7
/8







8
/9

.

(42)Ft2 = σsSt2,

(43)σs = C

(

H4
v_u

E

)
1
/3

,

Meanwhile, St2 (m) is the tangential projected area of the 
diamond particles with respect to the depth of cut, and it 
can be calculated from the average depth of cut as follows:

Thus, the average tangential grinding forces for differ-
ent layers of individual diamond abrasive grains during the 
bone meal removal stage are as follows:

3.1.3  Grinding Force Model for Brittle Removal Stage
In the brittle zone, material removal is achieved 
through crack creation and expansion. As illustrated 
in Figure 10, medial-radial cracks and lateral cracks are 
formed below the abrasive grains. With the increase 
in load, the lateral cracks could propagate and eventu-

ally reach the workpiece surface. This process results 
in the formation of chips to remove the bone material. 
The lateral crack length (Cl(m)) and lateral crack depth 
(Ch(m)) can be determined using the following equa-
tions [39, 53]:

where E is the Young’s modulus of the workpiece mate-
rial, MPa; Kic is the static fracture toughness of the work-
piece material, MPa·m(1/2); v is the Poisson’s ratio of the 
workpiece material; Fnb is the load applied to the abrasive 
grains, N; C2 is a dimensionless constant, independent of 
the material indentation system; and C2 = 0.226 [56].

The average normal grinding forces Fn3(m) and tan-
gential grinding forces Ft3(m) for different layers of 
individual diamond abrasive grains during the brittle-
ness removal stage are as follows [54]:

(44)
St2(m) =

1

2
· 2 · h2a(m) · tan θ · h2a(m) = h22a(m) · tan θ .

(45)Ft2(m) = Ch22a(m) tan θ

(

H4
v_u

E

)
1
/3

.

(46)

Cl(m) = C2(cot θ)
5
/12 ·







E
3
/4

Hv_uKid

�

1− v2
�
1
/2







1
/2

· F

5
/8

nb
,

(47)Ch(m) = C2(cot θ)
1
/3 ·

E
1
/2

Hv_u
· F

1
/2

nb ,
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3.2  Effective Number of Abrasive Grains
3.2.1  Total Effective Number of Abrasive Grains
Computing the number of effective diamond abrasive 
grains, denoted as Vm(m), in various layers during a sin-
gle rotational cycle becomes essential to account for the 
variability in the height and distribution of the abrasive 
grain prominence. This calculation is crucial for obtain-
ing the final average cutting force. The total theoretical 
removal volume, denoted as Vs(m), over half a grinding 
rotational cycle was analyzed to simplify the process. 
This analysis depends on factors, such as the level of 
interference between the diamond and the workpiece 
during the ductile domain removal stage, the bone meal 
removal stage, and the extension of transverse cracks 
during the brittle domain removal stage. The mathe-
matical expression for this analysis is as follows:

The total material removal volume Vm(m) in half a rota-
tion cycle can be expressed as follows:

Therefore, the theoretical number of diamond particles 
in contact between the spherical grinding head and the 
workpiece during half a cycle of the grinding process is as 
follows:

3.2.2  Effective Number of Abrasive Grains in the Three 
Removal Stages

The effective number of abrasive grains in the [0, π/2] 
region can be obtained first to facilitate the analysis, 
because the effective abrasive grains are symmetrically dis-
tributed in the [0, π] region.

The effective number of abrasive grains in the [0, π/2] 
region of ductile removal can be calculated as follows:

(48)

Fn3(m) =
1

C2

h23a(m)H2
v_u tan

8
/3 θ

[

3(1− 2v)

E(5− 4v)
+

2
√
3 cot θ

π(5− 4v)σs

]

,

(49)

Ft3(m) =
Cl(m)

C2Ch(m)
h
2
3a(m)H2

v_u

tan
8
/3 θ

[

3(1− 2v)

E(5− 4v)
+

2
√
3 cot θ

π(5− 4v)σs

]

.

(50)
Vs(m) = l1(m)h21a(m) tan θ + l2(m)h22a

(m) tan θ + 2l3(m)Ch(m)Cl(m).

(51)Vm(m) =
πRaapS

2
.

(52)Nm(m) =
Vm(m)

Vs(m)
.

The effective number of abrasive grains in the [0, π/2] 
region of bone meal removal can be obtained as follows:

The effective number of abrasive grains in the [0, π/2] 
region of brittle fracture can be expressed as follows:

3.3  Dynamic Grinding Force Evolution Mechanism 
in Grinding Zone

3.3.1  Tangential and Normal Forces at Different Contact 
Stages

The normal and tangential forces in half a cycle should be 
analyzed first for ease of calculation, because the tangen-
tial and normal forces are symmetrically distributed in a 
motion cycle.

The total normal and tangential forces in the ductile 
removal phase during half a cycle are as follows:

The total normal and tangential forces in the bone meal 
removal phase during half a cycle are as follows:

The total normal and tangential forces in the brittle 
removal phase during half a cycle are as follows:

3.3.2  Influence of Geometric Properties on Grinding Forces
As illustrated in Figure  12(a), the complete effective 
grinding zone can be identified as follows:

where t ∈
[

0, 60
/

n
]

 , so ϕ(t) ∈ [0,π].
As depicted in Figure 12(c), the forces in x- and y-axes, 

which are generated by Ft within the effective grinding 
zone of the spherical grinding head, can be described as 
follows:

(53)N1(m) = Nm(m) ·
2 · R · ϕ1

2 · R · ϕ3
.

(54)N2(m) = Nm(m) ·
2 · R · (ϕ2 − ϕ1)

2 · R · ϕ3
.

(55)N3(m) = Nm(m) ·
2 · R · (ϕ3 − ϕ2)

2 · R · ϕ3
.

(56)
{

Fn1_z(m) = N1(m)Fn1(m),

Ft1_z(m) = N1(m)Ft1(m).

(57)
{

Fn2_z(m) = N2(m)Fn2(m),

Ft2_z(m) = N2(m)Ft2(m).

(58)
{

Fn3_z(m) = N3(m)Fn3(m),

Ft3_z(m) = N3(m)Ft3(m).

(59)ϕ(t) =
2πn

60
t,

(60)Fx1 = Ft · cos [ϕ(t)].
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The Fx1 produced by Ft in ϕ ∈
[

0,π
/

2
]

 and Ft in 
ϕ ∈

[

π

/

2,π
]

 cancel each other out, so Fx1 = 0 in the 
effective grinding zone.

The forces in x- and y-axis generated in the effective 
grinding zone Fn of the spherical grinding head are:

where F ′
n is the component force of Fn in the direction 

of the horizontal plane in three dimensions, as shown in 
Figure 12(b).

(61)Fy1 = Ft · sin [ϕ(t)].

(62)F ′

n = Fn · sin [αi(m)],

As shown in Figure  12(c), the fractional force of F ′
n 

at each of the three removal stages can be expressed as 
follows:

The forces on the x- and y-axes generated by F ′
n are as 

follows:

(63)











F ′

n1 = Fn1 · sin [αi(m)],

F ′

n2 = Fn2 · sin [αi(m)],

F ′

n3 = Fn3 · sin [αi(m)].

(64)
Fx2 = F ′

n · sin [ϕ(t)] = Fn · sin [αi(m)] · sin [ϕ(t)],

Figure 12 Three-dimensional spatial force analysis of spherical grinding head
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The Fy2 produced by F ′
n in ϕ ∈

[

0,π
/

2
]

 and the F ′
n in 

ϕ ∈
[

π

/

2,π
]

 cancel each other out, so Fy2 = 0 in the 
effective grinding zone.

So, the force in x- and y-axes directions for a single 
layer of effective abrasive grains can be obtained as 
follows:

3.3.3  x‑Direction Grinding Force Model
On the basis of the above analysis, the x-direction grind-
ing force model can be derived.

(65)
Fy2 = F ′

n · cos [ϕ(t)] = Fn · sin [αi(m)] · cos [ϕ(t)].

(66)F ′

x = Fx2,

(67)F ′

y = Fy1.

The forces in x-axis direction for the different layers of 
the effective abrasive grain ductile removal stage during 
half a grinding cycle are as follows:

The forces in x-axis direction for the different layers of 
effective abrasive bone meal removal stages during half a 
grinding cycle are as follows:

(68)

Fx2_1(m) =

∫ ϕ1

0

Fn1_z(m) sin [αi(m)] sin [ϕ(t)]dt.

The forces in x-axis direction for different layers of the 
effective abrasive grain brittleness removal stage during 
half a grinding cycle are as follows:

The grinding forces in x-axis direction for different lay-
ers of single abrasive grains in one grinding cycle are as 
follows:

The total grinding force in x-axis direction in the effec-
tive grinding zone is as follows:

3.3.4  y‑Direction Grinding Force Model
On the basis of the above analysis, the y-direction grind-
ing force model can be derived.

The forces in y-axis direction for the different layers of 
the effective abrasive grain ductile removal stage during 
half a grinding cycle are as follows:

The forces in y-axis direction for the different layers of 
effective abrasive bone meal removal stages during half a 
grinding cycle are as follows:

(69)

Fx2_2(m) =

∫ ϕ2

ϕ1

Fn2_z(m) sin [αi(m)] sin [ϕ(t)]dt.

(70)

Fx2_3(m) =

∫ ϕ3

ϕ2

Fn3_z(m) sin [αi(m)] sin [ϕ(t)]dt.

(71)
Fx(m) = Fx2(m) = 2

[

Fx2_1(m)+ Fx2_2(m)+ Fx2_3(m)
]

.

(72)Fx = 2
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�
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Nm(m)
sin [αi(m)]
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(73)Fy1_1(m) =

∫ ϕ1

0

Ft1_z(m) sin [ϕ(t)]dt.
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The forces in y-axis direction for different layers of the 
effective abrasive grain brittleness removal stage during 
half a grinding cycle are as follows:

The grinding forces in y-axis direction for different lay-
ers of individual abrasive grains in a single grinding cycle 
are as follows:

(74)Fy1_2(m) =

∫ ϕ2

ϕ1

Ft2_z(m) sin [ϕ(t)]dt.

(75)Fy1_3(m) =

∫ ϕ3

ϕ2

Ft3_z(m) sin [ϕ(t)]dt.

The total grinding force in y-axis direction in the effec-
tive grinding zone is as follows:

(76)
Fy(m) = 2Fy1(m) = 2

[

Fy1_1(m)+ Fy1_2(m)+ Fy1_3(m)
]

.
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3.3.5  z‑Direction Grinding Force Model
On the basis of the above analysis, the z-direction grind-
ing force model can be derived.

The grinding forces in z-axis direction for different lay-
ers of single abrasive grain in one grinding cycle are as 
follows:

The total grinding force in z-axis direction in the effec-
tive grinding zone is as follows:

4  Experimental Verification
Ultrasonic-assisted micro-grinding experiments were 
carried out on a bovine femur with a spherical grinding 
head under different machining parameters to verify the 

(78)
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feasibility and accuracy of the above numerical calcula-
tion method.

4.1  Experimental Equipment
A 3D grinding force dynamometer (YDM-III99, Dalian 
University of Technology, China) was used for real-
time continuous measurement of the grinding force in 
x-, y-, and z-axis directions, as shown in Figure 13. The 
dynamometer was connected to the charge amplifier 
via high-transmittance leads, and the A/D data acquisi-
tion card installed on the PC facilitated data collection. 
Dyno Ware software was utilized to measure and record 
the grinding force. A sampling frequency of 1 kHz was 
chosen on the basis of equipment performance and pre-
vious laboratory work [56, 57], ensuring optimal capture 
of grinding force information. Furthermore, Dyno Ware’s 
low-pass filtering was utilized to denoise the acquired 
grinding force signal. For the grinding force analysis, 100 

data points were carefully selected around the center of 
the effective grinding area as the benchmark. The average 
value was then calculated to determine the correspond-
ing force average value. During the experiment, the bone 
unit was placed horizontally along the direction parallel 
to the x-axis.

4.2  Experimental Materials
4.2.1  Handling of Bone Material
In this experiment, the test material consisted of dense 
bone sourced from fresh bovine femur, chosen due to 
its mechanical properties being most similar to human 
bone [57]. All bones were obtained from 2–3-year-old 
adult cattle weighing approximately 500 kg to mini-
mize the effect of factors, such as gender and age, on 
the results and to reduce differences between biological 
individuals. The cylindrical bone stems, which exhibited 
relatively uniform diameter and size, were extracted and 

Figure 13 Experimental material and equipment
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subsequently had their bone marrow removed. These 
cylindrical bone stems were then cut into blocks by using 
an angle grinder. An ultrasonic-vibration-assisted micro-
grinding device with a mounted 120# cylindrical grind-
ing head was utilized for processing the bone surface to 
achieve a smooth surface, particularly in the area tar-
geted for grinding. The resulting bone samples featured 
dimensions of 40 mm ×  20 mm ×  5 mm. The samples 
underwent further polishing with sandpaper to eliminate 
any potential damage incurred during sample prepara-
tion, ensuring a flat and smooth surface for processing. 
Subsequently, the samples were treated with saline solu-
tion. While some samples underwent immediate experi-
mentation, others were stored in a freezer at − 20 °C to 
preserve their thermophysical properties and moisture 

for subsequent experiments [33]. However, all specimens 
were limited to a maximum storage duration of 1 week 
to prevent any alterations in tissue properties arising 
from prolonged storage to ensure comparability of the 
experimental results. Removing the bone blocks from the 
freezer and allowing them to reach room temperature for 
1 hour before each experiment were crucial to allow the 
bone samples to regain their biological properties during 
the experiments.

4.3  Experimental Design
4.3.1  Experimental Condition
The experiments were conducted in the operating room 
maintained at a temperature of 20 °C to ensure the bone 
samples were in optimal state for testing and analysis. 

Figure 14 Comparison of experimental and theoretical values of grinding force under different process parameters
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Given the hard and brittle nature of biological bone, the 
120# electroplated diamond spherical grinding head, 
known for its stable processing quality and excellent 
overall performance, was chosen. The grinding head 
had a diameter ranging from 3 mm to 7 mm and a shank 
diameter of 3 mm. The bone tissue composition includes 
certain polysaccharide proteins [58]. When the grinding 
temperature increases, the viscosity of these polysaccha-
ride proteins in the grinding chips also increases. Addi-
tionally, due to the extrusion between the abrasive tool 
and the bone surface, the debris adheres to the surface of 
the abrasive tool, leading to potential clogging issues. A 
new abrasive tool was used for each set of data obtained 
to ensure the accuracy of the test data. This precaution 
was taken to prevent any contamination or inaccuracies 
caused by debris buildup on the grinding tool during 
consecutive tests.

4.3.2  Grinding Parameters
Its main technical parameters are as follows: spindle 
power of 2.5 kW, maximum speed (n) of 24000 r/min, 
vibration amplitude A of 2–8 μm, and frequency (f) of 
18–22 kHz. Rotational speed is the frequency displayed 
by the frequency converter × 30. For example, if the 
displayed frequency is 600, then the rotational speed is 
18000 r/min. The x, y-axis multiplication of the three-
dimensional table default unit is mm. The default unit 
of the z-axis multiplication of speed is nm. Multiple gra-
dients were set for each parameter of the experiment, 
as shown in Table 1. Each experiment was repeated five 
times to minimize errors.

4.3.3  Mechanical Properties of Bone Materials
The study of the mechanical properties of bone tissue 
can provide important theoretical basis for bone surgery 
and has important significance for improving the effect of 
bone surgery. The mechanical properties of bovine femur 
are shown in Table 2.

5  Numerical Analysis
5.1  Assessment of the Model
Figure 14 displays the accuracy analysis of the predicted 
and experimental values of the grinding force concern-
ing the input variables. The established x-axis, y-axis, 
and z-axis grinding force models were employed to pre-
dict the grinding force under various input variables. This 
approach helps to gain deeper insights into the factors 
influencing the grinding force of the spherical grinding 
head on bone, particularly when subjected to ultrasonic 
vibration.

Figure 14(a) illustrates the impact of spindle speed on 
the grinding force. While keeping the grinding width, 
feed rate, and amplitude constant, the grinding force 

diminishes as the spindle speed increases. This phenom-
enon can be attributed to several factors. First, as the 
spindle speed increases, a larger number of diamond par-
ticles participate in the grinding process when a certain 
volume of material is displaced. Consequently, the grind-
ing time is shortened, and the contact depth of diamond 
particles with the workpiece decreases. Moreover, the 
maximum undeformed chip thickness of individual dia-
mond grains reduces, leading to lower material removal 
in brittle regions, thus reducing the cutting force per 
grain. Higher cutting speeds decrease the likelihood of 
continuous crack opening, increase fracture density flow 
toughness, and reduce strength degradation. As a result, 
the final grinding force decreases, aligning with the trend 
observed in the experimental results.

Figure  14(b) depicts the influence of the feed rate 
on the cutting force. While keeping the spindle speed, 
grinding width, and amplitude constant, the cutting 
force evidently increases with an increase in feed rate. 
This observation aligns with the experimental results, 
as lower feed rates involve a higher number of diamond 
particles in the grinding process, leading to a shallower 
depth of engagement between the diamond particles and 
the workpiece. This localized stress concentration causes 
cracks to gradually form and expand from the second 
stage. Once the cracks are formed and extended, the ten-
sile stress concentration diminishes, and no further crack 
nucleation occurs until the next tensile stress concentra-
tion is established. As a consequence, at low feed rates, 
tensile stresses continuously accumulate in the work-
piece, resulting in a high likelihood of continuous crack-
ing and crack interaction. The reduced material removal 
rate leads to a decrease in the thickness of undeformed 
chips, promoting more plastic flow and less brittle frac-
ture, subsequently resulting in reduced cutting forces.

Figure  14(c) illustrates the impact of the ampli-
tude value on the cutting force. With the spindle speed 

Figure 15 Schematic of the grinding force reduction mechanism
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and grinding width kept constant, the grinding force 
decreases as the amplitude increases, because as the 
amplitude increases, the motion contact arc length 
increases, and the maximum undeformed chip thickness 
decreases, thus increasing the range of ductile removal 
and bone meal removal. At the same time, ultrasonic 
vibration has a weakening effect on the bone surface 
hardness and fracture toughness causing softening of the 
workpiece, which also promotes the reduction in grind-
ing force.

Figure  14(d) depicts the influence of the radius of the 
grinding head (grinding width) on the cutting force. With 
the spindle speed and feed rate maintained constant, 
the cutting force evidently increase with an increase 
in grinding width. This effect can be attributed to the 
enlargement of the contact area between the tool and the 
workpiece when the cutting width is increased, resulting 
in more diamond particles participating in the grind-
ing process. The greater cutting forces may cause partial 
deformation of the tool, leading to a longer actual con-
tact length than the theoretical one. Furthermore, as the 
width of cut increases, the percentage of brittle areas cut 
also increases, which further amplifies the grinding force. 
Therefore, considering the effect of grinding width on the 
cutting force during experimental design and analysis is 
important.

Figure 14 clearly shows that the force in y direction is 
greater than the force in z direction and is significantly 
greater than the force in x direction, and the force in the 
y axis increases and decreases faster than the force in z 
axis. This difference is related not only to the geometric 
features and movement rules of spherical grinding head 
but also to the structural characteristics of bone tissue 
[49, 65, 66]. During the experiment, the bone unit is posi-
tioned horizontally along the feeding direction (x-axis), 
and within the dense bone, cylindrical bone units are dis-
tributed along the axial direction, as shown in Figure 15. 
When the force is applied along the x-axis, the bone units 
are more likely to fracture obliquely, with their strength 
predominantly determined by the bone units. Conse-
quently, the compressive strength of the x-axis direc-
tion of the bone tissue is the lowest. When the force is 
applied along the y-axis and z-axis directions, the com-
pressive load acts perpendicular to the bone unit within 
the bone tissue, subjecting the bone unit to extrusion. 
Under compression along the y-axis, the inner and outer 
ring bone plates, and the inter-bone plate, bear the sup-
port load. When the load reaches a critical level, the 
bone plates tend to fracture and lose their load-bearing 
capacity, subsequently transferring the load primarily to 
the bone unit. As the squeezing force on the bone units 
increases, they fracture in contact with one another, 
leading to a decrease in compressive strength in y-axis 

direction under the influence of ultrasonic vibration. In 
z-axis direction, the bone plate and the bone unit expe-
rience extrusion without any fracture, and only when a 
sufficiently high stress is applied, the circular bone plate 
of the bone unit undergoes pressing and breaking. Due 
to the small size of the bone unit at approximately 200–
400 µm [49], the compressive strength of the bone tis-
sue in z-axis direction is exceptionally high. Meanwhile, 
the force in y-axis direction increases more rapidly than 
the force in z-axis direction with an increase in the feed 
rate, because the effective contact surface of the spheri-
cal grinding head is a rounded surface (Figure  14(b)). 
Additionally, the force in y-axis direction decreases more 
quickly than the force in z-axis direction with an increase 
in amplitude under the effect of ultrasonic vibration (Fig-
ure  14(c)). Lastly, the force in y-axis direction increases 
more swiftly than the force in z-axis direction with an 
increase in grinding width (Figure 14(d)).

Bone material is anisotropic, and this analytical model 
involves idealization and computational properties of 
bone material. In this study, appropriate idealization of 
bone material was performed, and the mechanism and 
force model for removing biological bone material were 
established using a spherical grinding head assisted by 
ultrasonic vibration. In addition, during the actual grind-
ing process, the diamond particles may show some abra-
sion, resulting in some deviations. As shown in Figure 14, 
the maximum error of the theoretical value of the force 
in the direction of x-axis compared with the experimen-
tal value is 13.98%, and the minimum error is 5.60%; the 
maximum error of the theoretical value of the force in 
the direction of y-axis compared with the experimental 
value is 8.65%, and the minimum error is 5.60%; and the 
maximum error of the theoretical value of the force in 
the direction of z-axis compared with the experimental 
value is 11.60%, and the minimum error is 4.12%.

The findings indicate that UVAG with a spherical grind-
ing head is an effective approach for bone grinding, lead-
ing to a reduction in grinding force. The model revealed 
that higher spindle speeds, lower feed rates, larger ampli-
tudes, and smaller grinding widths contributed to lower 
cutting forces. Furthermore, feed rate, amplitude, and 
grinding width exerted a more significant effect on cut-
ting forces than spindle speed. The developed model ena-
bles accurate assessment of force magnitude during bone 
material machining, prediction of crack length, and effec-
tive enhancement of machining efficiency while ensuring 
machining quality.

5.2  Effect of Bone Tissue on Grinding Forces
Based on the aforementioned model, the removal mode 
during bone material removal using UVAG with a spheri-
cal grinding head comprises a mixture of ductile domain 
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removal, bone powder removal, and brittle domain 
removal. Bone material, composed mainly of bone units 
and bone matrix, bears a structural resemblance to fiber-
reinforced composite materials, with the bone unit fibers 
acting as reinforcement, contributing to its anisotropic 
mechanical properties [25, 67, 68].

The observed fluctuations in the cutting force during 
the grinding process are attributed to the spherical grind-
ing head passing through the bone unit fibers, which are 
stronger than the matrix, as demonstrated in Figure 15. 
This phenomenon generates oscillatory fluctuations, and 
the frequency of these fluctuations is comparable to the 
size of the diameter of the bone unit. Meanwhile, the 
brittle fracture mode is characterized by the fracture of 
the bone unit fibers and the expansion of cracks, contrib-
uting to the dynamics of the grinding force in y-axis and 
z-axis directions. The amplitude of oscillatory fluctua-
tions in the cutting force is associated with the genera-
tion of shear fractures and crack expansion on the shear 
surface. These phenomena indicate that the generation 
and expansion of cutting fractures in this mode cause 
significant fluctuations in the instantaneous value of the 
cutting force. According to the simulation results of Eqs. 
(46) and (47), the length of the cracks can be controlled 
within 100 μm [12–14]. This finding suggests that bone 
grinding in the ultrasonic vibratory micro-grinding mode 
can achieve self-repairing of the bone, meeting clinical 
requirements and avoiding bone damage that may occur 
during surgery due to excessive force. The cracks pro-
duced within the above experimental processing param-
eters fall within the range of human bone’s self-repair 
capabilities, thereby reinforcing the suitability of the 
ultrasonic vibratory micro-grinding approach for bone 
material processing and highlighting its potential ben-
efits in medical applications. This study presents valuable 
insights into the optimization of bone grinding processes, 
offering potential benefits in medical applications and 
bone-related industries.

6  Conclusions
The novel feature of this study is that it established a sur-
face morphology model of spherical grinding head on 
the basis of the geometric characteristics of diamond 
grinding grains, revealed the gradual rule of contact arc 
length in accordance with the kinematic analysis of dif-
ferent grinding layers, and proposed a new method for 
calculating the maximum undeformed chip thickness of 
spherical grinding head assisted by ultrasonic vibration. 
The removal mechanism of biological bone tissue mate-
rials by ultrasonic vibration assisted micro-grinding was 
revealed. In accordance with the motion laws of duc-
tile domain, bone meal, and brittle domain removals, a 
new ultrasonic vibration-assisted micro-grinding force 

prediction model was established for spherical grinding 
head, and the mechanism of mechanical stress reduction 
was revealed. The conclusions of this study are as follows:

(1) Different from previous studies on the contact arc 
length of spherical grinding head, the gradual con-
tact arc length proposed in this study comprehen-
sively considers the influence of geometric param-
eters and motion parameters. On the basis of the 
geometric characteristics of spherical grinding head, 
the influence of ultrasonic vibration, and the grad-
ual rule of contact arc length, the dynamic transient 
changes in the maximum thickness of undeformed 
chips with the rotation radius Ri (m), the ampli-
tude A, the spindle speed n, and the feed speed vω 
were revealed. Matlab numerical simulation results 
show that with the increase in amplitude, the con-
tact arc length of different layers increases, and the 
maximum thickness of undeformed chips decreases. 
The larger the amplitude is, the more uniform the 
change of the contact arc length and the maximum 
undeformed chip thickness from the bottom to the 
undeformed surface under ultrasonic vibration. 
Meanwhile, the smaller the amplitude is, the more 
obvious the gradient difference between the con-
tact arc length and the maximum undeformed chip 
thickness from the bottom to the undeformed sur-
face under ultrasonic vibration.

(2) Ultrasonic vibration can not only reduce the maxi-
mum thickness of undeformed chips but also 
weaken the hardness and fracture toughness of the 
bone material, so it is easier to achieve the removal 
of the toughness domain of the bone material and 
the removal of bone powder, thereby reducing the 
grinding force. Under different process param-
eters, analysis of the geometric characteristics, 
movement laws, and bone structure characteristics 
of the spherical grinding head revealed that the 
micro-grinding force in y-axis direction is the larg-
est, the micro-grinding force in x-axis direction is 
the smallest. Moreover, the reason why the micro-
grinding force in y-axis direction increases and 
decreases faster than that in z-axis direction under 
the action of ultrasonic vibration was elucidated. 
Higher spindle speed, lower feed speed, larger 
amplitude, and smaller grinding width help reduce 
grinding forces. In addition, feed speed, amplitude, 
and grinding width have more influence on the 
micro-grinding force than spindle speed.

(3) The numerical simulation value of Matlab is in good 
agreement with the experimental value. The results 
show that the average absolute errors of the pre-
dicted grinding force in x-axis direction are 9.88%, 
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10.87%, 10.31%, and 10.42%. The average absolute 
errors of grinding force prediction in y-axis direc-
tion are 6.93%, 7.21%, 6.44%, and 6.83%, and those 
of grinding force prediction in z-axis direction are 
8.67%, 7.41%, 7.89%, and 7.28%. The maximum 
error of the x-axis force is 13.98%, and the mini-
mum error is 5.60%. The maximum error of the 
y-axis force is 8.65%, and the minimum error is 
5.60%. The maximum error of the z-axis force is 
11.60%, and the minimum error is 4.12%. Therefore, 
the grinding force prediction model can effectively 
predict the micro-grinding force of biological bone.
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