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Abstract 

Laser tracers are a three-dimensional coordinate measurement system that are widely used in industrial measure-
ment. We propose a geometric error identification method based on multi-station synchronization laser tracers 
to enable the rapid and high-precision measurement of geometric errors for gantry-type computer numerical control 
(CNC) machine tools. This method also improves on the existing measurement efficiency issues in the single-base 
station measurement method and multi-base station time-sharing measurement method. We consider a three-
axis gantry-type CNC machine tool, and the geometric error mathematical model is derived and established based 
on the combination of screw theory and a topological analysis of the machine kinematic chain. The four-station laser 
tracers position and measurement points are realized based on the multi-point positioning principle. A self-calibra-
tion algorithm is proposed for the coordinate calibration process of a laser tracer using the Levenberg–Marquardt 
nonlinear least squares method, and the geometric error is solved using Taylor’s first-order linearization iteration. 
The experimental results show that the geometric error calculated based on this modeling method is comparable 
to the results from the Etalon laser tracer. For a volume of 800 mm × 1000 mm × 350 mm, the maximum differences 
of the linear, angular, and spatial position errors were 2.0 μm, 2.7 μrad, and 12.0 μm, respectively, which verifies 
the accuracy of the proposed algorithm. This research proposes a modeling method for the precise measurement 
of errors in machine tools, and the applied nature of this study also makes it relevant both to researchers and those 
in the industrial sector.
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1  Introduction
Multi-point positioning technology is used to monitor 
the real-time dynamic information of a target at the air-
port and for aviation flight, management, and control. 
This technology uses the time taken for the moving target 
to reach the position of each receiving base station, and 

realizes the accuracy of the moving target based on the 
distance formula between two points [1]. The method to 
determine the geometric error measurement of computer 
numerical control (CNC) machine tools is based on the 
multi-point positioning principle and is realized using a 
laser tracking measurement system. This system is used 
to achieve the tracking measurement of the target point 
position. The measured length value is used to replace 
the arrival time and the positioning of the space target, 
and an accurate solution for the geometric error of the 
CNC machine tool is realized based on the distance for-
mula between two points.
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Laser tracking is used as a three-dimensional space 
coordinate measurement system. In recent years, it has 
been widely used in robot calibration [2], CNC machine 
tools and their component accuracy detection [3], large 
scene three-dimensional measurement, and large com-
ponent assembly [4]. The methods used by laser tracking 
systems for the geometric error measurement of CNC 
machine tools are mainly divided into single-base station 
measurement methods, multi-base station time-sharing 
measurement methods, and multi-base station measure-
ment methods. Schwenke et al. [5] used a single-station 
Etalon laser tracking interferometer to complete the 
geometric error separation of a five-axis CNC machine 
tool turntable and linear axis dynamic measurement. 
Fu et  al. [6] used the single-base station measurement 
method to implement verticality error detection and 
circular trajectory tests for CNC machine tools. Wang 
et al. [7] proposed the concept of the multi-station time-
sharing measurement and used a single laser tracker to 
complete the measurement of 21 geometric errors of a 
three-axis CNC milling machine within 4 h. Zhang et al. 
[8] used this method to measure the geometric error of a 
turntable, which was similar to the measurement result 
obtained by a ball bar. They then measured the geomet-
ric error of a linear guide platform [9], which was simi-
lar to the measurement result by a laser interferometer, 
which proved the effectiveness of this method. Li et  al. 
[10] used this method to realize the pose measurement 
of the geometric error of CNC machine tools, and the 
calculated positioning error was closer to the measure-
ment result obtained by a laser interferometer. Cam-
boulives et al. [11] used the multi-base station method to 
conduct a three-dimensional space error correction of a 
coordinate measuring machine, and analyzed the meas-
urement uncertainty of the multilateral measurement 
method. Gomez-Acedo [12] and Ibaraki [13] conducted a 
thermal error test of a three-axis CNC machine tool and 
the thermal deformation analysis of the space trajectory, 
respectively. Lee et  al. [14] completed the identification 
of the servo mismatch error of CNC machine tools based 
on the circle test, which expanded the application range 
of the laser tracking measurement system. Therefore, it is 
clear that the single-base station method and multi-base 
station time-sharing measurement method are currently 
widely used in the above-mentioned research.

The multi-base station time-sharing measurement 
method and the single-base station measurement 
method are used to realize the coordinate measurement 
of the target point position based on the multi-point 
positioning principle. The coordinates of any point in the 
selected space are solved according to the positions of 
three or more base stations in that space. The important 
aspect of these two methods is to realize the base station 

self-calibration and measuring point algorithm, one of 
which is solved in the tracker’s own coordinate system, 
and the other is solved in the machine coordinate sys-
tem. Most previous studies have realized self-calibration 
and the measuring point algorithm based on the multi-
base station time-sharing measurement method, and 
they have used translation and rotation transformations 
to convert self-calibration and machine tool coordinate 
systems during the solution process. Lin et  al. [15] and 
Takatsuji et  al. [16] used this method to implement the 
base station self-calibration and measurement algorithm. 
The single-base station measurement method uses the 
theoretical point coordinates of the machine tool for self-
calibration in the machine tool coordinate system, which 
can directly realize the identification of the geometric 
error in this coordinate system. However, the measure-
ment process easily introduces the spatial position error 
of the CNC machine tool itself and is influenced by 
repeated positioning accuracy. This reduces the calibra-
tion accuracy of the base station, which results in inac-
curate measurement results.

Although this effect can be ignored for non-precision 
machine tools, it is still a source of large errors, which 
greatly limits the scope of application of this method. 
Song et al. [17] discussed the measurement principle of 
a laser tracker and used the theoretical coordinates of 
the machine tool to calibrate the laser tracker. They then 
used the calibrated base station position coordinates to 
calculate the space measurement point coordinates and 
separated and obtained the geometric errors of CNC 
machine tools. Previously, Wang et al. [7] used the least 
squares method to achieve the theoretical solution of this 
method. Chen et al. [18] used singular value decomposi-
tion to achieve rapid separation of geometric errors and 
avoid the singularity of the solution. Wan et al. [19] opti-
mized the self-calibration and measurement point algo-
rithm using a Gaussian random distribution. In addition, 
Wendt et al. [20] used an additional condition constraint 
method to detect the spatial error of a large three-coordi-
nate measuring machine using a four-base station tracker 
in the machine tool coordinate system. Schwenke et  al. 
[21] used a single-station laser tracking interferometer to 
detect the geometric errors of a three-coordinate meas-
uring machine using the additional constraint method. 
The calculated result is similar to that acquired by the 
ball-plate method, thereby verifying the correctness of 
the method and analyzing the measurement uncertainty 
degree. The additional constraint method has a higher 
calculation accuracy, and it is suitable for situations 
with more constraints in the solution; however, the cal-
culation efficiency requires improvement. Li et  al. [22] 
introduced a precision turntable coordinate system to 
measure the geometric error of a single linear axis and 
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turntable. This method avoided the use of machine tool 
and tracker coordinate systems. However, the additional 
device increases the measurement cost and difficulty, and 
the conversion relationship between coordinate systems 
is not discussed; thus, there are still major limitations. To 
mitigate this limitation, Zha et al. [23] used a four-station 
laser tracers to measure the geometric error of the pre-
cision turntable. While ensuring measurement accuracy, 
the measurement speed was increased by four times.

A relative length measurement using laser interference 
does not require an accurate angle measurement by the 
tracker, and it is sufficient to track the target position. The 
relative length is set as an accurate value in the solution 
algorithm, and the dead zone length must be solved [24]. 
There is no influence from the dead zone length during 
use; however, it needs to be accurately calculated from 
the angular positioning. Moreover, the absolute length 
measurement accuracy of the tracker is weaker than the 
relative length measurement accuracy. Therefore, the 
source of the geometric error of the three-axis gantry 
structure CNC machine tool was analyzed, and a geo-
metric error mathematical model was established using 
screw theory. Additionally, the laser tracer position self-
calibration was realized based on the Levenberg–Mar-
quardt nonlinear least square method, and the geometric 
error separation was realized. Geometric error items and 
spatial position errors were obtained from experimental 
measurements, and they were compared with the calcu-
lated results of the laser tracer to verify the correctness of 
the measurement algorithm.

2 � Geometric Error Analysis
The geometric error is the inherent error of CNC 
machine tools [25, 26], and its main source is the change 
in geometric parameters caused by the machining quality 
of CNC machine tool parts and the change in the rela-
tive position relationship caused by factors such as parts 
assembly. Assuming that the axis of motion is an ideal 
rigid body, there is a deviation of six degrees of freedom 
in space during a single-axis motion, i.e., the deviation of 
position and attitude.

Taking the linear axis of motion Y as an example, its 
pose deviation is PY = [EXY,EYY,EZY,EAY,EBY,ECY]

T , 
as shown in Figure 1. In this formula, EXY is the straight-
ness error of the Y-axis along the X-direction, EYY is the 
Y-axis positioning error, EZY is the straightness error of 
the Y-axis along the Z-axis, EAY is the pitch error of the 
Y-axis, EBY is the roll error, and ECY is the Y-axis yaw 
error.

The six geometric errors of a single axis are all position-
related errors, and the relative position changes caused 
by the assembly between the axes are position-unrelated 
errors, such as verticality errors [27]. Therefore, there are 

21 geometric errors in the three-axis CNC machine tool, 
and the error terms are shown in Table 1. In the process 
of the geometric error modeling of a three-axis gantry 
CNC machine tool, the machine tool coordinate sys-
tem is used after the X-, Y-, and Z-axes are zeroed. The 
machine tool coordinate system is set as the base coordi-
nate system, and to facilitate subsequent geometric error 
modeling, all geometric errors are defined in this coordi-
nate system.

3 � Geometric Error Modeling
The kinematic chain of the three-axis gantry structure 
CNC machine tool, from the workpiece to the tool, is 
W-F-Y-X-Z-T (W is the workpiece, F is the bed repre-
senting the base coordinate system, and T is the tool). 
The kinematic chain is shown in Figure  2(a), and the 
actual machine tool is shown in Figure  2(b). First, we 
establish the tool coordinate system, which is the end 
coordinate system and the base coordinate system. The 
base coordinate system used here is the bed coordinate 
system. When analyzing 21 geometric errors in the space 
of a three-axis gantry CNC machine tool, all motion axes 
return to zero to their initial positions. At this time, the 
base coordinate system coincides with the tool coordi-
nate system and is consistent with the machine tool coor-
dinate system; the zero point is set as the reference point. 
In addition, in the non-processing state, the workpiece 
can be considered to be consistent with the base coor-
dinate system during the measurement process. Thus, 
geometric error modeling can be conducted according to 
screw theory [28].

All geometric error terms are expressed in the basic 
coordinate system, and each error term is simplified 
according to the small displacement screw. Chasles’ theo-
rem states that any rigid body motion can be described 
using the superposition of the rotational and transla-
tional motions around the unit axis. Taking the Y-axis as 
an example, the geometric error modeling process based 
on screw theory is as follows.

+Z
ECY

Y

+X EAY
EBY +Y

EZY

EYYEXY

Figure 1  Geometric error terms of Y-axis
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The Y-axis geometric error motion pose can be 
described by the following equation:

In Eq. (1), the theoretical geometric error modeling 
parameters of the spinor can be selected and calculated, 
as shown in Table  2. The gFY (0) is the initial pose, as 
shown in Eq. (2), and the target mirror is placed at the 
origin of the end coordinate system. Any rotational 
motion in three-dimensional space can be described as 
a rotation around a particular unit axis ω = [ω1, ω2, ω3]T. 
If the rotation angle is set to θ, q is the coordinate of 
any point on the rotation axis, and v is the direction of 
motion of the linear axis.

Using the exponential product formula, the kinematic 
model in Eq. (2) can be simplified into matrix form:

The theoretical geometric error modeling parameters 
of the squareness error screw are shown in Table 3.

(1)

geFY (θ) = eξ̂yθyeξ̂EYY θEYY eξ̂EXY θEXY eξ̂EZY θEZY eξ̂EAY θEAY

eξ̂EBY θEBY eξ̂ECY θECY gFY (0).

(2)gFY (0) =







1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1






.

(3)geFY (θ) =







1 −ECY EBY EXY
ECY 1 −EAY Y+ EYY
−EBY EAY 1 EZY
0 0 0 1






.

Table 1  Geometric error terms of three-axis gantry-type machine tool

Linear axis and error classification X Y Z

Position-related geometric error Positioning error EXX EYY EZZ

Straightness error EYX, EZX EXY, EZY EXZ, EYZ

Angle error EAX, EBX, ECX EAY, EBY, ECY EAZ, EBZ, ECZ

Position-unrelated geometric error Squareness error EC0Y – EA0Z, EB0Z

Figure 2  Three-axis gantry-type machine tool kinematic structure: 
(a) Chain diagram, (b) Physical photograph

Table 2  Screw parameters of Y-axis geometric error

Y eξ̂yθy eξ̂EYY θEYY eξ̂EXY θEXY eξ̂EZY θEZY eξ̂EAY θEAY eξ̂EBY θEBY eξ̂ECY θECY

ω – – – – [1 0 0]
T

[0 1 0]
T

[0 0 1]
T

q – – – – [0 0 0]
T

[0 0 0]
T

[0 0 0]
T

v [0 1 0]
T

[0 1 0]
T

[1 0 0]
T

[0 0 1]
T

[0 0 0]
T

[0 0 0]
T

[0 0 0]
T

θ Y EYY EXY EZY EAY EBY ECY
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Therefore, the kinematics formula of the three-axis 
gantry CNC machine tool based on screw theory, includ-
ing geometric errors, can be expressed as:

In this equation, θx, θy, and θz represent the amount of 
movement of each linear axis, which can be represented 
by X, Y, and Z, respectively.

The geometric error pose and rotation param-
eters of the X- and Z-axis are shown in Tables 4 and 5, 
respectively.

In addition, A is the initial pose of the tool end. When 
only 17 geometric errors are considered and the end is 
the origin of the tool coordinate system, the calculation 
method is:

(4)

geFT (θ) = eξ̂yθyeξ̂EYY θEYY eξ̂EXY θEXY eξ̂EZY θEZY eξ̂EAY θEAY eξ̂EBY θEBY

eξ̂ECY θECY eξ̂EC0X θEC0X eξ̂xθx eξ̂EXXθEXX eξ̂EYX θEYX eξ̂EZX θEZX eξ̂EAX θEAX

eξ̂EBX θEBX eξ̂ECX θECX eξ̂EA0Z θEA0Z eξ̂EB0Z θEB0Z eξ̂zθz eξ̂EZZ θEZZ eξ̂EXZ θEXZ

eξ̂EYZ θEYZ eξ̂EAZ θEAZ eξ̂EBZ θEBZ eξ̂ECZ θECZ gFT (0).

The difference between the actual pose and the ideal 
pose of a three-axis gantry CNC machine tool is the geo-
metric error model:

(5)gFT (0) =







1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1






.

(6)�xyz = geFT (θ)− gaFT (θ) =

[

�Re
M �T e

M
0 1

]

,

where gaFT (θ) is the ideal pose of the tool end. The calcu-
lation is shown in Eq. (7):

where �Re
M is the attitude error model and �T e

M is the 
spatial position error of a three-axis gantry structure 
CNC machine tool model. Using the screw parameters 
of the geometric error pose modeling of the three-axis 
gantry CNC machine tool, combined with exponen-
tial product matrix conversion, the attitude error and 

(7)gaFT (θ) = eξ̂yθyeξ̂xθx eξ̂zθzgFT (0),

Table 3  Screw parameters of squareness error

Y eξ̂EC0X θEC0X eξ̂EA0Z θEA0Z eξ̂EB0Z θEB0Z

ω [0 0 1]
T

[1 0 0]
T

[0 1 0]
T

q [0 0 0]
T

[0 0 0]
T

[0 0 0]
T

v [0 0 0]
T

[0 0 0]
T

[0 0 0]
T

θ EC0X EA0Z EB0Z

Table 4  Screw parameters of X-axis geometric error

X eξ̂x θx eξ̂EXX θEXX eξ̂EYX θEYX eξ̂EZX θEZX eξ̂EAX θEAX eξ̂EBX θEBX eξ̂ECX θECX

ω – – – – [1 0 0]
T

[0 1 0]
T

[0 0 1]
T

q – – – – [0 0 0]
T

[0 0 0]
T

[0 0 0]
T

v [1 0 0]
T

[1 0 0]
T

[0 1 0]
T

[0 0 1]
T

[0 0 0]
T

[0 0 0]
T

[0 0 0]
T

θ X EXX EYX EZX EAX EBX ECX

Table 5  Screw parameters of Z-axis geometric error

Z eξ̂zθz eξ̂EZZ θEZZ eξ̂EXZ θEXZ eξ̂EYZ θEYZ eξ̂EAZ θEAZ eξ̂EBZ θEBZ eξ̂ECZ θECZ

ω – – – – [1 0 0]
T

[0 1 0]
T

[0 0 1]
T

q – – – – [0 0 0]
T

[0 0 0]
T

[0 0 0]
T

v [0 0 1]
T

[0 0 1]
T

[1 0 0]
T

[0 1 0]
T

[0 0 0]
T

[0 0 0]
T

[0 0 0]
T

θ Z EZZ EXZ EYZ EAZ EBZ ECZ
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spatial position error of the measurement point after the 
geometric error modeling can be obtained. Because the 
four-station laser tracers are used for simultaneous meas-
urement, it is assumed that the center of the target mir-
ror is very close to the center of the spindle end face of 
the machine tool, i.e., there is no attitude deviation at the 
center of the tool coordinate system. By substituting the 
initial pose, as shown in Eq. (5), and simplifying, a geo-
metric error model of CNC machine tools that contains 
only 17 geometric errors can be obtained.

The above error model is expressed in the form of 
matrix multiplication as follows:

The above matrix is simplified to:

where E is the spatial position error, which is related to 
the number of selected CNC machine coordinates, C is 
the geometric error model coefficient matrix, and P is the 
17 geometric errors.

4 � Laser Tracer Position and Measuring Point 
Coordinate Calibration

By setting the sphere center of the laser tracer LT1 to 
the zero point of the coordinate system by self-calibrat-
ing the coordinate system, the sphere center of the laser 
tracer LT2 is positioned on the XL axis of the coordinate 
system, and that of LT3 is placed in the XLYL plane, the 
sphere center of the laser tracer LT4 is placed at a posi-
tion that is not coplanar with the centers of the other 
three tracking interferometers. The calibration of the 
laser tracer and measurement points is realized by using 
the spatial points in the CNC machine tool.

The self-calibration algorithm is used to determine the 
mutual position relationship between the base stations, 
which is the core of the laser tracer position calibration 
and the subsequent measurement point algorithm. The 

(8)�Re
M =





0 −ECX − ECY − ECZ EBX + EBY + EBZ
ECX + ECY + ECZ 0 −EAX − EAY − EAZ
−EBX − EBY − EBZ EAX + EAY + EAZ 0



,

(9)�T e
M =





�X
�Y
�Z



 =





EXX+EXY + EXZ + Z(EB0Z + EBX + EBY)
EYX+EYY + EYZ − Z(EA0Z + EAX + EAY)+ X(EC0Y + ECY)

EZX+EZY + EZZ − X · EBY



.

(10)





�X
�Y
�Z



 =





1 0 0 0 Z 1 0 0 0 Z 0 1 0 0 0 −Z 0

0 1 0 0 0 0 1 0 −Z 0 X 0 1 0 −X 0 −Z
0 0 1 0 0 0 0 1 0 −X 0 0 0 1 0 0 0



 ·







EXX
...

EA0Z






.

(11)E = C · P,

Levenberg–Marquardt nonlinear least squares method 
is used to realize the optimization iterative solution of 
the self-calibrated position parameters of the laser tracer. 
In the self-calibrated coordinate system, it is assumed 
that there are m laser tracer stations to measure n tar-
get points in space. Suppose the distance from the ith 
laser-tracking interferometer to the jth measuring point 
for laser interferometric ranging is lij, where j = 1, 2, ..., 
n. Additionally, because the laser interferometer is an 
absolutely accurate relative measurement, and the abso-

lute measured length is not accurate, there is a dead zone 
length li (i = 1, 2, ..., m) in the solution process. Therefore, 

the coordinates of the ith measuring station are the alge-
braic form of the measurement formula for the coordi-
nates of the jth measuring point, as shown in Eq. (12). 
When the four-station laser tracers are used to measure 
the jth point, the formulas are shown in Eq. (13).

By linearizing Eq. (12) and ignoring the higher-order 
terms, we obtain:

(12)
Fij =

√

(

xLj − xLpi

)2

+
(

yLj − yLpi

)2

+
(

zLj − zLpi

)2

−
(

li + lij
)

= 0,

(13)























































�

�

xLj − xLp1

�2

+
�

yLj − yLp1

�2

+
�

zLj − zLp1

�2

= l1 + l1j ,

�

�

xLj − xLp2

�2

+
�

yLj − yLp2

�2

+
�

zLj − zLp2

�2

= l2 + l2j ,

�

�

xLj − xLp3

�2

+
�

yLj − yLp3

�2

+
�

zLj − zLp3

�2

= l3 + l3j ,

�

�

xLj − xLp4

�2

+
�

yLj − yLp4

�2

+
�

zLj − zLp4

�2

= l4 + l4j .
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where (xLj0, y
L
j0, z

L
j0) is the initial coordinate value of each 

measuring point, (xLpi0, y
L
pi0, z

L
pi0) is the approximate value 

of the theoretical coordinate of the base station, li0 is the 
approximate theoretical value of the dead zone length, 
and vij is the residual error of the equation.

When the four-station laser tracers are used for the 
measurement, m = 4. When the number of equations is 
greater than the number of unknowns, the equation can 
be solved. That is, when the number of measurement 
points is sufficient, the self-calibration of the laser tracer 
position and the solution of the space point coordinates 
for calibration can be realized.

After satisfying the above solving conditions, the equa-
tion can be written in the following format:

The self-calibration algorithm is implemented in the 
self-calibration coordinate system, and the following con-
straints on the location of the base station are given:

Therefore, matrix A needs to be transformed. The col-
umn coefficients corresponding to the above parame-
ters in matrix A are all set to zero, and the transformed 
matrix is set to Ag. In addition, the initial value of the 
above parameters must be set to zero in the calculation 
process to completely apply the constraints of the self-
calibrating coordinate system on the six parameters.

Using the least square method under the same preci-
sion measurement conditions, the normal equations of 
the linearized equations can be obtained:

Here, the Levenberg–Marquardt method is used to 
introduce an optimization method using the relaxation 
factor μ to iteratively solve the nonlinear equations. A 
reasonable choice of the μ value can bring the solution 

(14)
vij = fij0 + aijδx

L
j + bijδy

L
j + cijδz

L
j − aijδx

L
pi

− bijδy
L
pi − cijδz

L
pi − δli − lij − li0,

(15)
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fij0 =

�

�

xLj0 − xLpi0

�2

+
�

yLj0 − yLpi0

�2

+
�

zLj0 − zLpi0

�2

,

aij =
xLj0 − xLpi0

fij0
, bij =

yLj0 − yLpi0

fij0
, cij =

zLj0 − zLpi0

fij0
,

lij = fij0 − lij − li0,

(16)V = A · δX − L.

(17)
xLp1 = 0 ; yLp1 = 0 ; zLp1 = 0 ; yLp2 = 0 ; zLp2 = 0 ; zLp3 = 0.

(18)
(

AT
g Ag

)

· δX = AT
g L.

process closer to the Gauss–Newton method or the 
steepest descent method to avoid falling into a local 
solution.

Through repeated iterations, we can obtain the posi-
tion parameters of the laser tracer and the space point 
coordinates used for calibration. The iteration steps 
of the Levenberg–Marquardt nonlinear least squares 
method are as follows:

(1)	 The given initial values include: d0 = [xpi0, ypi0, zpi0,

xi, yi, zi, li0]
T , iteration judgment accuracy ε , given 

maximum number of iterations p, initial number of 
iterations h: = 0, µ0 = 10 - 3, v = 5 , nonlinear equa-
tions F (d) = 0, ε0 = �F (d0)�.

(2)	 Solve for δXh = −
(

AT
ghAgh + µhI

) - 1

AT
ghLh , μh is 

the relaxation factor.
(3)	 If h: ≥ p , stop and obtain d.
(4)	 If �Fh(dh)� ≤ εh , dh+1 = dh + δXh . If �δXh� ≤ ε , 

stop and output d, otherwise µh+1 = µh/ν , 
h := h : +1 . Go to step 2. If ‖Fh(dh)‖ > εh , let 
dh+1 = dh + δXh . Resolve δXh and return to step 1.

In the self-calibration method, plane points or spa-
tial points can be used as measurement points in the 
self-calibration process to calculate the spatial posi-
tion coordinates of the four-station laser tracers. The 
theoretical space position coordinates of each position 
coordinate system are known in the machine tool, and 
they are the given coordinate points in the machine 
tool motion trajectory. Therefore, when the calibration 
is completed, the measurement points in the self-cali-
brated coordinate system and the theoretical coordi-
nate points in the machine tool coordinate system can 
be used to determine the coordinates of the meas-
urement point and the laser tracer position from the 
self-calibrated coordinate system to the machine tool 
coordinate system based on the coordinate transform.

The geometric error measurement of a three-axis gantry 
CNC machine tool is performed by setting the origin of the 
machine coordinate system as the reference point. There-
fore, the machine origin coordinates are first found in the 
self-calibrated coordinate system during coordinate trans-
formation, and the translation matrix TM is then calculated. 
The rotation matrix RM is subsequently established, and 
its unknown quantities are α, β, and γ. After the rotation, 
the distance between each coordinate point and the corre-
sponding point is the smallest in the machine tool coordi-
nate system. Therefore, assuming that the point set is Pj in 
the self-calibrated coordinate system, and the point set is Qj 

(19)δX=
(

AT
g Ag+µI

)−1

·
(

AT
g L

)

.
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in the machine tool coordinate system, the objective func-
tion in the actual solution process is constructed as follows:

where RM is the rotation matrix between coordinate 
systems, RM = Rz(γ)·Ry(β) Rx(α); α, β, and γ are the rota-
tion angles around the X-, Y-, and Z-axis, respectively, 
which are the waiting solved parameters in the objective 
function.

After the solution, the coordinates of the laser tracer 
and the calibration measuring point can be obtained in 
the machine tool coordinates. When the calibration of 
the measuring point is completed, the spatial position 
error of the target point can be calculated. The difference 
between the actual measured position coordinates and the 
theoretical coordinates is the spatial position error of the 
measuring point. This evaluation process requires only 
one measurement, and there is no need to determine the 
measurement point again after obtaining the position coor-
dinates of the tracking interferometer in the machine coor-
dinate system.

(20)FM = min

n
∑

j=1

∥

∥

∥
Qj −

(

RM · P j + TM

)

∥

∥

∥

2

,

5 � Geometric Error Separation in Gantry‑Type CNC 
Machine Tool

The laser tracer measurement and geometric error solv-
ing algorithm are the key to realizing the rapid separa-
tion of geometric errors. This algorithm is solved based 
on the principle of multi-point positioning. The laser 
tracer quickly measures the spatial position error of CNC 
machine tools, as shown in Figure 3.

We assume m base stations (laser tracer here) and meas-
ure n measurement points. The measurement process can 
be expressed by the following nonlinear equation:

where a particular nonlinear equation determines the 
difference between the length distance formula between 
two points when the ith laser tracer measures the jth tar-
get point. Additionally, the sum of the length of the laser 
tracer and the length of the dead zone is zero. The equa-
tion can be expressed as follows:

In this equation, d is the unknown number in the 
solution, d = [xpj, ypj, zpj, Pj, li]T; i is the ith laser tracer; 
Pj is all sets of geometric error terms at the jth meas-
urement point; (xj, yj, zj) is the theoretical coordinate 
value of the measuring point, and it is set to a known 
value according to the measurement track; (xpj, ypj, 
zpj) is the position coordinate of the laser tracer to be 
solved; li is the length of the dead zone; (Δxpj, Δypj, Δzpj) 
is the spatial position error of the jth target measure-
ment point, which can be calculated by the geometric 
error modeling formula.

The nonlinear least square Levenberg–Marquardt 
method is used to solve the above-mentioned nonlin-
ear equations. This method can realize the least square 
solution of nonlinear small residual overdetermined 
equations, which is suitable for solving small residu-
als measured by a laser tracer and can avoid the short-
comings of the Gauss–Newton method falling into 
local solutions. Taylor expansion linearization is used 
to make a first-order approximation, and the nonlinear 
equations are written in matrix form as follows:

where J is the Jacobian matrix of the nonlinear equation 
system, F ′(d) is the substitute of the calculated value of 
each iteration into the F (d) value afterwards.

(21)F (d) = 0,

(22)

Fij =

√

(

xj − xpi +�xj
)2

+
(

yj − ypi +�yj
)2

+
(

zj − zpi +�zj
)2

−
(

li + lij
)

= 0.

(23)J · d = F ′(d),

(24)J =

[

∂Fij(d)

∂dk

]

.

Figure 3  Schematic diagram showing the measurement 
of geometric errors of CNC machine tools by laser tracers
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There are constraints according to the characteris-
tics of various geometric errors: (1) The straightness is 
zero at the starting and end points of the solution; (2) 
all position-related errors are zero at the starting point. 
Therefore, all geometric error terms of a three-axis CNC 
machine tool have 12 constraints during the solution 
process. These 12 constraints are approximately the coor-
dinate system of the agreed machine tool space. The set-
tings are the same as the machine’s inherent coordinate 
system, and the zero point is the reference point. These 
constraints can be expressed as a matrix:

where B is the constraint matrix that satisfies the con-
straint conditions and the matrix is full rank.

This constraint can be converted to:

After integrating Eq. (23) and Eq. (26), the solution 
equation can be written as follows:

where M is the coefficient matrix after the integration of 
linearized equations, M =  [J, B′]T, and G is the residual 
amount of the linearized equation after integration.

According to the above analysis and derivation, the cal-
culation for each step of the Levenberg–Marquardt algo-
rithm can be expressed using the following equation in 
the iterative solution process:

After multiple Taylor first-order linearization iterative 
solutions, when the set solution accuracy and calcula-
tion times are met, 17 geometric errors for CNC machine 
tools can be obtained. When the four-station laser trac-
ers are simultaneously measured, the frame or cross-
shaped trajectory can be used to plan the geometric error 

(25)B · P = 0,

(26)B′ · d = 0.

(27)M · d = G,

(28)d = −
(

MTM + µI
)−1

MTG.

measurement trajectory. The measurement of the spa-
tial position error can be achieved by planning a single 
measurement. The measurement time is short, which can 
significantly reduce the influence of thermal errors in the 
measurement process. The entire measurement process 
takes approximately 0.5  h. When the four-station laser 
tracers make a measurement, each tracking interferom-
eter measures the same trajectory. Therefore, the position 
coordinates of the measuring points can be accurately 
obtained, and the 17 geometric errors of the machine 
tool can be solved using this position coordinate infor-
mation. In addition, to save measurement costs, when 
there is only a single laser tracer, the multi-base station 
time-sharing measurement method can be used to meas-
ure the geometric error of the CNC machine tool, and 
different trajectories can be planned for each base sta-
tion location. However, it is required that at least three 
base stations can measure the position simultaneously 
in the planned trajectory and meet the necessary length 
measurement space intersection conditions to obtain the 
determined coordinates of the position.

6 � Experimental Verification
6.1 � Geometric Error Comparison Experiment
In a standard temperature environment of 20 ± 2  °C, 
Etalon four-station laser tracers (Hexagon DEU01 GmbH, 
Series: LT00083-LT00086, Braunschweig, Germany) are 

Figure 4  Three-axis gantry-type numerical control milling machine 
geometric error measurement

Figure 5  Three-axis gantry-type numerical control milling machine 
geometric error measurement trajectory

Table 6  Coordinates in the machine tool coordinate system 
after calibration of the four-station laser tracers

Laser tracer XP (mm) YP (mm) ZP (mm)

LT1 158.8075 − 1456.6824 − 349.7023

LT2 − 113.1165 − 1671.7155 − 349.3517

LT3 − 468.6489 − 1563.1627 − 349.4140

LT4 − 769.8987 − 1599.5469 − 208.9567
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used to perform 17 geometric error measurement experi-
ments on a three-axis gantry CNC milling machine. The 
measurement strokes of the X-, Y-, and Z-axis of the CNC 
machine tool are set to [− 800  mm, 0], [− 1000  mm, 0], 
and [− 350  mm, 0], respectively, and the measurement 
trajectory is planned in the measurement space. The tra-
jectory is required to cover the abovementioned measure-
ment space. The trajectory planning steps on the X-, Y-, 
and Z-axes are 80 mm, 100 mm, and 35 mm, respectively, 
and 11 measurement points are selected on each axis. The 
measurement program is compiled according to the space 
target trajectory. In the program, the feed speed of the 
machine tool is set to 1000 mm/min, and the dwell time of 
each target position point is 3 s to ensure that the machine 
tool has a stable stopping time and the laser tracer has a 
sufficient data acquisition time. During the measurement 
process, a single two-way measurement is performed. The 
average round-trip length measurement of the same space 
target position made by the laser tracer is used as the 
measurement length result to be brought into the nonlin-
ear equation system to solve the geometric error.

The measurement site and trajectory plan are shown 
in Figures 4 and 5, respectively. The trajectory meets the 
requirements of covering the entire measurement space. 

The system position parameters of the four-station laser 
tracers in the machine tool coordinate system after cali-
bration are shown in Table  6. The measurement results 

Figure 6  Comparison of X-axis geometric error measurement results: 
(a) Linear errors, (b) Angular errors of the X-axis

Figure 7  Comparison of Y-axis geometric error measurement results: 
(a) Linear errors, (b) Angular errors of the Y-axis

Figure 8  Comparison of Z-axis geometric errors measurement 
results

Table 7  Comparison of squareness error measurement results

Squareness error EC0Y EB0Z EA0Z

Self-editing algorithm (μrad) 2903.269 − 61.431 22.856

Software algorithm (μrad) 2903.679 − 62.802 20.154

Comparison error (μrad) − 0.410 1.371 2.702
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of the X-, Y-, and Z-axis and the comparison results with 
the laser tracer’s built-in software are shown in Figures 6, 
7 and 8, respectively. In these figures, the solid line repre-
sents the calculation result of the algorithm in this study, 
and the dashed line is the measurement result of the laser 
tracer using software. The squareness error comparison 
results are shown in Table 7.

It can be observed from Figure 6 that the X-axis geo-
metric error calculation results from the algorithm pre-
sented this study are completely consistent with the 
calculation results of Etalon’s own software. The linearity 
error EZX of the X-axis linear error is up to 0.9 μm; the 
deflection error EAX of the X-axis angular error is up to 
1.0 μrad. The comparison results are relatively close.

It can be observed from Figure 7 that the six geomet-
ric errors of the Y-axis have the same trend as the results; 
the maximum difference of EXY is 2.0 μm, and the maxi-
mum difference of the Y-axis angle error is 0.5 μrad.

It can be observed from Figure 8 that the three geomet-
ric errors of the Z-axis exhibit exactly the same trends 
in the calculation results of the algorithm in this study 
and Etalon’s software; the maximum difference of the 
positioning error EZZ among the Z-axis linear errors is 
1.8 μm. The comparison results are relatively close, which 
illustrates the effectiveness of the algorithm.

It can be observed in Table 7 that the maximum differ-
ence between the squareness error results is the vertical-
ity EA0Z between the X- and Z-axis, which is 2.7 μrad. The 
residuals calculated using this algorithm and the built-in 
algorithm of the laser tracer are compared, as shown in 
Figure 9.

The maximum calculated residual error for this algo-
rithm is 2.4  μm, as shown in Figure  9(a); however, the 
maximum calculated residual error from the software in 
the Etalon laser tracer is 4.6 μm, as shown in Figure 9(b). 
The algorithm in this study calculates a smaller residual 
error; thus, it has a higher accuracy. In addition, the cal-
culation result of the geometric error differs from that 
of the software because the deviation of a single result 
will affect the overall calculation result in addition to the 
base station calibration in this algorithm. Moreover, the 
straightness error value calculated by the software of the 
laser tracer does not completely restrict the end position 
to zero, which makes the calculation deviate. However, it 
can be observed that the residual error of the algorithm is 
smaller, and its accuracy is higher.

6.2 � Comparison of Spatial Position Errors of CNC Machine 
Tools

To further verify the effectiveness of the algorithm in 
this study, the geometric error separation results of CNC 
machine tools according to the laser tracer are used to 

obtain the spatial position error according to the 17-term 
geometric error model of the three-axis CNC machine 
tool. The spatial position error is compared with the cal-
culation result from the software of the laser tracer. The 
equation used to calculate formula for calculating the 
spatial position error is:

where E is the spatial position error, C is the coefficient 
matrix, and P is the 17 geometric errors.

The spatial position error calculated according to the 
built-in software of the laser tracer is compared with that 
obtained by the algorithm in this study, as shown in Fig-
ure 10. Among these errors, delt x, delt y, and delt z are 
the differences between the tracker’s calculation results 
and the X-, Y-, and Z-coordinates calculated by this algo-
rithm, respectively. The approximate symmetrical dif-
ference between the X and Z spatial positions is caused 
by applying different weights to the X and Z solutions, 
which is the difference of the algorithm itself. The abso-
lute value of the maximum spatial position error differ-
ence of the three-axis gantry structure CNC machine 
tool is 12.0 μm.

(29)E = C · P,

Figure 9  Residual error of various methods: (a) Calculated residual 
error of the proposal algorithm, (b) Calculated residual error 
of the Etalon algorithm
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7 � Conclusions

(1)	 A geometric error identification method of gantry-
type CNC machine tool based on multi-station 
synchronization laser tracers is proposed in this 
research. The composition of the geometric error 
terms of three-axis CNC machine tools is analyzed, 
and the geometric error model of three-axis gantry 
CNC machine tools is established based on screw 
theory.

(2)	 The geometric error measurement and separation 
algorithm of three-axis gantry CNC machine tools 
is derived based on the principle of multi-point 
positioning.

(3)	 The proposed method was applied to the geomet-
ric error measurement experiment of the three-axis 
gantry structure CNC machine tool. The results 
calculated by this algorithm are compared with the 
calculation results of the Etalon laser tracer, and 
they exhibit maximum linear, angular, and spatial 
position error differences of 2.0  μm, 2.7  μrad, and 
12.0 μm, respectively, which verify the correctness 
of the algorithm.

	 Currently, the algorithm haven’t applied on other 
types of multi-axis machine tools, like five axis 
machine tools integrated with rotational function 
parts. In the future, the algorithm versatility verifi-
cation is the main focus, also includes the integra-
tion with measuring instruments.
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