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Abstract: Beveloid gears, also known as conical gears, gain more and more importance in industry practice due to their abilities for
power transmission between parallel, intersected and crossed axis. However, this type of gearing with crossed axes has no common
plane of action which results in a point contact and low tooth durability. Therefore, a geometry design approach assuming line contact is
developed to analyze the tooth engagement process of crossed beveloid gears with small shaft angle for marine transmission
applications. The loaded gear tooth contact behavior is simulated by applying a quasi-static analysis to study the effects of gearing
parameters on mesh characteristics. Using the proposed method, a series of sensitivity analyses to examine the effects of critical gearing
parameters such as shaft angle, cone angle, helix angle and profile-shift coefficient on the theoretical gear mesh is performed. The
parametric analysis of pitch cone design shows that the dominant design parameters represented by the angle between the first principle
directions (FPD) and normal angular factor are more sensitive to the shaft and cone angles than they are to the helix angle. The
theoretical contact path is highly sensitive to the profile-shift coefficient, which is determined from the theoretical tooth contact analysis.
The FPD angle is found to change the distribution of contact pattern, contact pressure and root stress as well as the translational
transmission error and the variation of the mesh stiffness significantly. The contact pattern is clearly different between the drive and
coast sides due to different designed FPD angles. Finally, a practical experimental setup for marine transmission is performed and tooth
bearing test is conducted to demonstrate the proposed design procedure. The experimental result compared well with the simulation.
Results of this study yield a better understanding of the geometry design and loaded gear mesh characteristics for crossed beveloid gears

used in marine transmission.
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main weakness in crossed axis application is that the

1 Introduction

Beveloid gears, first proposed by BEAM!", are now
widely applied in marine, low-backlash planetary and
automotive transmissions’” . A typical down angle type
marine transmission installed in an extremely limited space

for a speedboat with inclined output shaft is shown in Fig. 1.

The system consists of an engine, a beveloid gearbox and a
propeller. The beveloid gear used here is a type of an
involute gear with an extremely general design with
variable tooth thickness, roots and outside diameters over
the tooth width. This type of design is suitable for power
and motion transmission not only between parallel axes,
but also between intersecting or crossed axes. However, the
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beveloid gear mesh is theoretically in point contact with a
high sliding velocity. This unfavorable engagement
behavior negatively affects the surface durability and
causes harmful vibration and unwanted noise problems.

Engine

\ Beveloid gear transmission

TN

Down angle

Propeller

Fig. 1. Marine drive transmission with down angle

Recently, there has been some efforts made to widen the
application of spatial beveloid gear drive!* '), MITOME"**,
proposed three important manufacturing methods, which are
the inclining work-arbor taper hobbing method, the table
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sliding taper hobbing method and the generating method by
gear shaper. In addition, KOMATSUBARA, et all”),
performed analytical and experimental investigations on the
influence of machine settings on the tooth contact behavior
and developed a new concave-conical gearing for marine
transmission with a better curvature relation at the contact
points. TSAL et al®), proposed a new concept for designing
skew conical gear drives, which are designed with
approximate line contact by combining with profile-shifted
transmission. LI, et al””, proposed a new type of non-involute
beveloid gear used for marine transmissions. ZHU, et al'%,
analyzed the meshing characteristics of non-involute
beveloid gears, and the results showed that the contact area
can be increased through tooth end-relief and profile
modification. HE and WU!""! developed a mathematical
model based on the theory of gearing and performed
theoretical tooth contact analysis to examine the meshing
and bearing contact of involute gear with non-parallel axes.
However, in spite of the above-mentionned studies, most of
them are limited to geometry design, manufacturing
analysis and preliminary tooth contact analysis. Very
limited effort has been directed at studying the detailed
effects of gearing parameters on the tooth contact behavior
of crossed beveloid gears in marine transmissions with line
contact. This paper attempts to bridge this gap in the
literature.

This paper presents an analytical derivation of the
geometry design procedure with line contact for a crossed
beveloid gear pair. between gearing
parameters including the shaft angle, cone angle, helix

The relations

angle and profile-shift coefficient, and the dominant
geometry design parameter known as the first principle
directions (FPD) angle is studied. Based on the proposed
approach, the loaded tooth contact analysis using the finite
element method is performed to investigate the salient
features of crossed beveloid gears. Finally, an experimental
setup was developed to validate the proposed design for
marine transmission.

2 Crossed Axis Geometry Design

2.1 Line contact condition

The concept for designing beveloid gear drives is based
on the gear-rack-model®®. As shown in Fig. 2, each
beveloid gear engages not only with each other but also

with a “common rack™ having zero thickness in line contact.

The line R— R represents the intersection between the
pitch plane of the common rack and right tooth surface. In
addition, K, and K,are the contact lines and &, and
&q, are the crossing angle between the contact lines and
intersection line for the pinion and gear, respectively. The
direction of observation is from the toe to the heel. An
angle & is defined as the FPD angle.

Given the above setup, the crossing angle between K|
and K, can be represented as follows:

§R(L) = §R(L)l + §R(L)2 : )

Pitch plane of
common rack

Fig. 2. Contact lines on the tooth surface of common rack

Fig. 3 shows the relation between the right tooth surface
and the common rack. The contact line PA4 is the line
between the gear and common rack. According to the
involute gearing theory, the crossing angle between PA
and the axis of the gear is the base helix angle g . The
line of intersection between plane axode and the tooth
surface is PB. The crossing angle between PB and the
axis of the gear is the working pitch helix angle g, .. The
line of intersection between the pitch plane of the common
rack and the tooth surface is PC, and 7, is working pitch
circle radius. Note that the plane of action is perpendicular
to the transverse plane and the tooth surface.

Fig. 3. Relations of tooth surface, pitch plane,

plane axode and plane of action

1. Plane axode 2. Working pitch circle radius
3. Base circle radius 4. Pitch plane of the common rack
5. Tooth surface of the common rack 6. Plane of action

Accordingly, the following relation can be derived:

tang, = A€ _AB=CB )
PA PA
Substituting the following equations:

PA=W/cos By »
AB =W tan S, Sin pyp » (3)
BC =W tany,, [cos tpy ,
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where a,wr is the working pressure angle of the right tooth

and yis the working cone angle, yields

tany,,

“4)

tan &y = cos Big | tan S g Sinapyp — o
PwR

By applying a set of trigonometric relations, the
following equation can be obtained:

tan Bp,p tanapg —tany,, (1 + tan’ Opyr )

)

tané&p =
\/ 1+ tan® ap, +tan’® B

Then, from the relation between the reference gearing
data and working gearing datal”!, it can be shown that

tana,,, cosy,,

cos S,

(6)

tan ap g +tanapy, = 2

tan S, +tan Bp x =2tan S, cosy,, , @)

where o, is the working normal pressure angle, £, is the
working helix angle and 4, is the working cone angle.

Subsequently, the following equations can be obtained
for the right tooth:

tan y,, cos

tanéy =tan S, sina,, — ®)
cos f3,,
Similarly, for the left tooth,
. t
tan&; = tan S, sina,,, + ARV COS Gy )

cos S,

Then, the approximate line contact condition can be
represented as

§L(R)l + C.JEL(R)z = éL(R) ~0. (10)

Where subscripts L and R indicate the left and right teeth,
respectively. Also, subscripts 1 and 2 indicate the pinion
and gear, respectively.

2.2 Geometry design procedure

2.2.1 Beveloid gear meshing

According to the spatial involute gearing theory, the
beveloid gear engages with the common rack. This implies
that the following conditions should be satisfied"*:

(1) The normal pitch of the common rack is equal to the
normal base pitch of the beveloid gear;

(2) The transverse base circle pitch is equal to the base
pitch (Normal pitch) of the beveloid gear.

The above two conditions can be represented
mathematically as follows:

M, COS A, = M, COSQ, , 1y

Ty, COS Cpyy () = T, COS Qlpy (1) 5 (12)

where my,=m.y/cosBy, m=my/cosp, my, is the normal
module, ¢, is the normal pressure angle, o,;(j=L, R)is the

reference pressure angle, and £ is the reference helix angle.
Then the working normal module and working pressure
angle of the common rack cutter can be represented by

cos B, COSUpy(r)

My = My ; (13)
cos COS Apy ()
cos
cosa,, =&, cosa, S , (14)
cos S,
m cos¢, cos f3 cos 3
e =gy =4 E=4. (19
m,,  cosd, cos B, cos 3,

where &, (i =1, 2) is the transverse angular factor, &, is the
normal angular factor, andr, is the reference pitch circle
radius.

2.2.2  Working pitch cone design

Fig. 4 shows the relation of the working pitch cones of a
crossed beveloid gear pair. From the derivation of the
working pitch cone design, the shaft angle, offset and
mounting distance can be represented by

L +
Sm Y41 COS Y0

E (sin2 §—sin’ ,,, —sin’ y,, cos 5)

d =

’

. . .2 .2 .2 . .
siny,,, sin 5\/ sin” §—sin” y,,, —sin” y,, —2siny,, siny,, coso

(16)
dy=—12
SlnyWZ COS}/WZ

E(sin 7,1 €083 +sin’ 7/W2)

b
. .2 .2 .2 . .
sin 6\/s1n 0 —sin” y, —sin” y,,, —2siny,, siny,,, coso

an
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coso

COS(ﬂwl +ﬂw2):tan7wl tanwa + > (18)

COS /1 COS ¥y 5

(le COSyWZ +rw2 Cosywl)Sin(ﬂwl +ﬂw2)
sin o

E=

. (19)

where di(i=1, 2) is the mounting distance, ¢ is the shaft
angle, and £ is the offset.

Working pitch cone of gear

Working pitch cone of pinion

Fig. 4. Working pitch cones of beveloid gears

Su, Se, ra, 12,
ApwL2 ,XpwR2

Given parameters:
E, 5, Ni, Nz,an,

2.2.3  Backlash-free condition

A backlash-free condition is still necessary for the
design of a beveloid gear pair having crossed axis.
According to HE and WU™!, the backlash-free equation
can be represented as follows:

cos ¥, cosy, |

+ X
0s [ cos S,

2tana, | x,

N,
1 . . . .
T(IHV(ZPWL] +iNVatpyg, —invap, —invapy, )+

2 . . . .
- (INV@py1 5 +INV@pyp, —INVAR , —INVatpy, ),

(20)

where x, and x,, are the profile-shift coefficients in the
pinion and gear transverse sections, and Nis the tooth
number.

2.2.4 Line contact condition design

Fig. 5 illustrates the design procedure for the condition
that the offsetE is given considering the line contact
condition. The cone angley; is used as a cyclic variable and
the normal angular factor £, and helix angle /% are applied
as two variables for simplifying the solution.

Meshing results ——

Meshing points

1y, By

L

|  Cyclical variables: 7,

2O

Egs. (i6), (i7), (20):
dl,dZ andxtz

’7 Xt / L
.

Line of action

Undercutting analysis = TE

L

Solve &, S,

Topping analysis . Contact path

Eq.(18) andEq.(19)

L
7

Mathematical 5
N

Generate the tooth surfaces
of pinion and gear

Eq. (10)
Line contact

£ Cronsor D

Fig. 5.

To obtain the line contact solution, an iterative algorithm
was used to solve the nonlinear relation as shown in Egs.
(18), (19). Note that the line contact condition of Eq. (10) is
used to fix the cyclic variable. Then the pitch cone results
given by Egs. (16), (17) are used to calculate the working
mounting distances d; and d,. Assuming a profile-shift
coefficient x,;, the backlash free condition defined by Eq.
(20) is used to obtain another profile-shift coefficient xi,.
Also, a specific analysis is performed here to avoid
undercutting and topping. Then the coordinates of the
points on tooth surface of pinion and gear can be obtained
by means of the simulation of manufacturing. Theoretical
tooth contact analysis is conducted to get the meshing
results including meshing points, line of action,transmission

Create solid
|:> geometry model

Design procedure for line contact condition

error (TE) and contact path. Through the analysis of the
contact path on the tooth surface, the profile-shift
coefficient x; can be determined. The solid geometry model
is subsequently created applying the known mathematical
coordinates.

3. Parametric and Tooth Contact Analysis

3.1 Influence of gearing parameters

Since angle &, ) between the first principle directions
(FPD) and &, normal angular factor are the dominant
geometry parameter for crossed beveloid gear design
assuming line contact, the influences of gearing parameters
on them are studied next. Also, the effect of profile-shift
coefficient on contact path is examined. Fig. 6 shows the



ZHU Caichao, et al: Geometry Design and Tooth Contact Analysis of Crossed Beveloid Gears

*332-

for Marine Transmissions

effect of the variation of cone angle on FPD angle for cases
with different shaft angles. It is assumed that the gear pair
has the same offset, helix angle of pinion, normal module
and normal pressure angle. The result indicates a strong
incremental relation between the FPD angle¢; )and the
shaft angle. However, the trends for &, and & are
different as the cone angle of pinion y; increases, because
&r 1s degressive and & is incremental. Also, when the
cone angle y, is fixed, the increase of one angle y, has
a degressive effect on &, and increasing effect on & as
shown in Fig. 6 (b).

15+ o
}/2:0_1,/32 19 S5=14°
SL——— ¢&r / -
o 10k P S
~ -7 _- —_
&‘\I‘ // // //’ —— -
% gt -—7 "
o0 T
=} -
R -
o
[=}
59
(@
151 .
V,=1°,8,=19 s5=14
Si——— & // -
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< 7 - -
un ////’//,”
L ///////// /T
%) /////////’7’
T T T
2 SEZ-T s=8° =10 s5=12
— z
| | | | |
0 2 4 6 8 10
Cone angle 7,/(°)
(b)
Fig. 6. Influence of cone angle on FPD angle

As shown in Fig. 7 (a), the normal angular factor &,
tends to decrease when the cone angle increases for
different shaft angles. When the cone angle is less than 2° |
the values of normal factor for different shaft angle are
similar. However, when the cone angle is larger than 2°,
the normal angular factor &, becomes smaller as the cone
angle of pinion increase. Also, the similar trend exists when
shaft angle & decreases. Assuming that the cone angle
7, 1s fixed, the effect on the normal angular factor is not
obvious for different values of cone angle y, as shown in
Fig. 7 (b). As shown in Fig. 8 (a), the FPD angles are
parabolic in shape and therefore the helix angle S, has
less influence on the FPD angle. However, for different
shaft angles, higher value of FPD angle is obtained with
higher shaft angle. In Fig. 8 (b), when the cone angle y, is

fixed, the increase of cone angle y, leads to an increased
FPD angle & and a decreased in the other FPD angle
& - The analysis results show that helix angle has less
influence on FPD angle compared to the cone angle. The
results in Fig. 9 indicate that the helix angle S, has a
significant influence on normal angular factor & . With
increasing the helix angle g, the normal angular factor
decreases initially and then increases.
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Fig. 7. Influence of cone angle on normal angular factor

Using the mathematical model of tooth surface of
beveloid gear, a theoretical mesh model was setup and a
theoretical tooth contact analysis was performed. As
illustrated in Figs. 10(a)-10(d), the profile-shift coefficient
x, has a strong influence on the contact path. With the
decrease of x, from 0.2 to 0.1, the position of contact
path on tooth surface changes from the toe to the heel for
the pinion, and from the heel to the toe for the gear. In
order to obtain a high quality engagement between the
pinion and gear, the profile-shift coefficient should be
determined carefully according to the simulation results
from theoretical tooth contact analysis (TCA).

3.2 Loaded tooth contact analysis

A quasi-static loaded tooth mesh model for the crossed
beveloid gear is analyzed by a 3-dimensional tooth contact
analysis program''*! to obtain the effective mesh point,
line-of-action, mesh stiffness and static transmission error.
The specialized TCA program employs a hybrid finite
element-analytical mechanics approach to simulate the
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physics of tooth engagement!'. The schematic for the
loaded mesh model of the crossed beveloid gear pair is

illustrated in Fig. 11(a).
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Fig. 8. Influence of helix angle of pinion on FPD angle
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Fig.10. Influence of profile-shift coefficient on contact path

As shown in Fig. 11 (b), S, (xl,yl,zl) and Sz(xz,yz,zz)
are the coordinate systems fixed to the pinion and gear,
respectively. In addition, S (x;,y;,z;) is fixed to the

frame as the global coordinate system. The labelPrepresents
the meshing point. Four cases with different FPD angles are
analyzed for the proposed beveloid gear drive in line
contact. The fundamental design parameters are listed in
Table 1 and the gearing data are listed in Table 2. The tooth
meshing characteristics on both the drive and the coast
sides are examined here.
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Pinion

Table 1. Fundamental design parameters
Symbol Pinion (Beveloid) Gear (Beveloid)
Normal module m,/mm 6
Normal pressure angle a,/(°) 20
Number of teeth N 29 45
shaft angle &/(°) 13
Offset E/mm 229
(a) Crossed beveloid gear pair (b) Coordinates
Fig. 11. Assembly and coordinate systems
for the beveloid gear pair model
Table 2. Gearing data for loaded tooth contact analysis
Symbol - Case 01 - Case 02 - Case 03 - Case 04
Pinion Gear Pinion Gear Pinion Gear Pinion Gear
Cone angle 7/(°) 3.0 1.0 2.0 0.8 1.0 0.8 0.4 0.2
Helix angle 5/(°) 25 —12.71 23 ~10.38 20 —7.24 22 -9.11
Profile shifting factor x, 0.29 0.368 2 0.15 0.192 7 0.16 02191 0.12 0.15
Normal angular factor &, 0.985 1 0.991 8 0.990 8 0.993 4
FPD angle &/(°) 1.660 0 2408 1 33511 44399
FPD angle & /(°) 8.750 6 7.570 2 6.5815 5.5522

Fig. 12 shows the contact pattern on both the drive side
and coast side under a medium load (300 N * m) for four
cases. It is clear that the beveloid gears engage with each
other in line contact and the contact patterns are all
approximately located in the middle of the tooth

surfaces.The contact area on the drive side and coast side
Top
T

o T
: ~Root————

Drive side: &y =1.659°

— Root

Coast side: & =8.751

(a) Case 01

o ST X

Dive side: £ =3.351

w
R —

Coast side: £; =6.582°

T
1]

(c) Case 03
Fig. 12.

The distribution of contact pressure over the engaged
tooth surface in a typical parabolic shape is illustrated in
Fig. 13. The calculated results show that higher designed
FPD angle tends to cause higher peak value of contact
pressure due to lesser area coming into contact. For the
mesh stiffness as shown in Fig. 14, it is obviously parabolic

are different due to different designed FPD angles. Also,
the area of the contact pattern drops from approximately
90% to approximately 35% of the tooth surface due to the
increase of FPD angle from 1.660° to 4.439°. This result
agrees with the practical application of the FPD angle.

Root-
Drive side: & =2.408°

. W

Root
Coast side: &) =7.570°

(b) Case 02

il

Dive side: & = 4.439°

W R

Root

Coast side: & =5.552°

(d) Case 04

Influence of FPD angle on loaded tooth contact pattern

in shape. Since less area comes into contact with the
increase in FPD angle at the same load level, the average
value of mesh stiffness decreases. This result agrees with
intuition and seems reasonable. The distribution of the root
stress along the profile direction and the tooth width
direction is shown in Fig. 15 (a) —15(b).
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Fig. 15. Influence of FPD angle on root stress

For the profile direction, the maximum value of root
stress occurs at the tooth root fillet of drive side. Also, the
increase of the designed FPD angle leads to the increase of
the root stress since less area comes into contact causing
higher contact pressure.

For the tooth width direction, the shape of root stress is

similar to the parabolic shape of mesh stiffness. With the
decrease of the FPD angle, the maximum value of root
stress along the tooth width direction, which is located in
the middle of face width, becomes lower. However, the
shape of the root stress becomes flat, which agrees well
with the contact pattern results.

The time-varying and peak-peak value of translational
transmission error (LTE) along the line of action (LOA) in
one mesh cycle for the FPD angles of interest are presented
in Fig. 16(a)-16(b), respectively. It can be seen that the
LTE is parabolic in shape and the FPD angle significantly
changes the shape of the LTE function, which is similar to
the effect on mesh stiffness. With decreasing FPD angle,
the LTE flattens and the peak-to-peak value of LTE that
essentially excites vibration decreases due to more area
coming into contact. The detailed mesh parameters are
listed in Table 3.

= 0015- —o— $p=1.659"
§ E o
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£ Ep=3.351"
& —-—cp
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=]
E
20,010
=11]
£
g
5
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(a) Time-varying value along line-of-action
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=
-
3
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£
0000 1.659 2408 3351 4.439
FPD angle &/(*)
(b) Peak- peak Value
Fig. 16. Influence of FPD angle on translational

transmission error

Table 3. Average mesh parameters for different FPD-angle

FPD-angle Mesh Point P/m LTE Mesh stiff.
& /() Line-of-action n e/m Kn/(MN -m™)
(0.095, 0.027,-0.148)
1. . 4.
659 (-0.114,-0.902, 0.414) 0.006 747
(0.095, 0.018,-0.093)
2.408 0.00 495.6
(-0.170, -0.909, 0.378) 7
(0.094, 0.011, —0.058)
3.351 0.009 385.8
(-0.244,-0.912, 0.327)
. . —-0.04
4.439 (0.095,0.003, ~0.048) 0.010 340.0

(-0.318, -0.879, 0.354)
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4 Experimental Study

An experimental setup demonstrating the application of
the proposed design procedure for a marine transmission is
perfomed. A test rig was established for beveloid gearbox
as shown in Fig. 17. The conventional hobbing method was
used to generate the crossed beveloid gear set using the
gearing data of case03 as shown in Fig. 18. A medium load
(300 Nm) condition was applied and the contact patterns
was measured. As shown in Fig. 19, it is obvious that the
beveloid pinion engaged with the beveloid gear in line
contact and that the contact area reaches about 65 per cent
of the right tooth surface of the gear, which compares well
with the simulation results as shown in Fig. 12 (c).

Load

Engine

Marine gearbox

Fig. 17. Experimental setup for crossed beveloid gears

used in marine transmission

Pinion Gear

Fig. 18. Test beveloid gears

Toe Measured contact pattern Heel

Fig. 19.

Contact pattern of right tooth surface

5 Conclusions

(1) The shaft and cone angle have a strong effect on the
first principle directions FPD angle. On the other hand, the
helix angle has less effect. The contact path is very
sensitive to the profile-shift coefficient, which should be
determined carefully through the theoretical tooth contact
analysis.

(2) The loaded meshing characteristics including loaded

contact pattern, contact pressure, root stress, mesh
stiffness and translational transmission error are very
sensitive to the dominant FPD angle design parameter. The
contact pattern is clearly different between the drive and
the coast sides due to different designed FPD angles.

(3) The tested beveloid gears show an area of contact
pattern that reaches 65 percent of the total tooth surface,
which compares very well with the simulated results.
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