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Abstract: The solution of tension distributions is infinite for cable-driven parallel manipulators(CDPMs) with redundant cables. A rapid

optimization method for determining the optimal tension distribution is presented. The new optimization method is primarily based on

the geometry properties of a polyhedron and convex analysis. The computational efficiency of the optimization method is improved by

the designed projection algorithm, and a fast algorithm is proposed to determine which two of the lines are intersected at the optimal

point. Moreover, a method for avoiding the operating point on the lower tension limit is developed. Simulation experiments are

implemented on a six degree-of-freedom(6-DOF) CDPM with eight cables, and the results indicate that the new method is one order of

magnitude faster than the standard simplex method. The optimal distribution of tension distribution is thus rapidly established on

real-time by the proposed method.
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1 Introduction

Cable-driven parallel manipulators(CDPMs) are a
special type of parallel mechanism in which a moving
platform is driven by cables instead of rigid links. This
particular structure provides CDPMs several advantages,
such as larger workspaces, a higher payload-to-weight ratio
and lower manufacturing costs, versus a parallel
manipulator with rigid links. CDPMs are therefore more
suitable for high-load and high-acceleration applications. A
wide variety of CDPMs have been developed'™' and
applied in engineering equipment, such as an aircraft wind
tunnel test'!), a large radio telescope'™, a human movement
training system'® ”, and a seven degree-of-freedom(7-DOF)
cable-driven robotic arm'®,

However, cables are flexible and elastic, and they will
sag under the effect of their own weights. Moreover, the
mass of cables will change when the end effector moves!”.
These characteristics of cables bring huge challenge to the
motion control of CDPMs!'”. The first key problem to the
motion control is that cables of a CDPM can only work in
tension, i.e., cables are unable to push the moving platform.
To overcome this limitation, a wrench-closure workspace
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has been proposed to generate only positive tension''' ). In
general, the number of cables m must be larger than the
DOF n to satisfy the wrench-closure condition. However,
the range of tensions for a wrench-closure workspace is
often assumed to be unlimited, even though this is
impractical. Thus, a wrench feasible workspace should be
defined so that the tension in each cable remains within a
prescribed range!'* "%, However, for a completely(m=n+1)
or redundantly restrained CDPM(m>n+1), there exist an
infinite number of tension distributions. Therefore, the
optimal tension distribution should be determined with
respect to some useful objective function.

For a completely restrained CDPM, the null space of a
structure matrix is one dimensional, and the solution set is a
line segment. To solve this single-variable optimization
problem, FANG, et all'”! proposed an efficient algorithm
for the completely restrained CDPM. In addition, LI, et
al"™ applied the Levenberg-Marquardt method for a five
hundred meter aperture spherical telescope(FAST) in which
the gravity was considered as a virtual cable and the cable
catenary was taken into account. For a 2-DOF CDPM with
four cables, a hexagon is the most complex case of the
solution set, and a fast optimization method is proposed by
using the geometry property!'”. However, with the
increasing number of DOFs and cables, the solution set
becomes more and more complex, and the computational
time increases rapidly.

If the sum of all tensions is used as the objective function,
then the optimization of tension distribution becomes a
linear programming problem. However, MIKELSONS, et
al”®  indicated that the tension distribution obtained by
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linear programming was discontinuous and that
high-frequency oscillations may result from changes in
tension. As the number of cables increase, the method
proposed by MIKELSONS et al is too complex to satisfy
the real-time requirement. BOGSTROM, et al®!
introduced a slack variable in the inequality constraint to
obtain the optimal tension distribution, but they did not
prove the continuity of the tension distribution. HASSAN,
et al®® defined the two-norm of the tension distribution as
the objective function and applied Dykstra’s method to
compute the optimal tension distribution. However, their
optimization method requires a large number of iterations
to converge, and the computational efficiency still needs to
be improved.

Although the simplex method is well known for solving
linear programming, it needs a feasible starting point to
solve the optimization problem. Unfortunately, finding
these starting points is generally nontrivial. In this paper,
we present a projection algorithm designed for obtaining a
feasible starting point fast by using the geometry property
of a polyhedron. Interestingly, a starting point is also a
candidate solution for avoiding the operating point on the
lower tension limit. The efficiency of our projection
algorithm comes from a reduced number of extreme points
that need to be checked to obtain an optimal point. The key
to this reduction is a rapid algorithm that finds the two lines
intersecting at the optimal point based on convex analysis.
With our projection algorithm, a new and efficient
optimization method can be obtained for CDPMs with
redundant cables. Simulation experiments implemented on
a 6-DOF CDPM with eight cables show that this new
optimization method is considerably faster than the simplex
method.

The rest of this paper is organized as follows. In section
2, the static model of an n-DOF CDPM is established. In
section 3, the cable tension solution is given for CDPMs
with redundant cables. In section 4, a new rapid
optimization method is proposed, and detailed design
procedures are described. In section 5,
experiments are implemented on a 6-DOF CDPM with
eight cables. Finally, concluding remarks are presented in
section 6.

simulation

2 Static CDPM Model

A CDPM is a closed-loop mechanism including multiple
kinematic chains in which a moving platform and static
platform are connected by cables. The structural diagram of
an n-DOF CDPM with m cables is shown in Fig. 1 in which
coordinate frame O is the base frame and coordinate frame
P is the local frame fixed on the moving platform. Here, the
gravity of the cables is neglected, and each cable is
considered a straight line in static equilibrium.

Based on the force equilibrium of the moving platform,

the static equation of the system is given by

o
i=1

iri Xt; +M =0,

i=l

(1)

t;—Cable tension,
r;= PP,

F—External force applied on the move platform,
M—Moment applied on the moving platform.

where

Fig. 1.

Structural diagram of an n-DOF CDPM

Let u; (P:B;) represent the unit vector of #, and ¢
represents the magnitude of the cable tension. Then, the
matrix form of Eq. (1) can be written as

AT=W, 2

where T=(t ¢,
F

W:—[ ]eR",
M

A:[ U L) u,
VIXMI r2><u2 e F XU

Here let superscript p denote the vectors in coordinate
frame P, and R represents the orientation of coordinate
frame P with respect to the coordinate frame O, and R is
defined by

cacff —sacy+casfsy sasy+caspfcy
R=|sacf cacy+sasffsy —casy+sassfcy],
—sp cpsy cpey
where ¢ expresses cos,
S expresses sin,
a, B, y—Z-Y-X Euler angles.
Then
OB, —OP—PP, b —p—R-r’

" "loB—oP=Pp| b, p—R-r|
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3 Cable Tension Solution

From the definition of CDPM with redundant cables, one
knows the number of tension distributions is infinite. The
optimal tension distribution need be found with an
objective function, e.g., the energy of the actuators. The
optimization problem can then be described as

minz=C"T,
AT=W, 3)

St {Tmm <T<T,,

Tin—Lower tension limit,

T.x—Upper tension limit,

C=(c,cp v, c,,,)T.

Here, ¢; is a constant. If take the sum of tensions in the

cable as the objective function, one need ¢,=1, for i=1, 2,

.-+, m. For a completely restrained CDPM, the solution set

is a line segment, and the optimal tension distribution can

be obtained easily and fast. For an n-DOF CDPM with n+2

cables, the kernel of structure matrix 4 lies in a

two-dimensional space. Thus, we are able to divide the

structure matrix A into two parts as

where

(4 B)

Ll_w 4
.= @

b

where A;—A n-by-n invertible matrix,
B—n-by-2 matrix,
T,—n-dimensional vector,
T,—Two-dimensional vector.
T, can be related to T}, by

T, = A 'W — A 'BT,. (5)

Because toin <6t =1, 2,--+, m, T, also should satisfy

this constraint. Let T, = [x, y]". Then T, <T, < T can

min

be rewritten as

X
T, <@+ [ ] <T!. (6)
y
where T =TI —A 'W,
Tnllax = Tn?ax _Aflw’
®=—-A"'B.

Where 7). and T, are the first n elements of 7, and
Tinax, respectively. Then Eq. (3) can be rewritten as

minz=2(x y) +h
T

min

<xy<T,.
Y %

<q)-[x]<T’

max >
y

st

min

where i=(c,,, ¢,.,)—C, A 'B,
h=CrA’'w,
C, =(c1, ¢35 ).

For a 2-DOF CDPM with four cables, the most complex
case of the solution set is only a hexagon. Thus, this
optimization problem is not difficult to solve. In fact, the
solution can be obtained by linear programing or by the
method proposed by BORGSTROM, et al™. However, as
the number of DOFs increases, the solution set becomes
complex. To address this increased complexity, a new and
efficient optimization method for the n-DOF CDPM with
redundant cables is proposed in this paper.

4 Proposed Rapid Optimization Method

Eq. (7) is a linear programming problem, and it can be
solved by the simplex method. Furthermore, the feasible
solution set to Eq. (7) is a convex polygon as shown in Fig.

2. The geometry property of convex polygon can be used to
[23].

improve the computational efficiency

ymax
£
b min
Xmin Xmax
Fig. 2. Solution set of the optimization problem

4.1 Projection algorithm

In general, a solution for a linear programming problem
must be an extreme point. The edges of the solution set for
the optimization problem can be divided into four parts E;
to E4, as shown in Fig. 2. One can find an optimal point on
the corresponding part of the edges with respect to symbols
A1 and 4, in Eq. (7). This paper just introduction the case
that A; and A, are positive, and the cases can be easily
deduced from it. The optimal point is therefore on the edge
E4. The next problem is to obtain the two lines intersecting
at the optimal point (e.g., V1V and V,V5) and the ranges of
x and y, respectively.

Although it is easy to obtain the ranges of x and y, it is
difficult to obtain the intersecting lines L.(V,Vs) and L,
(V1Vs). Therefore, the two lines intersecting at the optimal
point(¥s) should be found. Here, finding line L, and yy,;, are
described, and the processes for determining L,, Vmax> Xmax
and xp;, can be deduced from this description. To improve
the efficiency, the linear matrix inequality (6) is first
rewritten as: #;<x+ky<t,, i=1, 2,---, n, and / and r
represent the left and right side of the inequality,
respectively. Then, it is easy to compute the symbol of the
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slope and range of y. Let le and Li, denote the two lines
intersecting at point V,. The main steps of the projection
algorithm can be described as follows:

(1) Let ymin=Tumins Ly:y = Tminand Ly :y = Tpin.

(2) Select two inequalities from the linear matrix
inequality (6): t;<x+ky<t,, ty<x+ky<t,, i=1,2,---, n,
j=1, 2,---, n, and i=j. Moreover, there are g=n(n—1)/2
combinations for the selection.

() If k>k and Toin<(tit,)/(kik)<Tra, then L. :

Li=x+ky, L ty=x+kjy, and ymin:(t/t_trj)/(kl_kj)' If ki<k;

X

| Number of combinations: g=n(n—1)/2 |
]
Select one of the combinations:
t; x+kiyti, t[,x+kjyt,;j, and i #j

Ifk>k;
Tmin <(lll_tlj/) / (ki _kj) <Tiax

LLity=xtky, L2 ty=x+ky |
{
| =) /i) |

I

and  Tnin<(t,~y)/ (ki k)< Toa, then L. : tu=x+thky, L. :
ti=x+ky, and ynin=(t.—t;)/(k—k;). When k=k;, the two
lines are parallel, and they do not need to be calculated.

(4) If all of the combinations have been computed, one
can obtain the intersecting lines and the range of y. If they
are not computed, go to step (3).

The flowchart of the projection algorithm is shown in
Fig. 3. After obtaining the intersecting lines, line L, and
line L, can be defined by the slope. The process can be
described as follows.

£l <ky,
Tmin < (tri—ty)/ (ki = ki) <Tmnax

| L:lr :z”:x-i-k,-y, Ler:t/j:x'i_kiy |

!

| ¥ oin = (= 11)) [ (ki k) |
| N

| q=4-1 |

N

| Get Ly and Ymin |

Fig. 3.

(1) If the slopes of the intersecting lines are both
negative, then line L, is the line whose slope is larger, and
the slope of line L, is smaller.

(2) If the slopes of the intersecting lines are different,
then line L, (L,) are the lines whose slope is negative.

(3) If the slopes of the intersecting lines are both positive
by convex analysis, then the optimal point can be obtained.
The optimal point is at point ¥ (Xyin, Ymin)> @S shown in Fig.
4.

N
max E £
E, E3
Jmin %
X min Xmax

Fig. 4. Edge E4 is only a point

Now, the projection algorithm is obtained. For the

Flowchart of the projection algorithm

completely restrained CDPM, the optimal point V; can be
found by using the projection algorithm, as shown in Fig. 5.
Furthermore, once one obtains the ranges of x and y, a
feasible point can be found.

ymax V2

Ymin Vl

Xmin Xmax

Fig. 5. Optimal point of a completely restrained CDPM

Theorem 1: Point Pe= [(XmintXmax)/2> VmintVmax)/2] is
in the feasible set of Eq. (7), where xpi, and xy,, are the
minimum and maximum value of x, and yp;, and yy,, are
the minimum and maximum value of y.

Proof: Because the feasible set is a convex set, one can
find a feasible point on every side of the rectangle, i.e., V;
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to V4, as shown in Fig. 2. Diagonal line L, must be located
between line V1V, and line V,V3;, and diagonal line L,
between line V;V, and line V3;V,. Because P, is the
intersection of L; and L,, P, is within the quadrilateral
ViV,ViVy. Therefore, point P, is in the feasible set.
Although one can only find three points sometimes, i.e.,
one of the three points is a vertex of the rectangle, it is easy
to prove that P, is a feasible point.

Based on Theorem 1, one can fast obtain a feasible
solution of Eq. (7). It can be applied as the starting point of
the simplex method. Furthermore, because point P is
nearly at the middle of the feasible set, it is a candidate
method for avoiding the operating point on the lower
tension limit.

4.2 Algorithm for determining the optimal point

If one of the slopes of line L, and line L, is positive, the
optimal point can be found, as shown in Fig. 4. When the
slopes of line L, and line L, are both negative, the solution
set of the optimization problem (7) can be classified into
six cases, as shown in Fig. 6.

y
‘max E X Ymax % \i
4] Case 1 Case 4
41
E V. E Va
Ymin 4 2 Ymin £q E3
-
Xmin
Ymax
Ymin
Ymax
V]
) £y Vy E;
Ymin Ymin i
Xmin Xmax Xmin Xmax

Fig. 6. Six cases of the solution set

The algorithm for determining the optimal point in each
case is described as follows.

Case 1: Line L, and line L, are the same line, and Xy, =
Tnin and yin = Tiin- In this case, the optimal point is V; or
V5. If =4,/ 4, is larger than the slope of line V1 V5, then V; is
the optimal point. Otherwise, V is the optimal point.

Case 2: Line L, and line L, are different, and Xyin = Timin
and Vi, = Thin, and V3 is a feasible point. In this case, the
optimal point must be one of the three vertexes(V;, ¥, and
V3). If =41/ 2, is larger than the slope of V>V, then V,is the
optimal point. If —4,/4, is smaller than the slope of V,V;,
then V; is the optimal point. Otherwise, V3 is the optimal

point.

Case 3: Line L, and line L, are different, and xpin = Tin
and yimin = Tmin, and the intersection point of line L, and line
L, is not a feasible point. In this case, it is not easy to
determine the optimal point. One can apply V| or V, to
initialize the simplex method. Thus, the optimal point can
be found fast. On the other hand, based on convex analysis,
one knows that the slope of the line intersecting at the
optimal point is larger than the slope of L, and smaller than
the slope of L,. Furthermore, its corresponding inequality
can be described as: x+ky=t;, where k>0 and #,>0. Thus,
the number of the lines satisfying the two conditions is
small. Moreover, the slopes from line L, to line L, are
descending. For instance, the slope of line VV73 is smaller
than that of line V3V, and the slope of line V3V, is smaller
than that of line V4V,. Thus, the number of intersection
points is small as well. The optimal point can also be
determined by checking whether the intersection point is
feasible and is the smallest.

Case 4: Line L, and line L, are the same, and Xnin="7 i O
Vmin=Tmin. In this case, V, (V;) can be obtained by the
projection algorithm first, and then V(V,) can be
determined because line L, and line L, are the same. The
optimal point is ¥ or V5. If -1,/ 4, is larger than the slope
of line V1V, then V), is the optimal point. Otherwise, V' is
the optimal point.

Case 5: Line L, and line L, are different, and xjn="Tin OF
Vmin=Tmin- In this case, one should find V(V;) first, and it
can be used as the start point of the simplex method as well.
Further, the vertex V¥, is the smallest of the feasible
intersection points between line x=Tin (V=Tmn) and the
lines whose slopes are smaller than L, (bigger than L,), and
the corresponding inequality can be written as x-+ky=t,.
After obtaining V}, one can also find the optimal point by
using the method in Case 3.

Case 6: Line L, and line L, are different, and Xpin="Thin
and ymin="Tmi- In this case, vertex ¥ and vertex V,are not
known. If the two vertices are determined, then the optimal
point can be found by the methods of Cases 1 through 3.
Moreover, the method for determining ¥} and V, is the
same as Case 5.

The flowchart of the new optimization method, when A,
and A, are positive, is shown in Fig. 7.

5 Simulation Experiments

To verify the proposed optimization method for tension
distribution, simulation experiments were conducted on a
6-DOF CDPM with eight cables, as shown in Fig. 8, where
the winches is installed on the vertices of the fixed platform.
The fixed platform is a cube, and each side has a width of 1
m. The moving platform is a 0.3 mx0.2 mx0.1 m block,
and the center of mass is at the geometric center of the
block. The range of each cable tension is 1 to 540 N. The
Euler angles ¢, f, and y of the CDPM are 2°, 3° and 1°,
respectively.
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| Begin |
!

| Input x, y, z, &, B.¥ |

f

| Calculate structure matrix 4 |

f

| Calculate 41> 42> @ Thyin> Thax |
[

Get Ly, Ly, Xmin and ymin based on
the projection algorithm

Optimal point

is (Xmin » Ymin )

If either of the slopes
of Ly and Ly is positive

If Ly and Ly are the same

If the intersecting point
of Lyand Ly is feasible

Get the optimal point
according to —4; / A2

Get Viand 1

!

Find lines between /1 and J>, and store the lines
with the ascending order of the slope

{

Get the feasible intersecting points

!

Find the smallest feasible point

The optimization process ware was implemented in
Matlab on an Intel Core 13-2120 3.3 GHz with 4G RAM.
The computational efficiency of the new optimization
method were compared with the simplex method. Here, the
sum of the tensions was taken as the performance index.
First, we fixed the external wrench and changed the
position of the moving platform. The range of x, y, and z
were 0.4 to 0.6 m, and the sample interval is 0.01 m. The
simulation results are shown in Table 1. We then fixed the
coordinate of the moving platform and varied the external
wrench in the range of 4.5 to 6.5 N, with a step size of 0.5
N. The range of the external moment was 0.4 to 0.8 N +m at

Fig. 7. Flowchart of the optimization method when A, and 4, are positive
B7 Bg
Bg Bs
Py Pg
Py
S\
Py P By
Bj
X
z
y 0
By B
Fig. 8. Structural diagram of the 6-DOF CDPM

with eight cables

a 0.1 N increment. The simulation results are given in Table
2.
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Table 1. Total computational time of the proposed method
and simplex method when the external wrench is fixed

Proposed method Simplex method
External wrench
to/s t/s
[5.0,5.5,5.0,0.5,0.4,0.5] 6.03 35.55
[5.5,5.0,5.5,0.4,0.5,0.4] 5.88 34.23
[5.5,5.0,5.5,0.4,0.5,0.4] 5.85 34.33

Table 2. Total computational time of the proposed method
and simplex method as the coordinate is fixed

Coordinate of the moving Proposed method ~ Simplex method
platform/m ty/s ts/s
[0.5,0.5,0.5] 4.57 54.63
[0.5,0.55,0.5] 2.82 50.73
[0.45,0.5, 0.45] 4.43 50.30

From the simulation results in Tables I and II, one can
see that total computing time of proposed method 7, was
one order of magnitude less than that of simplex method
(%), and thus, it can satisfy the real-time computational
requirement. Now, let the external wrench W=[5.5, 5, 5.5,
0.4, 0.5, 0.4]" (force in N and moment in N. m ), and let the
moving platform move on the line x=y=z. For the linear
trajectory, the start point was [0.4, 0.4, 0.4](m), the end
point was [0.65, 0.65, 0.65](m) and the sample interval was
0.002 m. First, one can obtain a feasible solution for Eq. (7)
based on Theorem 1, and the tension distribution is shown
in Fig. 9. One can see that this method avoids the lower
tension limit successfully, but the tensions are too large.

Moreover, the tension distribution by using the proposed
method is shown in Fig. 10. One can see that the tensions
are considerably smaller than tensions obtained by
Theorem 1, and it is continuous as well. On the other hand,
one can define ||T||, as the objective function, i.e., quadratic
programming, and use an active-set algorithm to obtain the
optimal tension distribution. One can find that the tension
distributions are the same as those obtained by using linear
programming. It is known that the optimal tension
distribution with linear programming can be discontinuous
in theory, and the quadratic programming can obtain
continuous tension distribution. Thus, the discontinuous
tension distribution does not happen often.

Further, one can fix the moving platform at point [0.5,
0.5, 0.5] (m) and change the external wrench W=[w;, w,,

, wel" according to: wi=5(N), wy=ws=we=0.4 (N + m),
and w,=w;=06sing (N), where @&[45°, 90°] with a step
size of 0.5°. The tension distribution is shown in Fig. 11.
One can see that the tension distribution is continuous. One
can also know that the tension distribution obtained by
using quadratic programming is the same with the linear
programming. However, tensions such as #; and ¢, are
considerably smaller compared with those in other cables,
and tension # is nearly constant and on the lower tension
limit. The distribution of tensions calculated by applied
Theorem 1(shown in Fig. 9) can be applied to solve this
problem, but these tensions are larger. Thus, the proposed

method need be developed to the distribution more

uniform.
600 - t
z
<400 2
5 ——n
2200 S~ e~ .
e 4
|
0 150
4 15
> eSS — e
=1 t6
kS oy
z 7
& | | I, 13
0 50 100 150
Step
Fig. 9. Tension distribution obtained by Theorem 1
40 -
z —
~
2 20L ) / — t
9 — — t,‘
é 3
2 L ———
150 4
z —
=
S &
— =
=~ = ) R ¢
0 50 100 150 8
Step

3!
7

. 10. Tension distribution of the CDPM when the position
is varied and the external wrench is constant

Tension 7/N

Tension 7/N

Step

The tension distribution of the CDPM when
the external wrench is changed and the position is fixed

Fig. 11.

6 Conclusions

(1) A new and rapid method is proposed for optimizing
the tension distribution of CDPM with redundant cables.

(2) The computational efficiency of the new optimization
method is considerably higher than the simplex method,
and it can be executed in real time.

(3) The simulation results are also verified the method
for avoiding the operating point on the lower tension
limit.

(4) The tension distribution is continuous in all of the
simulation experiments although the tension distribution
may be discontinuous in theory.
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