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Abstract

The current research of quadruped robot focuses on the quadruped robot with spine motion. Contact time is a very
important part of system performance. However, the mechanism of spine motion about contact time has not been
clearly elucidated. In this paper, the effect of spine motion on contact time is studied deeply from dynamic view.
Firstly, a simplified model of the quadruped robot with spine joint is set up, its dynamic equations are derivated, and
a method that can generate passive periodic locomotion is proposed. Secondly, according to the vertical spring
oscillator model, the two-dimension planar locomotion of the simplified model is regarded as a special vibration in
the vertical direction, and the approximate formula of calculating contact time is obtained. Finally, the approximate
formula of calculating contact time is verified by the simulation results of passive periodic locomotion, and the
effect of spine motion on contact time is deeply discussed based on the approximate formula of calculating contact
time. The discussion proves that spine motion indeed has little effect on contact time, but spine motion can slightly
reduce body pith movement and regulate the leg stiffness in leg contact phase. This research proposes an effective
research method which can be used to study the motion mechanism of the quadruped robot with spine motion,
and the mechanism of spine motion about contact time is clearly elucidated which is helpful to set the parameters of

mechanical structure and study control algorithm about the quadruped robot with spine motion.
Keywords: Quadruped robot, Spine motion, Passive locomotion, Contact time, Leg stiffness

1 Introduction

Developing a quadruped robot that has ascendant loco-
motion performance like quadruped mammals is always
the dream of researchers. The research about quadruped
robot was originated from the 60s of last century when
the walking quadruped robot was the focus of study. The
most typical one is the “Walking Truck” made by Mosher
[1]. From the 1980s, researchers started to research the
dynamic quadruped robot. When working in MIT lab,
Raibert [2] clearly expounded the balance of the dynamic
quadruped robot from dynamic view. Afterwards, Rai-
bert et al. [3] developed a dynamic quadruped robot for
the U.S. Army on the basis of his theory. This dynamic
quadruped robot was called BigDog and its locomotion
performance was amazing. After Raibert’s study, many
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aspects of the dynamic quadruped robot are studied
deeply. Sprowitz et al. [4] researched the self-stabilizing
behavior of the dynamic quadruped robot. Miller et al.
[5] studied the measure for quantifying disturbance
rejection of dynamic running systems in an unstructured
environment. Ding et al. [6] researched the foot-terrain
interaction mechanics for legged robots through model
and experiment analysis. Kalakrishnan et al. [7] presented
an effective control architecture for fast quadruped loco-
motion over rough terrain. In the 2010s, some research-
ers found that the body of the dynamic quadruped robot
should not be set as a stiff beam because spine motion
(intense spine curl and stretching) is usually apparent
in the running of quadruped mammals (especially the
cheetah). In order to make quadruped robot have bet-
ter motion performance, now the quadruped robot with
spine motion was studied gradually.

Biologists have conducted a lot of researches on spine
motion of animals in the 1990s. Hildebrand [8] found that
a primary function of spine motion was the kinematic
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extension of legs, which could effectively increase leg
length. He also discussed how increased leg length due to
spine motion increased running speed. Alexander et al.
[9] presented that spine motion could supply extra power
for high speed and the elastic structures in spine could
improve system’s energy efficiency. Schilling et al. [10]
and Bertram et al. [11] studied the effect of spine motion
on running gait selection and system stability. They found
that spine motion enabled animals to choose a more
rapid running gait while maintaining stability. These
researches show that spine motion has many important
and beneficial effects on animals’ running performance,
which makes robotic researchers believe that the quad-
ruped robot with spine motion should be studied deeply.

Robotic researchers have also done some work on spine
motion of quadruped robots. Culha et al. [12] proposed a
simplified sagittal plane model of quadruped mammals.
In the body of the simplified model, there was a spinal
driving joint. They investigated how quadrupedal bound-
ing could be achieved in the presence of an actuated
spinal joint and characterized associated performance
improvements compared to bounding with a rigid robot
body. Khoramshahi et al. [13] designed a quadruped
robot with a spinal driving joint. Through experiments
with the robot, they demonstrated that spine motion
had the ability to reduce foot sliding on the ground and
improve system’s stability. Chen et al. [14] developed a
planar quadruped robot with a spinal driving joint. The
results of experiments with the robot and the simpli-
fied model indicate that spine motion can increase the
average running speed and the intrinsic reason of speed
increase is the improvement of the maximum horizontal
thrust of rear leg. Cao et al. [15] researched the passive
stability and feedback control for quadrupedal bounding
with a segmented flexible spine. Hyun et al. [16] stud-
ied the gait control method for implementation of trot-
to-gallop transition and subsequent gallop on the MIT
Cheetah (a quadruped robot with spine motion). Wang
et al. [17] proposed a bio-inspired control strategy based
on the motion nerve structure of animals for fast quadru-
ped running with spine motion.

Although there have been some achievements in the
studies of the quadruped robot with spine motion, there
are still many shortcomings. All researches on the effect
of spinal motion are carried out by doing experiments
with either animals or robots. For robotic researchers,
it’s not enough to just know the effect of spine motion on
system performance, because it has little help to develop
a better quadruped robot. So far, the mechanism of spine
motion has not been studied deeply, but it is helpful to
set the parameters of mechanical structure and study
control algorithm. In this paper, the mechanism of spine
motion is studied deeply from dynamic view. Especially,

Page 2 of 8

the mechanism of spine motion about contact time is
deeply discussed because contact time is a very impor-
tant part of system performance. A planar simplified
model of quadruped animals is set up. There are a spi-
nal joint and a spinal spring in the body of the simplified
model. Based on the Lagrange equation of energy conser-
vation system, the dynamic equations of the simplified
model for passive locomotion are derivated. A method
that can generate passive periodic locomotion is pro-
posed based on its dynamic equations and the Poincare
mapping theory. According to the vertical spring oscil-
lator model, the two-dimension planar locomotion of
the simplified model is regarded as a special vibration in
the vertical direction, its dynamic equations are rewrit-
ten, and the approximate formula of calculating contact
time is obtained. Finally, the approximate formula of cal-
culating contact time is verified by the simulation results
of passive periodic locomotion, and the effect of spine
motion on contact time is deeply discussed based on its
dynamic equations, especially the approximate formula
of calculating contact time.

2 Model

The cheetah is a very good biological blueprint for the
quadruped robot with spine motion. In the running of
the cheetah, the main movement occurs within the sagit-
tal plane, and there are intense spine curl and stretching
in the sagittal plane [18]. So, the simplified model of the
cheetah that needs to be set up should be a two-dimen-
sion planar model.

Firstly, Some unimportant parts, like head, neck and
tail, should be ignored directly. Secondly, according to
Raibert’s equivalent leg theory [2], the two front legs can
be equivalent to a spring leg in front, and the two rear
legs also can be equivalent to a spring leg in rear. Thirdly,
the whole body can be divided into two parts and the two
parts are connected by a spine joint and a spine spring.
To sum up, the simplified model of the cheetah is shown
in Figure 1, which is called the spine-joint model. The
biggest difference between the spine-joint model set up
in this paper and the simplified model proposed by Culha
et al. [12] is that the spine motion of the spine-joint
model is flexible, which is more realistic and suitable
for passive motion. Table 1 details the parameters of the
spine-joint model. The parameters are evaluated by the
average values of the adult cheetah [19] and that usually
used in quadruped robots [3, 12, 20, 21].

3 Dynamic Equations

Passive locomotion is energy conservation locomotion
under the given initial condition [22], which can rule
out energy changing interference. So, this paper stud-
ies the mechanism of spine motion based on the passive
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Figure 1 Simplified model of the cheetah

Table 1 Parameters of the spine-joint model

Parameter Value

Half body mass m (kg) 25

Half body length L (m) 0.4

Spine spring stiffness k., (N-m/rad) 6

Leg free length /, (m) 15
18,000

Leg spring stiffness kjo, (N/m)

periodic locomotion of the spine-joint model. In order
to get passive locomotion, the following assumptions are
given for the spine-joint model:

1. All movements do not consume energy.

2. Alljoints are frictionless.

3. When leg collides with the ground, there is no energy
loss, and the contact point can be regarded as a joint
without friction.

Under these assumptions, the dynamic equations of the
spine-joint model can be derived in the Cartesian coor-
dinates shown in Figure 1, based on the Euler—Lagrange
equation of energy conservation system. In the dynamic
equations, the state vector x is:

X = [xry; Qf, er;x;j]; éf; ér:lTy (1)

where (x,7) is the position of the body’s center mass, 6
is the front half body’s pitch angle around the horizontal
axis, and 6 is the rear half body’s pitch angle around the
horizontal axis.

According to the bounding gait [23], the passive peri-
odic locomotion of the spine-joint model can be divided
into four phases (front leg stance phase, gathered flight
phase, rear leg stance phase, and extended flight phase),
and the four phases are converted through four triggering
events (front leg liftoff event, rear leg touchdown event,
rear leg liftoff event, and front leg touchdown event), as
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shown in Figure 2. Because constraints are different in the
four phases, the dynamic equations of each phase should
be derived separately, and the mathematical expression of
each triggering event should also be got.

4 Passive Periodic Locomotion

According to dynamic equations, how to obtain the passive
periodic locomotion of the spine-joint model? The answer
is to set the initial value of each variable properly. Because
there are ten variables in dynamic equations, eight state
variables and two related variables (the front leg’s landing
angle around the vertical axis ﬂftd and the rear leg’s land-
ing angle around the vertical axis 8!9), a method that can
automatically search for appropriate variables should be
proposed.

Dynamic equations show the passive locomotion of the
spine-joint model is a highly nonlinear continuous system,
which is not good for determining whether the final solu-
tion trajectory is cyclical. So using the Poincare map the-
ory, this continuous system can be mapped to a discrete
system P and searching for appropriate variables is to solve
fixed points of the discrete system P. The highest point of
the trajectory is selected as the Poincare map point. In this
point, the state variable y is zero, which has no effect on
whether the trajectory is cyclical or not, and the two related
variables (8{¢ and B!%) can be included directly. Such, the
equation for solving the Poincare map fixed point of the
discrete system P is:

)7 )
6 O
6r 6r B
X =P x ’ [ﬁtd ’ (2)
. . r
O O

LOd e LO:d

Rear Leg Touchdown
Front Leg Touchdown

Gathered Flight

Front Leg Stance

Front Leg Liftoff

Figure 2 Phases of the passive periodic locomotion
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The Newton—Raphson algorithm is a very efficient
method for solving Eq. (2). Under the estimated initial val-
ues of each variable, a fixed point of the discrete system
P can be searched automatically, based on the dynamic
equations and the Newton—Raphson algorithm. So, the
passive periodic locomotion of the spine-joint model can
be obtained by using the fixed point in Poincare map as the
initial values of each variable. For example, when the initial
state vector x is [0 m, 1.55 m, — 0.3 rad, 0.3 rad, 10 m/s,
0 m/s, 7 rad/s, 7 rad/s]", pi4 and B!¢ are both 0.62 rad, the
passive locomotion is periodic, the trajectories of each
state variable in one cycle are shown in Figure 3.

5 Effect of Spine Motion on Contact Time

Contact time refers to the duration of leg from landing
the ground to flight. During this period, leg collides with
the ground, producing force to support body locomotion
[24]. So the length of contact time is directly related to
locomotion performance.

In the passive periodic locomotion of the spine-joint
model, the front leg’s contact time and the hind leg’s con-
tact time are equal, which is shown in Figure 3. So the
following of this paper only studies the hind leg’s con-
tact time. In order to study the effect of spine motion on
contact time, a comparison model which has not spine
motion should be established. Through removing the
spine spring and locking the spine joint, the comparison
model with the spine-joint model can be got, which is the
spring-beam model [4, 6, 25].

5.1 Simulation Results
Contact time can be got according to the passive periodic
locomotion of the spine-joint model and the spring-beam
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model. Figure 4 is the trajectories of contact time along
with horizontal speed. The contact time of the spine-
joint model and the spring-beam model both decreases
with the increase of horizontal speed, shown in Figure 4,
which is consistent with the conclusions of Refs. [24, 26].
Ref. [26] also demonstrates horizontal speed exerts effect
on contact time by means of the centrifugal force which
can enhance system’s natural frequency.

Figure 4 also shows that the contact time of the spine-
joint model is slightly greater than that of the spring-beam
model at the same horizontal speed. When horizontal
speed is 7 m/s, the contact time of the spine-joint model is
0.1596 s, and the contact time of the spring-beam model
is 0.1427 s. when horizontal speed is 10 m/s, the contact
time of the spine-joint model is 0.1380 s, and the contact
time of the spring-beam model is 0.1274 s. That suggests
the spine motion has little effect on contact time.
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o
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Figure 4 Trajectories of contact time along with horizontal speed
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5.2 Mechanism Analysis

In Ref. [26], a method of studying the contact time of the
spring-beam model is proposed, which is based on sys-
tem’s dynamics equations and regards the spring-beam
model’s two-dimension planar locomotion as a special
vibration in the vertical direction. As this method is fea-
sible to the spring-mass model [5, 27] and the spring-
beam model of quadruped robot, this paper extends it to
the spine-joint model.

The vertical spring oscillator model is a basic model
for studying vibration, its dynamic equations in Polar
coordinates and its contact time calculation formula
can be got in Ref. [26]. According to the change of Car-
tesian coordinates to Polar coordinates, the spine-joint
model’s dynamic equations in Polar coordinates can be
derived. The two-dimensional locomotion of the spine-
joint model is also regarded as a special vibration in the
vertical direction, and its dynamic equations in rear leg
stance phase are rewritten again based on the form of the
vertical spring oscillator model’s dynamic equations. So,
according to the contact time calculation formula of the
vertical spring oscillator model, the contact time approxi-
mate calculation formula of the spine-joint model can be
derived, as shown in Eq. (3):
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Iy is the rear leg’s real-time length, and g, is the rear leg’s
real-time contact angle around the vertical axis.

Figure 5 shows the calculation results for the con-
tact time of the spine-joint model according to Eq. (3).
Comparing the calculation results with the simulation
results, the two values are almost equal. When hori-
zontal speed is 7 m/s, the simulation value is 0.1596 s,
and the calculation value is 0.1567 s. When horizontal
speed is 10 m/s, the simulation value is 0.1380 s, and
the calculation value is 0.1329 s. This means that the
approximate calculation formula for the contact time
of the spine-joint model is correct and the method,
regarding the two-dimensional locomotion as a special
vibration in the vertical direction, is also effective for
the spine-joint model.

Equation (3) shows that BK can enhance system’s
vibration angular frequency w. Figure 6(a) and (b) are
the calculation results of BK for the spine-joint model
and its comparison model, the spring-beam model,
respectively. The calculation formula of BK for the
spring-beam model can be got from Ref. [26]. In Fig-
ure 6, compared with other leg stiffness enhancement
coefficients, BK of both the spine-joint model and the
spring-beam model has a significant increase with the

T
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where w is the system’s vibration angular frequency, BK; a
dimensionless quantity, is called the enhancement coeffi-
cient of leg stiffness, A, a combinatorial dimension quan-
tity, is called the enhancement coefficient of leg length,

increase of horizontal speed. So, the way of horizontal
speed exerting effect on the contact time of the spine-
joint model is also centrifugal force, which can be got
from the calculation formula of BK_.
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Why is the contact time of the spine-joint model
slightly longer than that of the spring-beam mode?
According to the contact time approximate calculation
formula of the spine-joint model and the spring-beam
model, Figure 6 also shows that the contact time of the
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Figure 5 Calculation results of contact time
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spine-joint model is almost determined by the values of
BK_ and BKy,, and for the spring-beam model it is the
values of BK_ and BK 4. At the same horizontal speed, the
BK_ of the spine-joint model is almost equal to that of the
spring-beam model, and BKjy, is slightly less than BK .
When horizontal speed is 7 m/s, the BK, and BKj,, of the
spine-joint model are 0.6165 and 1.8996, and the BK_ and
BK 4 of the spring-beam model are 0.6147 and 2.2397.
When horizontal velocity is 10 m/s, the BK. and BKg,
of the spine-joint model are 1.3331 and 1.8834, and the
BK_ and BK g4 of the spring-beam model are 1.3354 and
2.2131. Based on the calculation formulas of BKj, and
BK o, BKy, and BK 4 are both the leg stiffness enhance-
ment coefficients produced by the inertia force of body
pitching. So spine motion indeed has little effect on con-
tact time, but it can slightly reduce body pitching which
is helpful to keep stability based on the research conclu-
sions of Refs. [22, 26, 28].

The calculation formula of BK, in Eq. (3) shows that
BK is the leg stiffness enhancement coefficient produced
directly by spine motion. But Figure 6 shows BK, is
almost zero, which also testifies spine motion indeed has
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little effect on contact time. Why is BK, almost zero? The
calculation formula of BK, shows that the value of BK, is
determined by A,. Figure 7 is the trajectories of A, and
Agy, in the spine-joint model’s rear leg contact phase. Fig-
ure 7(a) is calculated when horizontal speed is 7 m/s, and
Figure 7(b) is calculated when horizontal speed is 10 m/s.
Both Figure 7(a) and (b) show that the trajectory of A,
presents an approximate odd symmetry in the whole
rear leg contact phase, which is just the reason why BK|,
is almost zero. Although spine motion has little effect on
contact time, Figure 7 also shows that spine motion can
regulate leg stiffness in the leg contact phase, making it
softer first and stiffer later, which is helpful to optimize
leg force and improve energy efficiency based on the
research conclusions of Refs. [19, 29, 30].

6 Conclusions

(1) The spine-joint model set up in this paper has
a spine joint and a spine spring, which is a suit-
able simplified model for the cheetah. Based on
the dynamic equations of the spine-joint model
and the Poincare map, the passive periodic loco-
motion is obtained. The approximate calculation
formula of contact time derived in this paper dem-
onstrates that the studying method, regarding the
two-dimensional locomotion as a special vibration
in the vertical direction, is also viable for the spine-
joint model.

(2) For the spine-joint model, contact time also
decreases with the increase of horizontal speed,
and the reason is also the centrifugal force, which is
the same as the spring-beam model and the spring-
mass model.

(3) Spine motion indeed has little effect on contact
time, which is testified by the passive periodic loco-
motion of the spine-joint model and the approxi-
mate calculation formula of contact time. And the
study results also show spine motion can slightly
reduce body pitching and regulate leg stiffness in
leg contact phases, making it softer first and stiffer
later, which is helpful to system’s other perfor-
mance, such as stability, leg force, and so on.
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