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Abstract

Advanced mathematical tools are used to conduct research on the kinematics analysis of hybrid mechanisms, and

the generalized analysis method and concise kinematics transfer matrix are obtained. In this study, first, according to
the kinematics analysis of serial mechanisms, the basic principles of Lie groups and Lie algebras are briefly explained
in dealing with the spatial switching and differential operations of screw vectors. Then, based on the standard ideas of
Lie operations, the method for kinematics analysis of parallel mechanisms is derived, and Jacobian matrix and Hessian
matrix are formulated recursively and in a closed form. Then, according to the mapping relationship between the par-
allel joints and corresponding equivalent series joints, a forward kinematics analysis method and two inverse kinemat-
ics analysis methods of hybrid mechanisms are examined. A case study is performed to verify the calculated matrices

wherein a humanoid hybrid robotic arm with a parallel-series-parallel configuration is considered as an example.
The results of a simulation experiment indicate that the obtained formulas are exact and the proposed method for
kinematics analysis of hybrid mechanisms is practically feasible.
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1 Introduction

As robotic technology evolves, various types of robots
are introduced in our day-to-day life, and they are
increasingly applied to assist humans in many different
fields [1]. Currently, the research hotspots of robotics are
still focused on the lightweight design and compliance
control [2, 3]. However, although advanced control algo-
rithms and drive technologies have expanded the appli-
cation of robots, their further application is limited by
the inherent characteristics of typical robots [4].

The serial mechanism with a large workspace and flex-
ible movement is the typical configuration of robots [4].
The serial robot with joint actuators mounted exhibits
a bulky mechanical structure, large moment of inertia,
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and low payload to weight ratio. When compared with
the serial mechanism, the parallel mechanism exhibits
several advantages of higher stiffness, higher payload to
weight ratio, reduced inertia, and higher precision [5, 6].
Although the parallel mechanism effectively compen-
sates for the shortcomings of serial mechanisms, it also
exhibits the disadvantage of small working space. There-
fore, hybrid mechanism, which exhibits the advantages
of serial and parallel mechanisms, exhibits broad appli-
cation prospects for a humanoid robotic configuration.
The serial mechanism can provide a larger workspace
for the end manipulator. The parallel mechanism can
guarantee stronger stiffness, higher load capacity of the
hybrid mechanism, and higher positioning precision of
the end manipulator. Mustafa et al. [7] proposed a cable-
driven humanoid robotic arm for the field of surgical
instruments. Liu et al. [8] proposed a lightweight high-
payload cable-driven serial-parallel manipulator based
on the special tension-amplifying principle.
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The Denavit—Hartenberg method [9, 10] is commonly
used to design and analyze hybrid mechanisms. Li et al.
[11] explored a better kinematic performance and design
scheme for a novel mechanical leg. Pinskier et al. [12]
investigated a four degrees-of-freedom (DOF) hybrid
parallel-serial slave mechanism and developed a bilat-
eral haptic controller to compensate for coupling and
assembly errors. Liu et al. [13] examined a bionic flex-
ible manipulator driven by pneumatic muscle actuator
and designed a fuzzy torque control algorithm based on
the computed torque method. Ling et al. [14] presented
a kinetostatic modeling method for flexure-hinge-based
compliant mechanisms with hybrid serial-parallel sub-
structures for providing accurate and concise solutions
by combining the matrix displacement method with
the transfer matrix method. Hu [15] proposed a serial—
parallel hybrid mechanism formed by two well-known
Tricept parallel manipulators connected in serial and
derived simple and compact formulae for the forward
and inverse acceleration based on a vector approach.
However, the Denavit—Hartenberg method involves sev-
eral weaknesses including a singularity problem and dif-
ficulty in locating the immediacy of physical meaning in
differential kinematics. Additionally, the existing stud-
ies rarely focus on the generalized kinematics analysis
method applicable to hybrid mechanisms.

Conversely, screw theory [16], Lie groups, and Lie
algebras [17] are useful mathematical tools and pro-
vide simplified symbolic representation that can be
used to obtain geometric-intuitive kinematic analy-
ses. Recently, in various extant studies, these math-
ematical tools were applied to robotic applications
and the complicated methods were simplified. Li et al.
[18] extended the method to kinematics analysis and
derived the closed-solution of inverse kinematics for
serial mechanisms. Dai et al. [19, 20] combined screw
theory with Lie group algebra and summarized the
related knowledge according to its relationship with
mechanisms. Huang et al. [21] presented a systematic
approach for the kinematic calibration of a 6-DOF
hybrid polishing robot and formulated the linearized
error model based on screw theory. Li et al. [22, 23]
presented type synthesis of parallel mechanisms
according to screw theory and Lie group. Sun et al. [24,
25] proposed a generalized method to solve inverse
kinematics of serial and parallel mechanisms using a
finite screw. Gabardi et al. [26] investigated the kin-
ematics analysis of a 4-UPU fully parallel manipula-
tor and performed the analysis of actuation Jacobian,
constraint Jacobian, and singularity configurations
via screw theory. Liu et al. [27, 28] analyzed the com-
prehensive interaction mechanism of motion-force
transmissibility to the acceleration capacity of robots
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and used the performance atlases method to conduct
parameters optimization for different types of parallel
robots. Hence, it is feasible and tentative to propose a
generalized method of kinematics analysis for hybrid
mechanisms.

In our previous study [29], a novel 8-DOF hybrid
manipulator is proposed to realize a kinematic function
similar to that of the human arm, as shown in Figure 1.
The humanoid shoulder joint (HSJ) adopts the spheri-
cal 5R parallel mechanism with 2-DOF, the humanoid
elbow joint (HEJ) is a 3-DOF series mechanism, and the
humanoid wrist joint (HW7J) adopts the spherical 3-RRP
parallel mechanism with 3-DOF. The HSJ] and HW] real-
ize the positioning of the upper limb, and the forearm
and HW]J cooperate with the end manipulator to per-
form partial fine operations. Furthermore, a closed-
form solution for the inverse displacement problem of
the hybrid humanoid robotic arm (HRA) is derived. In
this study, we focus on the application of screw theory,
Lie groups, and Lie algebras in the field of kinematics
analysis of hybrid mechanisms. This paper is organized
as follows. In Section 2, the method of kinematics analy-
sis is proposed for hybrid mechanisms. In Section 3, the
method is illustrated via the example of the humanoid
HRA. In Section 4, the accuracy of the proposed method
is verified via a simulation experiment. Finally, the con-
clusions of the study are discussed in Section 5.

Figure 1 Three-dimensional model of the HRA (left arm)
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2 Kinematics Analysis of Mechanisms

According to the kinematics analysis of serial mechanisms,
the basic principles of Lie operations in dealing with spa-
tial switching and differential operations of screw vectors
are briefly explained. Then, the generalized kinematics
analysis of parallel and hybrid mechanisms is established.
The detailed descriptions of screw theory, Lie groups, and
Lie algebras are reported in previous studies [16, 17, 20].

2.1 Kinematics Analysis of Serial Mechanisms
The basic principles for kinematics analysis based on
screw theory, Lie groups, and Lie algebras are shown in
Figure 2, and the detailed derivation of formula is shown
below.

The Jacobian matrix of series kinematic chains can be
obtained as follows:

{10(0)=[§1 gy &,

{f; - AdeXP (élv 91)"'6XP (éi—l’ 9;'71)8"’ ()

where §; denotes the initial unit screw vector of the ith
motion pair, &; denotes the real-time unit screw vector
of the ith motion pair, Ad denotes the concomitant effect
of Lie groups on Lie algebras, exp denotes exponential
product formula.

The forward kinematics analysis of series kinematic
chains can be derived as follows:

C Teo
Vo=Jo®) 6 = {m} @)
eo=7J00)8+J0(0)0, 3)
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where V,, denotes the velocity vector of the point on the
end platform that coincides with the origin of the base
coordinate system, &, denotes the acceleration vector of
this point, @, denotes the orientation velocity vector of
this point, v, denotes the linear velocity vector of this
point.

The differential matrix of Jacobian matrix can be cal-
culated as follows:

Jo®)=[ & --- & ]
E=(01-& 1+ +6i1-8) xE&,
Jo®)0 =61 & x (§y-62+---+&,-6,) (4
+6 -8, % (E5-03+ -+ &, -6,)
oot O & X & O

Thus, Eq. (3) can be expressed as follows:

€0 =Jo@)0+0 Ho(0)h, (5)

&, xE&,m<n,
0, other cases,
number of rows of the matrix, # denotes the number of
columns of the matrix.

The forward kinematics analysis of series mechanisms
can be derived as follows:

wM ®o .
= ["M} B [Vo+wo XPM] =Jm(6)8, (6)

where Hp(0) = m denotes the

em = Jn(©)0+0" Hy(0)6+c, (7)

where P,; denotes the position vector of the end-refer-
ence point, V), denotes the velocity vector of this point,
&y denotes the acceleration vector of this point, @y

Lie Groups l

Product of Exponentials
exp()

( Lie Algebras

SE(3), SO(3) J

Concomitant Effect
Ad(), [X]

4 X4 express, 4 X4 express,
6 X 6 express, 6 X 6 express,
and and
concomitant concomitant
express express

L se(3), so(3)

Screw Algebras
Homogeneous matrix, Velocity and Acceleration Vectors

Figure 2 Relationship among screw theory, Lie groups, and Lie algebras
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denotes the orientation velocity vector of this point, vy,
denotes the linear velocity vector of this point, ¢y
_| 03x1
WM X VM
Evidently, in non-singular configurations, the inverse
kinematics analysis of series mechanisms can be calcu-
lated as follows:

0 =7V, (8)

b =J0)5 <€M — 0TH\(0)6 — cM). )

2.2 Kinematics Analysis of Parallel Mechanisms

Due to the coupling effect of kinematic chains on the
moving platform, the kinematics transfer matrices (J and
H) cannot be directly obtained.

2.2.1 Velocity Analysis of Parallel Mechanisms
The forward velocity analysis of parallel mechanisms can
be obtained as follows:
. .10
v =1y =[], (10)

where T4 M denotes the ]acoblan matrix of the end-plat-
form based on active pairs, ¢ denotes the velocity vector
of active pairs, [] 0 ] denotes the Jacobian matrix of the
bth kinematic chain, and 0( ) denotes the velocity vector
of motion pairs of the bth kinematic chain.

Meanwhile, in the non-singular configurations, the
inverse velocity analysis of parallel mechanisms can be
derived as follows:

{ ¢ b ]M VM;
(b) (b)

67 = U V=[]
Assuming that the first motion pair of each kinematic

chain acts as the active pair, ¢ can be expressed as
follows:

h— | gD 5@
¢_[91 0,7 -

_ 11
1oy, (11)

60 }T. (12)

According to Eq. (11), ](12/[ and ]f,[ can be calculated as
follows:

=] (13)

7= pd® - @] (14)

where (1:) denotes the first row of matrices.
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2.2.2 Acceleration Analysis of Parallel Mechanisms
Evidently, the forward acceleration analysis of parallel
mechanisms can be obtained as follows:

em = ]9,4$+¢THgA¢+CM
.o .7(b) (15)
= [76+6THY0] " vem

Meanwhile, the inverse acceleration analysis of parallel
mechanisms can be derived as follows:

¢ =/f/[<€M — d’TH{,\sA(]’ - CM)
=J5el — ¢ HY$ — Them),
(b) []M( e — OTHg/Ié _ CM)}(b).

According to Egs. (12), (14), and (16), ¢ can be calcu-
lated as follows:

(16)

75,0 $TLe] [
. [19}(2’ ¢ L% | | U
¢= M — . — : CM,»
A ¢ o) L)Y
(17)
. 5 ® b)
whete 0 (1" (2] emile] . 8] = DR

*

where * indicates the generalized scalar product of
matrices, and the matrix before * is equivalent to a
constant.

Thus H, g,/[ and H f/[ can be expressed as follows:

HY =M« HY,

wh=[m® W - w?]

2.3 Kinematics Analysis of Hybrid Mechanisms

The realization of the conversion of parallel joints and
equivalent series joints is the key to the kinematics analy-
sis of hybrid mechanisms. In our previous study [29], the
inverse displacement problem of hybrid mechanisms was
solved based on the equivalent series mechanism. In gen-
eral, the equivalent series manipulator can be obtained
based on the DOF of hybrid mechanisms. Therefore, it is
clear that the equivalent series joint exhibits the same kin-
ematics characteristics as the parallel joint follows:

. . .7(b)
V=2 =13 = 1], (20)
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. - T .
em=J)Y+¥ Hy'¥+em

= 12’[<}5+¢TH24 $-+em (21)

= [0 H8) e,

where 1/; = [éEl éEz éEi]T indicates the motion
pairs of the equivalent series manipulator.

The velocity and acceleration vectors of motion pairs
of the equivalent series joints can be obtained as follows:

v =1, (22)

¥ =75 (T316+9 HY — i HYY ). (23)

2.3.1 Forward Kinematics Analysis of Hybrid Mechanisms
According to the kinematics analysis of serial and par-
allel mechanisms, the generalized method for forward
kinematics analysis of hybrid mechanisms is proposed.
The flow diagram for this method is shown in Figure 3.
Firstly, the velocity and acceleration vectors of motion
pairs of the equivalent series joints can be calculated
based on Egs. (22) and (23). Then, by applying Egs. (6)
and (7), the kinematics characteristics of the end-plat-
form can be obtained. In this paper, we consider the
HRA, as an example, to demonstrate the method in
Section 3.

2.3.2 Inverse Kinematics Analysis of Hybrid Mechanisms
There are two similar methods for the inverse kinemat-
ics analysis of hybrid mechanisms. The flow diagram of
the first method is shown in Figure 4. Firstly, the velocity
and acceleration vectors of motion pairs of the equiva-
lent series manipulator can be calculated based on Egs.
(8) and (9). Then, by applying Egs. (20) and (21), the
velocity and acceleration vectors of moving platform of
the parallel joints can be obtained. Finally, the kinemat-
ics characteristics of all the motion pairs of the hybrid
manipulator can be derived by applying Egs. (11) and
(16).

When a certain kinematic chain of a parallel joint has
the same DOF as the parallel joint, then this chain can
replace the equivalent series joint. The flow diagram of
this method is shown in Figure 5, and its solution proce-
dure is similar to that of the first method. In this paper,
we consider the HRA, as an example, to demonstrate the
two methods in Section 3.
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Hybrid Manipulator
Active Pairs

(9192..].9,_...]&

Parallel Joint Parallel Joint
Eqgs. (2 qs. (22)
and (23) ,, (23)

Equivalent Series Joint Equivalent Series Joint
Ocy O, Ogi o o

Equivalent Series Manipulator
Oy Gy o ¢ & o o o O

Eqgs. (6) and (7).

Velocity and Acceleration Vector of
Moving Platform
Vv éu

Figure 3 Forward kinematics analysis of hybrid mechanisms

3 Kinematics Analysis of the Humanoid Robotic
Arm
3.1 Structural Configuration
The humanoid shoulder joint (HS]J) is based on a spheri-
cal 5R parallel mechanism, as shown in Figure 6(a). The
initial unit axis vectors of all the revolute pairs in the
HS]J are shown in Figure 6(b). Let O-XYZ be a base refer-
ence frame attached at the center O, where Y and OA,
axes are coincident. Let O-X,Y;Z; be a moving reference
frame of the HSJ attached at center O, where X; and OC,
axes are coincident and Z; and OC, axes are coincident.

The humanoid elbow joint (HE]) is based on a series
3-DOF kinematic chain RRR, as shown in Figure 7(a).
The initial unit axis vectors of all the revolute pairs in the
HE] are shown in Figure 7(b). Let O,-X,Y,Z, be a mov-
ing reference frame of the HE]J attached at the center O,,
where Z, and O,D axes are coincident.

The humanoid wrist joint (HW]J) is based on a spheri-
cal 3-RRP parallel mechanism, as shown in Figure 8(a).
The initial unit axis vectors of all the motion pairs in the
HWT] are shown in Figure 8(b). Let O;-X;Y;Z; be a base
reference frame of the HW] attached at center O;, where
Z, and O,F axes are coincident. The moving reference
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Velocity and Acceleration Vector of

Moving Platform
Vi 8y

Egs. (8) and (9)

Equivalent Series Manipulator J

[@Eleﬁz"(eﬁi"qeﬁ\'

Equivalent Equivalent
Series Joint Series Joint

Egs. (20) Egs. (20)
and (21) and (21)

Parallel Joint Parallel Joint
Moving Platform Moving Platform

Vo vt Ver €y

Eqs. (11) and (26)

[ Hybrid Manipulator }

Active and Passive Pairs

Figure 4 First method for the inverse kinematics analysis of hybrid
mechanisms

frame attached at center O,, which coincides with point
Os, is 0,-X,Y,Z,.

The HRA can be equivalent to a series robotic arm,
as shown in Figure 9. Specifically, 5, and y; denote the
input of the equivalent series shoulder joint, and a,, §,,
and y, denote the input of the equivalent series wrist
joint.

3.2 Pre-processing of Parallel Joints

To clarify the kinematics analysis of the hybrid HRA, the
Jacobian matrices of the parallel joints and correspond-
ing equivalent series joints are calculated first.

Velocity and Acceleration Vector of

Moving Platform
My 8y

Egs. (8) and (9)

[ Branch Series Manipulator ]
Oy Gpn o] * (6 * o o &

Equivalent
Series Joint

Equivalent
Series Joint

Parallel Joint
Moving Platform

Parallel Joint
Moving Platform

Ven &y Vou €put

Hybrid Manipulator
Active and Passive Pairs

Figure 5 Second method for the inverse kinematics analysis of
hybrid mechanisms

3.2.1 Pre-processing of Humanoid Shoulder Joint

The HSJ exhibits only 2 degrees of rotational freedom.
Hence, the Jacobian matrix of kinematics chain 1 can be
obtained according to Egs. (6) and (8) as follows:

o] = [54, 85, 6,
i3] ={[v)']

where S/ denotes the real-time unit axis vector of the ith
motion pair.

However, for the kinematic chain 2, a virtual revolute
pair D, is added to make the Jacobian matrix a square
matrix of the following form:

(24)
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(b) Mechanism diagram of the HSJ
Figure 6 Structural configuration of the HSJ

T

£, =[50, 55," @)
p, = 6p, = 0p, =0,

where §p, = [00 1] and 8% =[000]".
Similarly, the Jacobian matrix of the kinematic chain

2 can be obtained according to Egs. (6) and (8):

(7.0 = [Sa St b1,

Vi) =84 86, ),

r3] - [[ms2]] *
3] = | [F5] (7050 ]

where (:1) denotes the first column of matrices.

According to Egs. (13) and (14), the Jacobian matrix
of the HSJ based on the active pairs can be obtained as
follows:

(a) Three-dimensional model of the HEJ

the fixed platform of HWJ

(b) Mechanism diagram of the HEJ
Figure 7 Structural configuration of the HEJ

(a) Three-dimensional model of the HWJ

the fixed platform of HWJ

05(04)
(b) Mechanism diagram of the HWJ
Figure 8 Structural configuration of the HWJ
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Figure 9 Mechanism diagram of the equivalent series robotic arm

Fw]¢s, = [[]w]m} ’
[]w]¢51 = [ {r“)]%} i1 {rw]d’sl} 2} T

v = | [, (0.5 U’w]gﬂzz} |
vl = [ [08],, [7.15], ]

(27)
For the corresponding equivalent series joint, the Jaco-

bian matrix can be obtained according to Egs. (6) and (8)
as follows:

[]‘”]1//51 [SYI SX1 }
Vs (28)
vy=[0.15]
3.2.2 Pre-processing of the Humanoid Wrist Joint
The HW7J has 3 degrees of rotational freedom. Hence,

the Jacobian matrix of the kinematic chains can be
obtained according to Egs. (6) and (8) as follows:

[3[ w]\X/]}b = {SS SS}Q, BS}’b},
-1
o]’ [[ Vol ] ,

where label 3 in the upper left corner indicates that the
calculation is performed in the O;-X;Y;Z; coordinate
system.

According to Eqs. (13) and (14), the Jacobian matrix of
the HW] is based on the active pairs and can be obtained
as follows:

(29)

Wty = [ [Jwﬁ“”] ,

T
bwy 3 ] 3 1Pwi1% 317 (fwr]?
% —H v [Py [lew,]h] .
(30)
With respect to the corresponding equivalent series

joint, the Jacobian matrix can be obtained according to
Egs. (6) and (8) as follows:

Page 8 of 14

Wolpey =[5z, 38,
-1
Vol =[Voliny| -

*Sx, ]
(31)

3.3 Forward Kinematics Analysis of the Humanoid
Robotic Arm

According to Eq. (22), the velocity vector of motion pairs

of the corresponding equivalent series joint can be cal-

culated as follows:

{ Vg = Ul uw@;m,

. 32
Yy = 3%1”’3[ T oLy &y 32

Meanwhile, according to Eq. (11), the velocity vec-
tors of passive motion pairs of the corresponding par-
allel joint can be calculated as follows:

®
b5 = (U1 Vol s

(b)
0%y = PN 0T -

(33)

Thus, according to Egs. (18) and (19), [H ‘”]dsz and
3[H w]ll,W] can be calculated. Then, according to Eq.

(23), the acceleration vector of the corresponding
equivalent series joint can be calculated as follows:

Vg = Uy (VoI 6+ gHLI,
—!”SJ[ w]wsj'/’SI)

Vg = Ul (Uali 6+ v,
—KbWJ[ ]wm'ﬁwl)

S[H w]x,rb W)

(34)

Finally, according to Eqgs. (6) and (7), the forward

kinematics analysis of the HRA can be obtained as
follows:

Vira =5 1ras
. . T .
enra = I AV rrat ¥ iraHY ¥ HratCrra,

(35)

where HRA [EY@XI E_ID§E§FEZ4§Y4EX4 }
VHRA = [WY} ¢X19/D959F¢Z4WY4WX4] ,
HHRA= gmxsnr m <n,

v 0, other cases,

m,n = Yl}XllD}ElF)Z4} Y4~)X4'



Sun et al. Chin. J. Mech. Eng. (2021) 34:98

3.4 Inverse Kinematics Analysis of the Humanoid Robotic
Arm

3.4.1 The First Method

According to Egs. (8) and (9), the velocity and acceler-

ation vectors of the equivalent series manipulator can

be calculated as follows:

. -1
YHra = [] }JRA} VHras
v HRA] ! i T HRA j
Vira = []1/, } [EHRA —YuraHy " VHRA — CM}-
(36)
According to Egs. (20) and (21), the velocity and

acceleration vectors of moving platforms of the parallel
joints can be calculated as follows:

{ Vs = Uoliy s

S . T S| s (37)
es) = [/w],p]s,wsr“/’s] [Hw],/,ls,'/fsr#csl,

Vwy =3Vl e, ¥y
N T )
Sewy = BUw]nglw'ﬁW)'H”WJB[Hw]y\,]v,'/fwﬁscwl-
(38)
According to Eqgs. (11) and (16), the velocity and accel-

eration vectors of all the motion pairs of the parallel joints
can be obtained as follows:

- (b 051D
by = V15| Vs,

. ®) (39)

Vv,

) o . T R (b)

by = (U015 (o5 — b5y IHL I b5 — c9 )]

(b) . T .

Oy = [3 Uw]i%] (3€WI - GW]g[Hw]XIIOW] - 30\)(/])]
(40)

(&)

3.4.2 The Second Method
According to the mobility analysis of the hybrid HRA, kin-
ematic chain 2 of the HS]J and kinematic chain 1 (or 2, or 3)
of the HW7] are selected to form the corresponding branch
series of the robotic arm.

According to Egs. (8) and (9), the velocity and accelera-
tion vectors of the branch series manipulator can be calcu-
lated as follows:

. -1

YB_HRA = {/37]—[“] Viras

. R - [

¥B_HRA = {/3 HRA] [EHRA —VpnraHy Mg ra — CHRA]v

(41)
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where ]E_HRA = [EAZE’CZ)E})E%E%)E}IIEKEA )
YB_HRAHRA = IQAzQCzeDQE OOk, Ok, 6p, | )
JB-HRA _ E,xE,m<n,

v 0, other cases,
m,n = Ay, Cy,D,E,F,H,Ky, P;.

According to Egs. (20) and (21), the velocity and accel-
eration vectors of moving platforms of the parallel joints

can be calculated as follows:

.12
Ve = Ul

e . T . 2
es1 = [Uuli6+6 " (HL I3 f+cs)]

Vg = {3[160]&9} |

o . T . 1
Sevwy = [3[ w]gg;]ow [Hw]ggglo#cw,} .

(43)

Similarly, according to Egs. (39) and (40), the velocity
and acceleration vectors of all the motion pairs of the
parallel joints can be obtained.

4 Simulation Experiment

To verify the method of kinematics analysis, a verifica-
tion scheme is proposed as shown in Figure 10. Firstly,
according to the kinematics information of the target
trajectory, the velocity and acceleration vectors of the
active pairs are obtained based on the inverse kinemat-
ics analysis. Then, the kinematics information of the

Velocity and Acceleration Vectors of
Target Trajectory

Inverse Kinematics
Analysis

Velocity and Acceleration Vectors of
Motion Pairs

Forward Kinematics
Analysis

T

Velocity and Acceleration Vectors of
End-Moving Platform

Figure 10 Verification scheme
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end-moving platform is obtained according to the for-

) . : 30
ward kinematics analysis.

— 9/1, ) —— 911, 6}

- . /
In this paper, same dimensions of the HRA, target BTN = by () OO
trajectory, and given redundant inputs, as used in our % sk s *\\ ——0p(t) 01, (0)
. o rd 2
previous study [[29]], are selected, and the first set of =~ ,-«“:““‘““‘5‘;:»
R4 2 0 My,
solutions for the inverse displacement problem are used g ,g,;f‘ .v';_ m.m.,n: s
as position-orientation information for the HRA. £ 0 ﬁ‘i’.:’.‘i'.’m.%" ,f i
Q
The target trajectory is as follows: s "
g ) Yy “ Mm-"“'
)
2t g
10 0 Xy X (@) =M Sm< T ) st
00 1-—-r5—rg Z. 2t >
= st(£) = h1 — hy cos
84710210 —r+Za ') " gy E
00 ol T1 _10 o 30 L . L
= S. -
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Figure 14 Rotation of the end-moving platform
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4.2 Forward Kinematics Analysis

The first set of velocity and acceleration vectors of the
active pairs are selected for the forward kinematics
analysis. According to the method of forward kinemat-
ics analysis, the velocity and acceleration vectors of the
end-moving platform can be calculated as shown in
Figure 14 and 15.

Evidently, the orientation of the end-moving plat-
form remains unchanged. To verify the accuracy of the
method for forward kinematics analysis, the calcula-
tion errors between the forward kinematics and target
trajectory are obtained as shown in Figure 16.

Clearly, the calculation errors are almost equal to O,
the motion of the end-moving platform are exactly the

same as the target trajectory. Conversely, the simula-
tion data obtained from our previous study [29] are
used to verify the kinematics analysis method. Then,
the calculation errors between the proposed method
and simulation in the translation motion are shown in
Figure 17.

Similarly, the errors between the simulation results
and theoretical calculation are acceptable, which is
mainly due to the difference between the three-dimen-
sional model and numerical solution. Therefore, the
accuracy of the proposed methods is verified for forward
kinematics analysis and inverse kinematics analysis.
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5 Conclusions

(1) When compared to other methods with respect to
the kinematics analysis of hybrid mechanisms, the
proposed methods, based on screw theory and Lie
groups Lie algebras, exhibit evident physical signif-
icance, and the kinematic transfer matrices (J and
H) can be expressed concisely and uniformly.

(2) Additionally, the velocity and acceleration vec-
tors of all the motion pairs can be easily obtained,
which lays the groundwork for the establishment of
dynamics model and design of front-negative feed-
back control system.

(3) The equivalent series mechanism and branch series
mechanism are equivalent in dealing with the
inverse kinematics analysis. Although the physical
significance of transfer matrices based on the two
methods are inconsistent, they do not change the
transfer properties of the hybrid mechanism.
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