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Abstract 

Recirculation is expected to be identified for its possibility to dramatically decrease the efficiency of planetary gear 
trains (PGTs). However, it exhibits an unexplained connection with the structure, making it challenging to identify 
without tedious computation through tooth and speed ratios, thus complicating the design process. This study 
employs a generic model utilizing the mechanical balance principle and reveals the fundamental laws of the previ‑
ously unexplained connection for parallel‑connected ring‑sun‑type PGTs. Two necessary and sufficient conditions, 
torque and structure, were proven for multi‑stage and two‑stage PGTs without recirculation, respectively. This 
shows that the structure, specifically whether the links are central gears or carriers, and the connections between 
them directly impact the recirculation of these PGTs. A geometric model representing the structure and kinematics 
was developed to visualize the power flow. Thus, the recirculation of parallel‑connected ring‑sun‑type PGTs can be 
predicted without calculations. Our results provide the underlying insights to understanding recirculation from the 
structural connection viewpoint, thereby contributing to the conceptual design phase where the task is to select the 
kinematic structure and the gear size is unknown.
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1 Introduction
Most automatic transmissions for passenger cars use 
parallel-connected planetary gear trains. When designing 
such trains, the designer usually faces multiple candidate 
configurations during the conceptual design phase. Gen-
erally, these candidate configurations satisfy the motion 
design objectives. Therefore, efficiency often determines 
the final choice. However, an undesired pattern of power 
flow, recirculation, in these trains is believed to be one of 
the leading causes of lower efficiency compared with sim-
ple gear trains. Recirculation generates circulating power 
inside the PGTs. This portion of power does not produce 
a useful output. In some cases, it can produce several 
times more useless power consumption inside the trains 
than the input. Therefore, recirculation must be detected. 
At the very least, the allowed recirculation should not 

exceed a specified limit. The unfavorable effects of recir-
culation in differential gear trains and continuously vari-
able transmission were also reported by Pennestrì et  al. 
[1].

Various methods have addressed power flow and recir-
culation in the context of efficiency, because a fundamen-
tal step in mechanical efficiency analysis is ascertaining 
the power flow direction [2] and verifying recirculation. 
Because the power flow within trains is a fundamen-
tal problem [3], there have also been studies devoted 
to the internal power flow of compound planetary gear 
trains [4–6]. The most direct power flow analysis method 
involves full static force and velocity analyses [7–9]. 
Another study used the sensitivity of the speed ratio to 
determine the direction of power flow [2, 10–13]. In this 
approach, the torque and angular speed were solved to 
determine the active and passive components. Some 
studies did not complete the static force analysis but 
used the gear ratio to calculate the power ratio [3, 14, 15]. 
Additionally, several concepts, including latent power 
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[16, 17], virtual power [18, 19], and potential power, 
were used to determine the direction of the power flow 
on each meshing pair through the angular velocity calcu-
lated based on the gear ratio.

The feature of these studies is that the gear ratio/num-
ber of teeth is used as the essential parameter through 
which the subsequent kinematics and torque analysis 
can be carried out. Considering that the first factor is the 
choice of topology or structure [20] when a transmis-
sion is designed, it is reasonable to treat the topology or 
structure as a design variable. The limitation is that the 
structure is discrete and difficult to describe using a con-
tinuous function. Nevertheless, the topology or structure 
has an impact on the power flow. Kahraman et  al. [7] 
believed that efficiency was closely related to the chosen 
kinematic configurations. Salgado mentioned the rela-
tionship between the power flow and structure of PGTs 
[11]. Gupta et al. [5] pointed out that power flow depends 
on planetary ratios, whereas the magnitude of planetary 
ratios is simultaneously a function of the type of plan-
etary train and gear size. However, these studies did not 
provide details regarding the relationship or function 
of the structure/type of PGTs. Therefore, the question 
arises on the relationship between the power flow and 
structure.

The motivation of this study was to explore the unex-
hausted relationship between the discrete structure and 
power flow mentioned in previous studies. Research that 
has some relevance to the results is reported in Ref. [6] in 
which 16 assemblies (structures) of high-efficiency epi-
cyclic gears were identified. However, the derivation in 
Ref. [6] was based on the parameters defined by the tooth 
number, and the results were limited to 1-DOF two-
stage PGTs. For multistage PGTs, the combination of 
topologies leads to a significant increase in the number of 
assemblies (structures). Simultaneously, the nature of the 
combination causes the formula to be re-derived for each 
additional stage. Continuing to use the method described 
in Ref. [6], the calculation becomes very complicated and 
challenging. Therefore, a more conventional approach is 
to use a computer to simultaneously determine the speed 
and torque on all links of a given structure. However, in 
the conceptual phase, where one has to determine the 
basic structure from multiple candidates, the gear size 
has not been determined. Therefore, a method to iden-
tify the potential recirculation in multistage parallel-con-
nected PGTs without knowing the gear size is desired. 
Such a method allows the prediction of performance 
in advance when only the structure is known. Thus, the 
results of the trial and error can be determined earlier, 
and the design process is accelerated. The work devel-
oped in this study contributes to the early phase of the 
design process.

This study considers only the ideal power flow because 
the friction loss is usually insufficient to change the 
power flow pattern [15]. By the power flow pattern, we 
mean the presence or absence of recirculation. The pro-
posed approach is based on a geometrical model [21] 
to represent the structure and kinematics of the PGTs 
simultaneously. For this purpose, we extended the geo-
metrical model to visualize the torque and power flow in 
this study.

The remainder of this paper is organized as follows. 
Section 2 presents a general model of multistage parallel-
connected PGTs: Two interconnected generic three ter-
minals. Section 3 presents the geometric model required 
for the power flow analysis. In Section  4, we prove the 
no-recirculation torque condition that should be satis-
fied by two interconnected generic three terminals. It is 
used as a fast examining tool for recirculation. We then 
applied this tool to the 2-stage case, resulting in a no-
recirculation structure condition applicable to 2-stage 
parallel-connected PGTs. Section  5 explains the use of 
generic three-terminal and two necessary and sufficient 
conditions to analyze general PGTs through gear train 
decomposition in complex multistage gear train applica-
tions. Section 6 presents two examples including a com-
plex 4-stage case.

2  Parallel‑connected Gear Train with Split Power
A PGT with multistage planetary gear sets is a typical 
compound gear train [18, 22]. White [6] reduced these 
trains to series-connected and parallel-connected PGTs, 
and pointed out that split power can be provided solely 
by parallel-connected PGTs.

The concept of parallel-connected PGTs was explained 
by Ross et  al. [23]. In these trains, certain members are 
connected between the two adjacent stages. In the first 
and second stages shown in Figure  1(a), the sun gears, 
 S1 and  S2, are connected together as one carrier and one 
ring gear,  C1 and  R2.

Most parallel-connected PGTs used in automatic trans-
mission use ring-sun-type planetary gear sets, although 
equivalent mechanisms can be obtained using external 
gear pair combinations. The disadvantages of using an 
external gear pair combination are that it cannot utilize 
the load capacity of the ring gear, requires a longer axial 
dimension, and has fewer types of interstage connections.

In the parallel-connected configuration, at most, there 
are two interconnections between any two adjacent 
stages, which would otherwise rotate as a single unit. 
Therefore, it is always possible to find the appropri-
ate location to divide any multistage parallel-connected 
PGTs into two parts: each part is a generic three-termi-
nal. Consequently, the split power of parallel-connected 
planetary gear trains can be represented by a generic 
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model consisting of two interconnected generic three 
terminals, as shown in Figure  1(b). Each generic three-
terminal can be a basic planetary gear set or a 2-DOF 
planetary gear train in the general model.

Figure  2 illustrates the variations in the power split 
under this representation. Ports 2A and 2B constitute 
a power branch rotating freely, whereas ports 3A and 
3B indicate a branch for output in Figure  2(a) and (c) 
and input in Figure  2(b) and (d), respectively. Notably, 
the generic models shown in Figure 2 are different from 
those in previous studies, where only two basic planetary 
gear sets were considered.

Figure 2(b) and (d) shows the inversions of Figure 2(a) 
and (c), respectively. Therefore, the analysis in this study 
is limited to Figure 2(a) and (c). The same result can be 
deduced from Figure 2(b) and (d).

3  Geometric Model of PGTs
3.1  Structure Representation
The power flow analysis of multistage PGTs usually 
requires the calculation of speed and torque. However, 
the number of teeth was not determined in the concep-
tual design stage. Therefore, a structural representa-
tion that can easily visualize the essential functions of 
the transmission without addressing the complexities of 
planetary gear kinematics is helpful. In this study, a geo-
metric model was used as the analysis tool. It provides 
two functions: qualitative kinematics for power flow 
analysis and a structural representation for power flow 
visualization. Qualitative kinematics and structural rep-
resentations are also physical meanings of the geometric 
model.

Figure 3 shows the functional diagram of a basic plan-
etary gear set. Two fundamental circuits, 2-34 and 2-14, 
can be identified, according to Buchsbaum et al. [24].

The basic planetary gear set shown in Figure 3(a) can 
be represented as a geometric model in which the ver-
tices represent the center link, including the sun, ring, 
and carrier, and the horizontal dashed line represents the 
planet, as shown in Figure 3(b). Each solid line in a geo-
metric graph connects two vertices, one representing the 
central gear, and the other representing the carrier. This 
solid line is referred to as a circuit line because its verti-
ces belong to the same fundamental circuit.

The fundamental circuit, represented by the circuit line, 
is the building block of the geometric model. According 

Figure 1 Three‑stage PGT consisting of two parallel‑connected 
Wilson transmissions: a Functional diagram, b General model 
representation

Figure 2 Power paths of parallel‑connected three‑terminals: a 
1‑DOF Split output, b 1‑DOF Split input, c 2‑DOF Split output, d 
2‑DOF Split input

Figure 3 Geometric model of a basic planetary gear set: a Functional 
diagram, b Geometric model, c Velocity projection in the Cartesian 
coordinate system
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to the definition of a fundamental circuit, planet 4 is 
shared by two fundamental circuits. Therefore, the hori-
zontal dashed line 4 “connects” vertices 1 and 3 belong-
ing to different fundamental circuits. Another link shared 
in Figure 3(a) is carrier 2, represented by the intersection 
point of the two circuit lines, as shown in Figure 3(b).

When a link is used as the central link in different fun-
damental circuits, we use a vertical dashed line to indi-
cate its sharing. This type of sharing includes cases where 
it is used as a carrier and center gear or as different center 
gears in different fundamental circuits. An example of a 
more complex PGT represented by this sharing among 
the fundamental circuits is shown in Figure  4. In this 
train, link 2 is shared by fundamental circuits 2-35, 2-45, 
and 1-26. The intersection point of circuit lines 2-3 and 
2-4 indicates that shared link 2 acts as a carrier in circuits 
2-35 and 2-45. This intersection point is connected to 
the vertex of another circuit line 1-2 by a vertical dashed 
line. This vertical dashed line indicates that the function 
of link 2 in the other fundamental circuit, namely 1-26, 
is the central gear. Finally, because link 4 acts only as a 
common sun for fundamental circuits 2-45 and 1-46, 
two circuit lines, 1-4 and 2-4, are connected by a vertical 
dashed line on the vertices representing central gear 4.

As shown in Figures  3(b) and 4, the vertexes repre-
senting the ring gear are always on the circuit line with 
a positive slope, while the vertexes representing the sun 
gear are always on the circuit line with a negative slope. 
Therefore, there is a correspondence between the type of 
gear and slope of the circuit line. This is explained in Sec-
tion 3.2 because of its kinematic meaning. In Figure 4, the 
dashed line between vertexes 1 and 2 is an auxiliary line 
[21] in which all the vertex representing carriers should 
be located.

3.2  Kinematics
In contrast to other representations, a geometric model 
was developed to directly represent the kinematics of 
PGTs based on their structural representation. Each 

circuit line strictly corresponds to the Willis equation for 
the associated fundamental circuit. The slope of the cir-
cuit line is equal to the ratio of teeth in the Willis equa-
tion. The relationship between the positions of different 
circuit lines corresponds to the structural connections 
of the train. The lengths of the various circuit lines are 
determined by both the kinematic constraint of the train 
(isokinetic constraint) and structural connection. When 
equipped with Cartesian coordinates, the value of the 
horizontal projection of the dashed line representing 
the planet onto the vertical axis is the angular velocity of 
the planet, as shown by ω4 in Figure  3(c). Similarly, the 
value of the vertical projection of the vertex represent-
ing the central link on the horizontal axis is the angular 
velocity of the central link, as shown by ω3, ω2, and ω1 in 
Figure 3(b).

The representation of kinematics comes from the defi-
nite physical meaning of the slope of the circuit line: the 
tooth ratio of the center gear to the planet. Therefore, 
the circuit line represents the type of fundamental cir-
cuit, that is, the internal gear mesh or external gear mesh. 
Because the tooth ratios of the internal and external gear 
meshing pairs have different symbols, the slope of the cir-
cuit line is a signed number.

Let λ represent the slope of the circuit line, ω the angu-
lar velocity of the link, and Z the number of teeth in the 
gear. The kinematic equations [25] of a fundamental cir-
cuit can then be reformulated as

where the subscripts s, r, p, and c denote the sun, ring 
gear, planet, and carrier, respectively. Because the dimen-
sions of the ring gear are constant greater than those of 
the planet in the internal gear mesh, we obtain

The tooth ratio of the ring gear to the sun within a 
planetary gear set can be expressed as follows through 
the geometric meaning of the slope of a straight line:

where x and y are the lengths of the vertical projection 
of the circuit line on the horizontal axis, as shown in 
Figure 3(c).

When only qualitative kinematics are desired, the slope 
of each circuit line is arbitrary under the constraint of the 

(1)
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Figure 4 Geometric model of PGTs with four fundamental circuits 
(dashed line segment connecting 1 and 2 is an auxiliary line): a 
Functional diagram, b Geometric model
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structure, and Eq. (2). Nevertheless, it does not affect the 
correctness of the qualitative kinematics. Therefore, one 
can easily draw a geometric graph for a PGT. We used 
Figure 4 as an example to illustrate the steps of the geo-
metric model drawing. Without loss of generality, the 
drawing begins with the first stage from the left.

Consider an arbitrary point in the plane as link 2. It is 
generally convenient to choose a carrier as the starting 
point for drawing. It is also permissible to begin with any 
other link.

Starting from link 2, draw a straight line to the lower 
left with an arbitrary slope greater than one. The length 
of the straight line was arbitrary and its endpoint was link 
3. This step will provide fundamental circuit 2-35.

Starting from link 2, draw a straight line down to the 
right at any slope less than zero, until the endpoint has 
the same horizontal height as link 3. The end of the 
straight line is part of link 4, which belongs to the first 
planetary stage, that is, the sun of the first planetary 
stage. This step yields fundamental circuit 2-45.

Connecting 3 and 4 with a dashed line gives the planet 
5.

Starting from 2, we draw a vertical dashed line of an 
arbitrary length. The endpoint of the vertical dashed line 
is still link 2. However, it indicates the part of link 2 that 
belongs to the second planetary stage, that is, the ring of 
the second planetary stage.

Starting from the ring of the second planetary stage, 
draw a straight line to the upper right with an arbitrary 
slope greater than 1 and intersect the (imaginary) auxil-
iary line with slope 1. The intersection point is the other 
carrier (link 1). It should be noted that if an imaginary 
auxiliary line is drawn, it should be drawn as a dashed 
line. This step gives fundamental circuit 1-26.

Starting from 1, draw a straight line to the lower right, 
with the endpoint being the intersection of the horizon-
tal dashed line passing ring 2 and the vertical dashed line 
passing sun 4. This is the sun of the second planetary 
stage. The straight line gives fundamental circuit 1-46. 
The horizontal dashed line between the newly obtained 
point and ring 2 corresponds to planet 6. It should be 
noted that the slope of straight line 1-4 is not arbitrary. 
This is naturally constrained by the previous steps.

The qualitative kinematics of the train are determined 
from the geometric model: the angular velocity of all 
central links increases from left to right, and the angu-
lar velocity of all planets increases from bottom to top. 
When any central link is fixed, the rotation of the other 
central links is reversed on both sides.

This study does not deal with the exact kinematic solu-
tion. When the exact solution needs to be obtained, the 
geometric model must be placed in a Cartesian coordinate 
system, and the slope of each circuit line must be given. 

From the above process of drawing the geometric model, it 
is clear that the geometric graph is unique when the slopes 
of all the circuit lines are given. For a detailed explanation 
of the geometric method and exact solution of the kin-
ematics, refer to Ref. [21].

3.3  Torque Analysis
Eliminating the planet speed from Eq. (1) returns the Wil-
lis’ ratio. Together with the power balance and torque bal-
ance equation [15] of the fundamental circuit, Willis’ ratio 
leads to a well-known result for a fundamental circuit: the 
torque ratios of the three shafts are functions of Willis’ 
ratio. Several studies have documented these results.

In this study, we considered only PGTs of the ring-sun 
type because of the parallel-connected constraint. For the 
basic planetary gear set shown in Figure 3, the above result 
leads to a definite relationship of the signs among the tor-
ques of the fundamental links: the torques of the sun and 
ring have the same sign, and they are opposed to that of the 
carrier. This relationship can be expressed in the context of 
the geometric method using Eq. (3):

 and 

Considering the torque balance on the planet, Eq. (4) can 
be graphically expressed as shown in Figure 5.

4  Conditions of Torque and Structure 
without Recirculation

By definition, power is the product of the speed and 
torque. The sign of this product determines the direction 
of the power flow. Therefore, to analyze the direction of the 
power flow and determine the presence of recirculation, 
we do not need specific values for the velocity, torque, and 
power. The geometric model provides the relative magni-
tude and direction of the velocities. Eqs. (4), (5), and (6) 
formulate the relationship between the torque directions 
of the three basic links in the planetary gear set. Therefore, 

(4)
Ts

Tr
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y

x
,

(5)Tc = −

(

x + y

x

)

Tr ,

(6)Tc = −

(

x + y

y

)

Ts.

Figure 5 Torque sign within a basic planetary gear set
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combined with the mechanical balance principle, it is pos-
sible to analyze the power flow and recirculation directly 
using a geometric model based on the definition of power. 
However, for multistage parallel-connected PGTs, direct 
analysis is still cumbersome and does not provide more 
insight into the conditions for the presence or absence of 
recirculation. This section uses the general model proposed 
in Section 2 to treat parallel-connected PGTs of arbitrary 
stages, consisting of two interconnected generic three ter-
minals, and proves the no-recirculation condition for the 
general model. The results of this section provide a new 
theoretical approach for the fast determination of recircu-
lation. It is worth noting that the proof uses only the defini-
tion of power and the principle of mechanical equilibrium, 
and does not involve the number of stages, kinematics, and 
structural connections within the generic three-terminal. 
Therefore, the generic three-terminal in this section was 
used as a black box, and the internal kinematics and struc-
ture were arbitrary.

4.1  Condition of Torque without Recirculation for Coupled 
Generic Three‑terminals

1-DOF. In this study, the input torques were assumed to 
have the same sign as the angular velocities. Therefore, 
the power flowing in the system was considered to have 
a positive sign.

Figure 2(a) shows the power flow pattern without recir-
culation. Ports 2A and 2B, 3A and 3B were isokinetic, 
respectively. Hence, with the given power flow shown in 
Figure 2(a), the torque direction is opposite for ports 2A 
and 2B, and the same for ports 3A and 3B.

We then consider the inverse proposition of the conse-
quence deduced above.

Table  1 lists the variations in the directions of the 
angular velocity and torque within power branch 
2A-2B. Because there is no additional power source 
or load for ports 2A and 2B, it can be observed from 
Table 1 that cases III and IV are not physically reason-
able. Cases I and II are physically practical because the 

opposite power is present in ports 2A and 2B to pro-
duce a flow of power.

The direction variations of the angular velocities and 
torques within branch 3A-3B are listed in Table 2. Similar 
to Table 1, it can be observed that Cases II, III, V, VII, and 
VIII are not physically reasonable. Among the remaining 
three cases, Case I was the only configuration of torque 
directions to produce power flow without recirculation, 
whereas Cases IV and VI were not.

After excluding the physically unreasonable cases, we 
can then combine the no recirculation cases in Tables 1 
and 2. The only possible configuration for no recircula-
tion was Case I in Tables  1 and 2, which is the inverse 
proposition of the consequence deduced above. Thus, 
the necessary and sufficient condition that the torques 
should be satisfied in a 1-DOF two-stage parallel-con-
nected generic three-terminal without recirculation can 
be concluded as follows:
C1: Under physically allowed circumstances, the same 

torque direction holds for two ports belonging to a split 
input or output branch.

Isokinetic ports 2A and 2B always maintain opposite 
directions of torque and the same torque amplitudes, 
regardless of the pattern of power flow. This is known 
as the balance condition and is useful in the analysis of 
power flow without calculation.

Nevertheless, it should be noted that the balance con-
dition is a special case for the configuration shown in 
Figure 2(a). Consider a more general case of introducing 
a fictitious power source or load onto the 2A-2B branch. 
Obviously, in cases III and IV in Table  2, recirculation 
still cannot be formed owing to the lack of an internal 
closed path. However, in cases I and II in Table 2, a closed 
power path can be developed to generate power flow if 
the torque direction between 2A and 2B is the opposite. 
In this case, the torque amplitudes of 2A and 2B may 
not be equal. Therefore, the basis for condition C1 is the 
opposite torque direction between 2A and 2B, which 

Table 1 Variation for directions of torque and power within power branch 2A‑2B

Case Power of ports Angular velocity Torque Power on branch Practical

I P2A<0, P2B >0 ω>0 T2A<0, T2B>0 Flow Y

ω<0 T2A>0, T2B<0

II P2A>0, P2B <0 ω>0 T2A>0, T2B<0 Flow Y

ω<0 T2A<0, T2B>0

III P2A>0, P2B >0 ω>0 T2A>0, T2B>0 No source N

ω<0 T2A<0, T2B<0

IV P2A<0, P2B<0 ω>0 T2A<0, T2B<0 No sink N

ω<0 T2A>0, T2B>0
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produces a power flow. For convenience, we refer to this 
as the equilibrium condition.

However, the amplitude of the torques of ports 3A and 
3B may be unequal because they connect to an outer 
output. The overall output torque and one of the output 
ports are denoted by Tout and α, respectively, and the 
other output port is Tout − α . Thus, a compact power 
flow classification based on the output torque can be 
expressed as follows:

Suppose Tout is positive (by positive, we mean that 
the direction makes the power of the output link output 
power). When the inversion of Figure 2(b) is considered, 
the same conclusion can be deduced by replacing Tout 
with Tin:

2-DOF. Condition C1 is also valid for the 2-DOF split 
output/input, as shown in Figure  2(c) and (d), and the 
proof process is similar. The difference is that case V in 
Table  2 is symmetrical with case I; therefore, case V is 
valid and without recirculation.

It should be noted that the proof of C1 is exhaustive 
in its approach, although it has two forms. The reason 
for using the exhaustive method instead of the analytic 

(7)







0 < α < Tout ∧ 0 < (Tout − α) < Tout no recirculation,

α < 0 ∧ (Tout − α) > Tout recirculation,

α > Tout ∧ (Tout − α) < 0 recirculation.

(8)







0 < α < Tin ∧ 0 < (Tin − α) < Tin no recirculation,

α < 0 ∧ (Tin − α) > Tin recirculation,

α > Tin ∧ (Tin − α) < 0 recirculation.

method is that the nature of the topology is discrete 
and there is no uniform formula. Therefore, the general 
model established in Section 2 has an advantage: it allows 
the exhaustion of all possible variations at a small cost.

Additionally, this section does not involve a geometric 
model, and the torque condition without recirculation 
exists independently of the geometric model.

4.2  Conditions of Structure without Recirculation 
for 2‑stage PGTs

Consider two coupled generic three terminals; each one 
should provide two ports for interconnection. Hence, it is 
deduced immediately from C1 and the balance condition 
that one three-terminal should produce the same torque 
directions for its two ports. In contrast, the other pro-
vides opposite torque directions, so that there is no recir-
culation. As shown in Figure  6, the balance condition 
forces the torque on the free-rotating branch to reverse 
the sign once, and the internal reverse sign of the sec-
ond three-terminal eventually leads to the same torque 
sign for the two input/output ports. It should be noted 

Table 2 Variation for directions of torque and power within power branch 3A‑3B

Case Power flow in link 2 Power flow
in link 3

Angular 
velocity

Torque Power on
branch/gear set

I P2A<0, P2B>0 P3A<0, P3B<0 ω>0 T3A<0, T3B<0 Flow to output

ω<0 T3A>0, T3B>0

II P3A<0, P3B>0 ω>0 T3A<0, T3B>0 Inconsumable for set B

ω<0 T3A>0, T3B<0

III P3A>0, P3B>0 ω>0 T3A>0, T3B>0 Inconsumable for set B and no output on link 3

ω<0 T3A<0, T3B<0

IV P3A>0, P3B<0 ω>0 T3A>0, T3B<0 Recirculation

ω<0 T3A<0, T3B>0

V P2A>0, P2B<0 P3A<0, P3B<0 ω>0 T3A<0, T3B<0 No source for set B

ω<0 T3A>0, T3B>0

VI P3A<0, P3B>0 ω>0 T3A<0, T3B>0 Recirculation

ω<0 T3A>0, T3B<0

VII P3A>0, P3B>0 ω>0 T3A>0, T3B>0 Inconsumable for set A and no output on link 3

ω<0 T3A<0, T3B<0

VIII P3A>0, P3B<0 ω>0 T3A>0, T3B<0 Inconsumable for set A and no source for set B

ω<0 T3A<0, T3B>0

Figure 6 Internal power flow in the generic model
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that the degree of freedom of port 4 has been released in 
Figure 6, and the input or fixed status of port 4 does not 
affect the above inverse sign process. According to the 
generic three-terminal definition, the torque relationship 
of the ports in Figure 6 is valid regardless of the number 
of basic planetary sets they contain.

Using the deduction above, the structural condition 
that was obeyed by the two connections between the two 
basic planetary gear sets to form a 2-stage parallel-con-
nected PGT of the ring-sun type without recirculation 
can be drawn by inserting the relationships described in 
Eqs. (4), (5) and (6) in Figure 6.
C2: One connection joins a carrier and a central gear, 

whereas the other joins two central gears.
It is noteworthy that the derivation of C1 and C2 uses 

the relative velocity of the links, which are dependent on 
the sign of Willis’ ratio and the connection between the 
links but does not use the information on the change in 
the number of teeth and speed ratio. This means that the 
existence of recirculation for parallel-connected PGTs of 
the ring-sun type could be identified by internal connec-
tions without performing calculations.

5  Multistage Parallel‑connected PGTs
The multistage parallel connection is mainly used in 
automatic transmissions, where the gear train, control 
elements, and casing form a mechanism with three, four, 
or more degrees of freedom. However, with respect to 
the gear train, the given action of the control elements 
will cause the gear train itself to form a single degree-of-
freedom planetary gear train in each gear. Therefore, it is 
reasonable to apply conditions C1 and C2 to the multi-
stage parallel-connected PGTs. Local two-stage recircu-
lation is identified by C2, where the link type is checked. 
The recirculation across multiple stages is identified by 
C1, where the structural connections are analyzed to 
determine the torque direction of the ports of the generic 
three terminals.

Consider any gear. If the degree of freedom connected 
to the casing is released, the corresponding gear train 
becomes a 2-DOF parallel-connected PGT. In this case, 
the total number of connections between basic planetary 
sets is 2n-2, where n is the number of basic planetary 
gear sets. Therefore, there are at least one and at most 
two interconnections between two adjacent basic plan-
etary gear sets.

For such a PGT, one can always find a suitable posi-
tion and divide the gear train into two halves to apply C1: 
each part should be a generic three-terminal. By checking 
the structural connection relationship, the torque direc-
tion of the four ports can be derived from the input or 
output step-by-step to determine whether recirculation 
occurs across multiple stages.

Furthermore, for each generic three-terminal, the 
segmentation continues until the smallest unit can be 
applied with C2, and the possible local recirculation can 
then be identified.

Finally, by combining the kinematics that are visualized 
by the geometric model and the torque direction derived 
above, the directions of recirculation and power flow can 
be determined precisely without knowing the gear size. 
Section 6 illustrates this application with examples.

6  Examples
Two structures, one without recirculation and another 
with recirculation, were selected for the analysis. The first 
example aims to verify C2 and illustrate the power flow 
analysis using a geometric model where only the struc-
tural connections are known. The power flow is analyzed 
without calculation through the relative velocity and 
torque sign relationship, whereas the torque amplitudes 
are calculated using Eqs. (4), (5), and (6) to verify C2. 
First, the power flow was analyzed for an arbitrary split-
output configuration. Then, the torque amplitudes were 
calculated for the contrary configuration to fully evalu-
ate the split output and its inversion. The second example 
illustrates the application of C1 and C2 to complicated 
multistage parallel-connected PGTs.

6.1  Simpson Gear Train
According to C2, the Simpson gear train shown in Fig-
ure  4 is without recirculation. The geometric graphics in 
Figure 4(b) are redrawn in Figure 7 to visualize the torque 
directions under different input and output configurations. 
The notation j-k-m is used to represent the different con-
figurations, where j represents the input link, k represents 
the output link, and m represents the ground link. The 
horizontal axis in Figure 7 represents the relative velocities 

Figure 7 Torque directions and power flow of Simpson gear train: (a) 
3‑4‑1, (b) 3‑2‑1, (c) 1‑4‑3, (d) 1‑2‑3
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of the central gear and carrier. The positive sign in paren-
theses indicates the torque direction, which is the same as 
the input torque, and the negative sign indicates the torque 
direction, which is contrary to the input torque.

One of the keys to analyzing power flow without calcu-
lation is that the kinematics of PGTs, including the angu-
lar velocity direction and relative magnitude, are directly 
available by the geometric model. For example, the angu-
lar velocity of link 1 in Figure 7(a) is zero, because link 1 is 
the ground link. Therefore, the angular velocity of link 4 is 
greater than zero, and those of links 2 and 3 are less than 
zero. Similarly, one can deduce that the absolute value of 
the angular velocity of link 3 was higher than that of link 2.

Figure 7(c) shows the configuration of 1-4-3. A positive 
torque is needed to make the power on link 1 the input 
because the input angular velocity is greater than zero. 
According to Eqs. (5) and (6), the torques at ports 2A and 
4A are negative. To produce a flow of power and balance 
the power within branch 2A-2B, the torque of port 2B 
should be positive, and that of port 4B should be negative. 
Consequently, ports 4A and 4B had the same torque direc-
tion. The angular velocity directions of input link 1 and 
output link 4 are the same because they lie on the same side 
as the ground link 3. Therefore, the power of link 4 is nega-
tive, which satisfies the definition of the output power.

According to the directions of the angular velocity and 
torque, it is easy to determine the direction of power flow 
according to the definition, as indicated by the heavy line 
with arrows. The arrows in Figure 7 indicate that there is 
no recirculation in the parallel power paths under any of 
the four input/output configurations.

Figure 8 shows the inversion of the configuration shown 
in Figure  7(c). Let T4 and T4A be Tin and α, respectively. 
Then T4B will be Tin − α . According to Eqs. (4) and (6), we 
obtain:

and 

(9)T2A =
xA

yA
T4A =

xA

yA
α,

By the balance conditions and identical deformations, we 
can obtain

Because xi and yi (i = A, B) only represent the length, 
the torque of input port T4A satisfies 0 < α < Tin ; hence, 
the torque of port T4B satisfies 0 < (Tin − α) < Tin . This 
result is consistent with that obtained using Eq. (8), and 
Figure 8 is a configuration without recirculation.

As an extension of this example, one can find that all 16 
assemblies in Ref. [6] satisfy the condition C2.

6.2  Four‑stage Parallel‑connected Automatic Transmission
Figure 9 shows the 3-DOF automatic transmission devel-
oped by Xie et  al. [26] for heavy-duty commercial and 
military vehicles. The gear train corresponding to gear III 
is illustrated in Figure 9(b).

Only one direct interconnection exists between the 
basic planetary gear sets P1 and P2. It is possible to divide 
P1 and P2 and view gear sets P2, P3  and P4 as a generic 
three-terminal of 2-input 1-output. Within this generic 
three-terminal, the basic planetary gear sets P2 and P3 do 
not satisfy condition C2. Because link 12 does not con-
sume power, planetary gear set P4 is bypassed, and there 
is a recirculation between P2 and P3.

We then examined the recirculation between the two 
generic three terminals. For the generic three-terminal, 
where the input is located, the torque on carrier 3 is neg-
ative because the torque on input 4 is positive, as shown 
in Eq. (6). For the generic three-terminal consisting of 
P2, P3, and P4, the torque on sun 7 is negative based 
on the balance principle. Because the torque on output 
9 is negative, the torque on sun 10 is positive according 
to Eq. (6). At this point, the torques on the ports of the 
two generic three terminals are known. From the torque 
direction on these four ports, it is known from C1 that 
there is no recirculation between the two generic three 
terminals, that is, between P1 and P2.

Consider the following more complicated situation: 
a load is applied to link 12. In this case, because link 13 
is connected to links 6 and 8, the structural condition 
cannot be utilized directly. However, the power flow is 
between links 6 and 8 as long as the torque directions are 
opposite. Thus, C2 can be utilized directly. It should be 
noted that the torque direction on link 7 is the same as 
that on link 10 because it reverses twice from the input. 

(10)T2B = −
xB + yB

yB
T4B = −

xB + yB

yB
(Tin − α).

(11)α =

(xB + yB)
/

yB
(

xA
/

yA + (xB + yB)
/

yB

)Tin.
Figure 8 Calculation parameters xi and yi (i = A, B) for torque 
amplitudes of inversion of Figure 7(c)
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Therefore, the torque signs of links 6 and 8 must be oppo-
site, and recirculation must occur between P2 and P3.

The power flows in both cases are shown in Figure 9(c) 
and (d) and are obtained by the same method as in the 
above example. In both cases, there was indeed a recircu-
lation path 9-5-6-8-9 between P2 and P3.

7  Conclusions
This study analyzes the recirculation of parallel-con-
nected PGTs of the ring-sun type from the perspective of 
the structure, that is, the internal interconnection within 
the PGTs. The difference between our idea and previ-
ous research is that the entire multistage PGT is treated 
as a generic model composed of two interconnected 
generic three terminals. The possible closed power path 
is abstracted by the generic model, thereby avoiding the 
discussion of the diversity of topology structures and 
complex kinematics of multistage PGTs, which are the 
main limitations faced by the previous methods using 
the gear ratio. The torque condition without recircula-
tion that should be satisfied by the internal interconnec-
tions of generic three terminals is then proved by energy 
balance and is applied to the simplest parallel-connected 
two-stage PGTs to deduce the corresponding structural 
condition. The two conditions provide different insights 
from the past and a specific link between the structure 

and recirculation for this type of PGT. Thereby, possible 
recirculation can be identified based on an analysis of the 
structure. Although the torque sign relationship within 
the basic planetary gear set is well known, its use with a 
new model for the structure and kinematic representa-
tion of PGTs shows that the flow direction of power can 
be visualized without knowing the tooth number. Two 
examples verify the conditions of the torque and struc-
ture and show the application of complicated multistage 
PGTs.

The approach proposed in this work can be applied 
to the fast evaluation of gear transmission designs and 
contribute to the most difficult conceptual design stage.
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