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Abstract: Optimum design is a key approach to make full use of potential advantages of a parallel manipulator. The optimum design of
multi-parameter parallel manipulators(more than three design parameters), such as Stewart manipulator, relies on analysis based and
algorithm based optimum design methods, which fall to be accurate or intuitive. To solve this problem and achieve both accurate and
intuition, atlas based optimum design of a general Stewart parallel manipulator is established, with rational selection of design
parameters. Based on the defined spherical usable workspace(SUW), primary kinematic performance indices of the Stewart manipulator,
involving workspace and condition number are introduced and analyzed. Then, corresponding performance atlases are drawn with the
established non-dimensional design space, and impact of joint distribution angles on the manipulator performance is analyzed and
illustrated. At last, an example on atlas based optimum design of the Stewart manipulator is accomplished to illustrate the optimum
design process, considering the end-effector posture. Deduced atlases can be flexibly applied to both quantitative and qualitative

analysis to get the desired optimal design for the Stewart manipulator with respect to related performance requirements. Besides, the

established optimum design method can be further applied to other multi-parameter parallel manipulators.

Keywords: optimum design, performance atlas, parallel mechanism, Stewart

1 Introduction

Parallel manipulator is put forward with respect to the
conventional serial manipulator, which possesses the
significant structural feature of closed-loop chains. A
parallel manipulator is composed of the base and the end
effector, which are connected together by several identical
limbs'"). The base is usually fixed, while the end effector
has multiple degrees of freedom. Generally, the number of
independent actuators equals that of the manipulator’s
degrees of freedom, without considering actuation
redundancy. Compared with serial manipulators, parallel
manipulators possess evident advantages, e.g, large load-to-
weight ratio, high accuracy, improved stiffness. Based on
above merits, parallel manipulators have been widely
applied in the industry field and also attracted great
academic attention'>!. However, theories and technologies
on parallel manipulators are still inadequate, which limit
their potential in practical applications. As an important
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issue of both theoretical research and engineering
application, optimum design is a great approach to improve
the performance of parallel manipulators and will make
parallel manipulators more attractive to the industry™.
Optimum design of the parallel manipulator is always
recognized as a challenging issue, and is mainly based on
the kinematics now!. Many researchers have spent a lot of
effort in this field that can be summarized into three
categories: The first one can be named as the analysis based
optimum design. Performance indices are analyzed one by
one to accumulate rough design principles, and the
dimension synthesis is carried out accordingly!®”). The
second category is referred as the algorithm based optimum
design, which starts with determining the exact target,
based on single or multiple performance indices. Then, the
optimum design issue is converted to a multi-objective
optimization problem, and solved with complex nonlinear
algorithms, such as genetic algorithms and artificial neural
networks'®®. The last one is the atlas based optimum
design. Based on drawn performance atlases, optimum
parameters can be determined accurately and
intuitionally!'®'?. The first method is simple to be carried
out, but obtained design principles are
Parameters with better performance can be deduced, while

Inaccurate.
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the optimal result is hard to get, especially when there are
contradictions among obtained principles. The second and
the third methods are equivalent on deducing the optimal
result. However, algorithm based optimum design fails to
illustrate the relationship between design parameters and
manipulator performances, and has to restart again when
the target changes. Thus, atlas based optimum design is
more advantageous. In addition, due to limitation on the
number of design parameters, performance atlas based
optimum design is only adopted by lower-mobility parallel
manipulators with fewer design parameters now. In this
paper, atlas based optimum design is carried out on a
general 6 degree-of-freedoms(DOF) Stewart parallel
manipulator for the first time, considering five design
parameters, through proper parameter selection and
sensible analysis.

In the process of optimal design, some typical kinematic
indices are inevitablly adopted to evaluate the performance
of the parallel manipulator. Workspace is the basic
requirement of practical application. MERLET, et al'"*!,
carried out the workspace analysis on the planar parallel
manipulator, putting forward the constant orientation
workspace, maximal workspace, and inclusive workspace.
Then, the workspace of spatial parallel manipulators are
studied, and workspaces of Stewart manipulators with
different parameters are compared''*!. Further, workspace
has been adopted as an important evaluation criterion for
the optimum design of parallel manipulator’*'”. The
condition number of the kinematic Jacobian matrix is
recognized as a comprehensive kinematic performance
index and has been used by some researchers to carry out
the optimum design. KLEIN, et al'®, discussed the local
condition number and minimal singularity value of the
kinematic Jacobian matrix on redundant manipulators. The
condition number of the Jacobian matrix is also known as
the dexterity of the parallel manipulator’”. Later, the
global conditioning index is introduced and used in the
optimum design of the parallel manipulator®?". The
aforementioned indices are adopted in the following
analysis, and corresponding atlases are deduced, which
reveal the performance trend of the general Stewart
manipulator.

Our study object, as shown in Fig. 1, is the 6 DOF
Stewart parallel manipulator'® %, consisting of two bodies
(the base and the end effector) as well as six extensible
limbs. Each limb is driven by a set of servomotor and ball
screw. One end of the limb is connected to the base by a
universal joint, while the other end is connected to the end
effector by a spherical joint.

The reminder of this paper is organized as follows. In the
next section, kinematics of the Stewart manipulator is
analyzed and the Jacobian matrix is deduced. In section 3,
the non-dimensional design space of the Stewart
manipulator is established. Singularity and workspace of
the Stewart platform are discussed in section 4, and
workspace atlases are derived. Global conditioning index is

discussed in section 5, and corresponding atlases are drawn.
In section 6, an example on atlas based optimum design of
the Stewart manipulator is given to show the
implementation procedure. Finally, conclusions of this
paper are given.

Extensible limb

Spherical joint

\ End effector

Fig. 1. Configuration of Stewart parallel manipulator

2 Kinematics Analysis

Fig. 2 illustrates the kinematic model of the Stewart
manipulator. The base is defined by rotation centers of
universal joints By, B,, B3, By, Bs, Bs, while the end effector
is defined by rotation centers of spherical joints, marked
with points Py, P,, P3, P4, Ps, Ps. The base frame
{B}:0-XYZ is located at the geometric center of the base,
with the X-axis pointing at the midpoint of section B,Bs,
and the Z-axis is perpendicular to the base downward. The
end-effector frame {P}:0-xyz is attached to the geometric
center of the end effector, with the x-axis pointing at the
middle of section PP, and the z-axis perpendicular to the
end effector downward. The end-effector position is
described by the translation vector # = [x, y, z], pointing
from the origin of the base frame to the origin of the end-
effector frame.

The Euler representation is adopted to describe the end-
effector posture, namely, a rotation of angle ¢ about the
X-axis, followed by a rotation of angle ¢ around the
Y-axis, and finally followed by a rotation of angle ¢
around the Z-axis. Relative to the base frame, the rotation
matrix of the end effector equals the product of three basic
rotation matrices

R=R,(Z,§)R,(Y.0)R (X.,0)=

cgcp chsps@—sgcl cgspcld+sgsd (1)
sgcep  sgspsO—+cpcl  sgspcld —cgsh |,
—s@ cpsf cocd

where s and ¢ symbols stand for sine and cosine operations,
respectively.

The position vector of point P; can be described in the
base frame by the rotation matrix and translation vector as
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P/:Rp1+t9 121325769 (2)

where p, is the position vector of point P; under the end-
effector frame.

(b) Top view

Fig. 2. Kinematic model of the Stewart
parallel manipulator

Next, the limb vector §;(pointing from B; point to P;
point) can be derived as

S, =P —b, 3)

1 1

and b; is the position vector of point B; expressed in the
base frame.
With the limb length

L= ||S,. " 4)
the unit limb vector can be obtained as
s;=S;/L;. ©)

Taking the derivative of Eq. (3) with respect to time yields
the velocity expression as

S, =i+ox(Rp,), (6)

where  is the angular velocity of the end effector.
According to the physical meaning, Si can also be
described with the sliding velocity L, and the angular
velocity W, of the ith limb as

1

S, =Ls, +LW,xs,. (7

In order to deduce the Jacobian matrix, Eqs. (6) and (7)
are considered together, which give

i+ox(Rp;,)=LW,xs,+Ls;. (®)

Take the dot product of Eq. (8) with the unit limb vector s;
at both sides, and the velocity mapping equation can be
established as

s; 't'—i—[(Rpl.)xsl.]-w = Li.
The above equation can be organized in matrix form as
JX =1L, )

where J is the Jacobian matrix of the Stewart manipulator,
and can be expressed as

J :[slT,(Rp1 x8,) 81, (Rpyxs,) 5 -5 st (Rp, ><s6)T}.
(10)

3 Design Space

The performance of the parallel manipulator depends on
the end-effector pose as well as the architecture. After the
telescopic proportion of the limb is determined, the
architecture of the Stewart manipulator can be described
with five geometric parameters(considering practical
experience, the telescopic range of the extensible limb is
given as from k to 2k here). Four parameters are illustrated
in Fig. 2(b), namely, circumradius of the end effector 7,
circumradius of the base R, distribution angle of the
spherical joint £, and distribution angle of the universal
joint « . In order to describe the workspace center and
measure the manipulator volume, the initial distance %
between the base and the effector is chosen as the fifth
geometric parameter, when each limb is of the initial length
1.5k. Thus, three length parameters and two angle
parameters are chosen to define the architecture of the
Stewart manipulator.

Let’s focus on length parameters first. Theoretically, each
of these three parameters can take an arbitrary value from
zero to infinity. And, their combinations are infinity. In
order to illustrate all possible combinations within a finite
area, length parameters must be normalized. Define a
dimension factor as

n=(r+R+h)/3. an
Then, we can get three dimensionless parameters as
L =r/n.l,=Rln.l;=h/n, 12)

where /,+5+5=3. Length parameters can be illustrated in a
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plane to facilitate performance description and analysis. As
shown in Fig. 3, /;-axis is established parallel to the Y-axis,
h-axis and L-axis are mutually perpendicular, and the angle
between /;-axis and L-axis is 37/4 . Each combination of
these three parameters can also be expressed in the
Cartesian coordinate system, with the relationship as

x:\/§13 +11/\/§’

yv=I.
M 4h
> ————13
\‘_') 1.5
L=h
0

Fig. 3.

Design space of length parameters

The end-effector circumradius » should not be greater
than the base circumradius R, namely, /,=1[,. Then, the
design space of length parameters is determined as shown
in Fig. 3(enclosed by red lines).

Theoretically, range of angle parameters(joint distribution
angles) is from zero to sixty degrees. Considering the joint
installation space, the available range is narrowed, and is
between five and sixty degrees. Further discussion on the
angle range is carried out in the next section.

4 Workspace Analysis and Workspace Atlases

The reachable workspace of the Stewart manipulator,
which is encircled by twelve envelope surfaces, has an
irregular shape with the singular loci inside. Thus, regular
usable workspace(RUW) is defined here as the regular-
shaped maximum continuous workspace without a
singularity. Since the Stewart manipulator is a circular
symmetric structure, the spherical usable workspace(SUW)
is adopted in this paper, which is the maximum continuous
spherical workspace with no singular locus inside. In most
cases, the SUW of the Stewart manipulator is the maximum
inscribed sphere of the reachable workspace. In the
following analysis, the zero-rotation SUW is considered at
first, when rotation angles of the end effector are zero.

4.1 Singularity

In order to determine the SUW, singularities of the
Stewart manipulator are discussed. As shown in Eq. (9), it
is obvious that there exists only the second type

singularity’™ for the Stewart manipulator, when

det (J ) = 0. Such singularities of the Stewart manipulator
can be further divided into three categories, such as
architecture singularity, configuration singularity and
formulation singularity. If the base and the end effector of
the Stewart manipulator are similar polygons, the
architecture singularity occurs, which should be completely
avoided in the design. When the base and the end effector
coincide, or limbs are of the same length with the end-
effector rotation of +m/2 around the Z-axis, the
configuration singularity —appears. The formulation
singularity is usually introduced by the adopted description
method of the end effector posture. In this paper, since the
Euler representation is used, this type of singularity
happens only when the rotation angle around the Y-axis is
tr /22627

The architecture singularity can be avoided by the
rational definition of base and end-effector frames. As
shown in Fig. 2(b), base and end-effector frames are
established with a deviation angle of 7 /3 relative to the
joint distribution. And, only when a¢=pf=mn/3, the
architecture singularity appears. Thus, available ranges of
angle parameters a and S should be further narrowed,
and is between 5° and 55°. At the same time, the rotation
angle of £m/2 is too large to be available for the Stewart
manipulator. Thus, only the configuration singularity,
where the base and the end effector coincide, needs to be
paid attention to in the follow-up workspace analysis.

4.2 Workspace atlases

With given joint distribution angles(a = f=10"), the
zero-rotation SUW atlas can be derived, considering length
parameters, as shown in Fig. 4. The radiuses of both
maximum inscribed sphere and the SUW is obtained
through numerical simulation with the MATLAB software.
From the results, we can conclude the following.

(1) The design space can be divided into three regions by
two lines, namely /, = s+1.5,and ,=1.5.

(2) In the left region, the SUW is different from the
maximum inscribed sphere of the reachable workspace, and
the SUW radius is generally proportional to /.

(3) In the middle region, the SUW radius increase with
the decrease of r in general.

(4) In the right region, if /, is specified, the radius of
SUW grows with the increase of /5 and the decrease of /;.

(5) The maximum SUW radius appears at lower right
and the bottom area of line /, = 5+1.5.

Then, let’s discuss the impact of joint distribution angles
on the SUW radius of the Stewart manipulator. Firstly,
three groups of /;, [, and 5 are selected to estimate the
relationship between radius of the zero-rotation SUW and
joint distribution angles. As shown in Fig. 5, it indicates
that the SUW radius increases with the decrease of the
angle sum a4+ f, and the radius will not change for
different values of @ and g, when their suma+ f is
constant.
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Fig. 4. Workspace atlas under zero-rotation condition

Solid: maximum inscribed sphere of the reachable workspace
Dashed: SUW

Fig. 5. Relationship between the SUW radius

and joint distribution angles

Further, joint distribution angles are analyzed through
superimposing on the design space of length parameters to
confirm their influences on workspace, as shown in Fig. 6.

In Fig. 6(a), solid lines show the SUW atlas for
a = =30, while dashed lines illustrate the workspace
atlas for a« = =50". In Fig. 6(b), solid curves show the
workspace atlas for o =55°,=5", while dashed curves
reveal the workspace atlas for a =5°, f# = 55". From these
atlases, we can tell the following.

(1) In the left region, the SUW radius is mainly
determined by the singularity condition. Impact of joint
distribution angles cannot be reflected obviously.

(2) In the middle and the right regions, the SUW radius
is affected by the sum of joint distribution angles, and the
impact of joint distribution angles on the radius is more
obvious when /; is larger.

(3) In the middle and the right regions, when the sum of
joint distribution angles is fixed, specific values of a and
£ have little impact on the SUW radius.

(b) Dashed: @=5°, f=55°; solid: @=55°, f=5°

Fig. 6. SUW atlases considering different

joint distribution angles

Above laws can be explained by the expression for the
telescopic length of the limb, which is

Ly = (3k/2)" = i + R? +1* —2Rrcos|n/3—(a + B)/2],
13)

where £ is the minimum length of the limb, and equals the
telescopic length. When the sum of joint distribution angles
(a+ p) increases, the telescopic length is reduced. The
reachable workspace of the Stewart manipulator is mainly
determined by the telescopic length of the limb. Thus, the
reachable workspace and its inscribed sphere(SUW in the
middle and right regions) shrink. In addition, if % is fixed,
an increase of » will enlarge the proportion of Rr to
h* +R*+r* in Eq. (13), and makes the impact of joint
distribution angles obvious.

In all, in order to obtain a large SUW, sum of joint
distribution angles should be reduced, and Stewart
manipulators with large % or large difference between R and
r have advantages.
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S Atlases of Global Conditioning Index

In mathematics, the condition number is used to analyze
sensitivity and uncertainty of the solution of linear
equations. When adopted in the parallel manipulator, the
condition number of the Jacobian matrix is an important
local performance index, which indicates dexterity and
isotropy, as well as implies velocity, accuracy and rigid
features. The condition number of the Jacobian matrix can
be expressed as

(14)

K:O-max/a

where o, and o, are maximum and minimum
singular values of the Jacobian matrix, and 1<Sx < o0.

The local conditioning index(LCI) is defined as the
reciprocal of the condition number of the Jacobian matrix.
In order to evaluate the performance change of a parallel
manipulator with different design parameters, the Global
Conditioning Index (GCI) is adopted, which can be
expressed as

(15)

L :fwidW/deW’

where W is the regular usable workspace of the parallel
manipulator. A larger GCI value promises a better control
accuracy in general.

The Stewart parallel manipulator possesses six degrees
of freedom in the terminal Cartesian coordinate system,
including three rotational degrees of freedom and three
translational degrees of freedom. Considering the
dimensional homogeneity, the Jacobian matrix of the
Stewart manipulator is normalized, using the end-effector
circumradius . And, the normalized Jacobian matrix can be
written as

T T T

— i T [ pPs
Jy= TN s6,[R—><s6
r

T | pPi
M1 ,[RTX M

LT | pP2
38, ,[R—x s,
r

Then, the velocity mapping function of the Stewart
manipulator can be expressed as

t
JN

]_JNXN_L.
ra

Based on the Jacobian matrix obtained above,
corresponding GCI atlas can be drawn, as shown in Fig. 7
(a=p=10", zero-rotation SUW). We can conclude the
following.

(1) Larger values are in the center area, while minimum
values lie in left and right ends.

(2) In the left area, for a given /;, GCI value grows with
the decrease of /, and the increase of /5.

(3) In the right area, when /; is determined, GCI value
grows with the decrease of /3 and the increase of /,.

Fig. 7. GCI atlas

In Fig. 8, the impact of joint distribution angles « and
L on the GCI value is analyzed for three sets of length
parameters. Obviously, the GCI value decreases with the
increase of the sum of joint distribution angles. However,
when their sum is fixed, separate joint distribution angles
have little effect on the GCI value.

e,
e 60
(©) 1,=0.5, ,=0.9, ;=1.6

Fig. 8. Relationship between the GCI value

and joint distribution angles
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The influence of joint distribution angles can also be
deduced from GCI atlases considering different joint
distribution angles, as shown in Fig. 9. In Fig. 9(a), dashed
curves illustrate the GCI atlas for = =50, while
solid curves correspond to that fora = f=30". In Fig.
9(b), dashed curves show the GCI atlas for ¢ =5 and
B =55, while solid curves represent that for a =55
and =15, i.e., the sum of joint distribution angles is a
constant value of 60°. Comparative analysis of these
curves indicates the following.

(1) Sum of joint distribution angles has obvious impact
on the GCI atlas. However, specific values of « and S
have little influence, if their sum is invariant.

(2) When sum of joint distribution angles( o+ /)
increases, the region with large GCI value shrinks, and
moves toward the upper left in the design space.

(3) In most area of the design space, the GCI value
decreases, when the sum of joint distribution angles o+
grows. Only in a small area surrounded by lines /,=1.5 and
hL=I;, the GCI value may increase with growing angle sum.

(b) Dashed: @=5°, f=55°; solid: #=55°, f=5°

Fig. 9. GClI atlases considering different joint distribution angles

6 Example of Atlas Based Optimum Design

The first step of atlas based optimum design for the
Stewart manipulator is to determine joint distribution
angles and telescopic proportion of the limb. Based on
above analysis, we can conclude that joint distribution
angles impact the manipulator performance mainly in the
form of their sum, and smaller sum is indicative of a better
kinematic performance. Thus, the sum of joint distribution
angles should be as small as possible, on the condition of
meeting the installation requirement of spherical and
universal joints. In detailed design phase, specific values of
joint distribution angles can be adjusted more precisely
with little impact on manipulator performances. In this
section, the sum of joint distribution angles is set to 20°

(a+ f =20"), in order to make full use of obtained atlases.

The telescopic range of the limb can be determined

according to engineering experience. Here, the maximum
length of the limb is assumed twice the minimum length.

The next step is to establish the design space and draw
required performance atlases. Since this part has been
completed, we can move on to the third step to obtain a
candidate region in the design space. If the radius of the
zero-rotation SUW is supposed to be not less than 0.45 and
GCI value is larger than or equal to 0.5(performance
requirements), the candidate region can be determined, as
shown in Fig. 10. And, candidate ranges of length
parameters described in the design space can be obtained
approximately as

[, C[0.44,0.71], 1, C[1.13,1.52],and I, C[0.81,1.21].

(I
13

SUW radius=0.45

Fig. 10. Candidate region of the optimum design

In the fourth step, a set of non-dimensional optimum
parameters can be determined by the most desired
performance within the obtained candidate region. If we
want to get a manipulator with maximum workspace in
the candidate region, according to Figs. 4 and 10, the
lowest point in the candidate region should be adopted.
Thus, the minimum value of /; is adopted, and /;,=0.44,
L,=1.36 and =1.20. Of course, the maximum GCI
value can also be adopted as the target to get another set
of optimum parameters.

In the fifth step, the dimension factor 7 is determined,
which converts the non-dimensional parameters into
practical dimensional ones. The Stewart manipulator is
usually adopted to implement the 5-axis machine tool. Thus,
the yaw angle, the angle between the end effector and the
horizontal plane, is used here to describe the end-effector
posture. The LCI is adopted to give more refined
description of the manipulator performance. As shown in
Fig. 11, if the LCI is supposed to be not less than 0.4, the
radius of SUW can be determined, such as 0.29, 0.38, 0.46
and 0.53, depending on the yaw angle requirement. The
SUW radius of the dimensional manipulator equals the
product of dimension factor and the non-dimensional SUW
radius. For example, if the desired SUW radius is 400mm,
the factor 7 can be calculated as
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m =04/029=138m, 7,=04/038=105m,
7, =0.4/0.46 =0.87 m,

corresponding to yaw angle requirements of 157, 10" and
5%, respectively.

—=—(° yaw angle
——5° yaw angle
——10°" yaw angle
——15° yaw angle

Minimum LCI value
o
I~
(=]

0301

I ‘J I
0.25 0.30 035 040 045 0.50

025F : |
1 | ’ 1 l | |
0.20 0.55 0.60
Radius of SUW
Fig. 11. Radius of SUW considering end-effector posture

The last step is to calculate the dimensional parameters.
The dimensional parameters of the optimum Stewart
manipulator can be determined with the obtained
dimension factor and non-dimension parameters. Taking
n, for example, we can get practical parameters from Eq.
(12) as

r=ILxn,=046 m, R=1xn, =143 m,
h=1xmn, =126 m.

Together with the joint distribution angles, location of
spherical and universal joints can be determined. Then,
with the telescopic proportion, initial length and telescopic
range of the limb can be figured out.

7 Conclusions

(1) The spherical usable workspace is defined to describe
the workspace of the Stewart manipulator, and establishes
the basis for global index analysis.

(2) When the telescopic range of the extensible limb is
given, the design parameters of the general Stewart
manipulator is rationally simplified into two angle and
three length design parameters, namely, initial distance,
joint distribution angles and radiuses of both the base and
the end effector. The dimensionless design space of length
parameters is established in the two-dimensional plane.

(3) Primary kinematic indices such as workspace and
condition number have been discussed, joint distribution
angles are analyzed through superimposing on the design
space of length parameters, and corresponding atlases are
deduced. These atlases accurately illustrate variation trends
of the manipulator performance in the finite non-
dimensional design space with respect to parameter
changes of the Stewart manipulator, and can be flexibly

applied to quantitative and qualitative analysis to get the
desired optimal design.

(4) Impact of joint distribution angles on kinematic
performances is analyzed, which shows that the sum of
joint distribution angles affects manipulator performances
significantly. Generally, the Stewart manipulator with
minor sum of joint distribution angles promises better
kinematic performances with respect to workspace,
isotropy and accuracy. At the same time, it is found that the
Stewart manipulator with a large initial distance or large
circumradius difference between the base and the end
effector has an advantage on obtaining a large workspace.

(5) Atlas based kinematic optimum design of the Stewart
parallel manipulator is established, and the proposed
optimum method is well illustrated with an example,
considering the end-effector posture. The established
optimum design method can be further applied to other
multi-parameter parallel manipulators.
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